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THE CLASSIFICATION OF THE SIMPLE MODULAR
LIE ALGEBRAS: VI. SOLVING THE FINAL CASE

H. STRADE

ABSTRACT. We investigate the structure of simple Lie algebras L over an al-
gebraically closed field of characteristic p > 7. Let T denote a torus in the
p-envelope of L in Der L of maximal dimension. We classify all L for which
every l-section with respect to every such torus T is solvable. This settles the
remaining case of the classification of these algebras.

This paper is the last of a series of notes which are concerned with the prob-
lem of classifying the simple finite dimensional Lie algebras over an algebraically
closed field of characteristic p > 7. Earlier notes have provided the preparatory
material and the solution of three cases out of four. Here we will solve the re-
maining case. Our procedure is as follows. We define the concept of an absolute
toral rank TR(K, L) of a subalgebra K of a Lie algebra L [11] and consider tori
T in a p-envelope L, of a simple, not necessarily restricted Lie algebra L having
maximal absolute toral rank TR(T,L,) in L,. These tori correspond to tori of
maximal dimension in the restricted simple algebras. We then consider sections
L(aq,...,a¢) of L with respect to such a torus of maximal absolute toral rank.
The 1-sections have been described in [11]. In [12] the possible isomorphism classes
of the 2-sections have been determined. The list occurring there is exactly that of
[3, (9.1.1)] (which is no surprise, since it was our goal in [12] to make the ideas of
[3] work in general). In the case of restricted algebras BLOCK and WILSON reduced
this list considerably by taking into account the restrictedness of the algebras in
question.

In the general situation there are four cases to be distinguished, as far as methods
and results are concerned. These cases are

A) Every 1-section is solvable.
B) Every l-section is solvable or has core s[(2). There are nonsolvable 1-sections.

C) There exists a nonclassical root. No 2-section has core H (2;1; ‘I)(T))(l).
D) There exist a nonclassical root and a 2-section with core H(2;l; (I)(T))(l).

The Lie algebras of classical type are exactly those of case B) [17], the algebras
occurring in case C) are of Cartan type [18], and in case D) only algebras of Hamil-
tonian type occur [19]. By using these and other earlier results we show first that
every simple Lie algebra over an algebraically closed field of characteristic p > 7
is classical, or of Cartan type, or every l-section with respect to every torus of
maximal toral rank is solvable. In this note we treat the latter type algebras. For
this it is crucial to determine those which have absolute toral rank 3. In a first step
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we reduce the determination of simple algebras L of this type to the determination
of those in which additionally there is a bijection of Cartan subalgebras (CSA) of L
and maximal tori of dimension 2 in a semisimple p-envelope L,,. The latter algebras
are classified by arguments given already in [3]. Namely, we follow the lines of that
paper and indicate what kind of changes (which will be shown to be of major impor-
tance only in section 8.10) are necessary to obtain that L is of Cartan type. Using
this information, we then determine L completely. There are only two isomorphism
classes of simple algebras of toral rank 3 in which every 1-section with respect to
every such torus is solvable, namely H(2;(2,1);®(7))") and S(3;1;®(r))M). We
also normalize the tori of maximal toral rank in the p-envelope of these algebras
(85). Using this information, we are able to prove that the algebras in question
of arbitrary toral rank are BLOCK algebras of type L(G,0, f) or special algebras
S(m; m; ®(7)) M.
The results of this note complete the proof of the result announced in [22].
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1. PRELIMINARIES

For the sake of completeness we shall recall the main definitions and results from
preceding papers. We consider in this note solely finite dimensional Lie algebras
over an algebraically closed field F' of characteristic p > 7. For all presupposed
definitions and all facts stated without proofs and other references we refer to [21]
and [3].

Let G be a subalgebra of a Lie algebra L. Consider any p-envelope (L, [p], %) of
L and let G, denote the restricted subalgebra of L, generated by i(G). Then

TR(G,L) :=max{dimT | T is a torus of (G, + C(L,))/C(Ly)}
is called the (absolute) toral rank of G in L.
G is said to act triangulably on a G-module V, if G(!) acts nilpotently on V.
We consider L contained in a p-envelope L,. Then we have Lél) C L, whence

L is an ideal of L, and L, acts on L. In particular, if 7" denotes a torus in L, L
decomposes into root spaces with respect to T',

L=Y La(T), TCT"
ael
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Definition 1 ([3], [12]). Let L be a Lie algebra and T a torus in some p-envelope
L,. A root a # 0 (with respect to T') is called proper, if there is i # 0 such that
a([Lia, L_ia]) = 0. A torus T is called optimal, if it has maximal absolute toral
rank in L, and if among all these tori the number of proper roots with respect to
T is maximal.

If T is an optimal torus, then all roots are proper ([12, (5.3)]) and Cf,(T") acts
triangulably ([12, (3.1)]). Enlarging T by the maximal torus of the center of L,,
we may assume that 7' is optimal and maximal.

We shall use the notation H := CL(T'). In [17, p. 587] we extended the notion of
a root: Let s, 1 be roots and x € L,. Then x decomposes in L, into a semisimple
part x5 and a [p]-nilpotent part z,,, * = xs+x,. The semisimple part x is contained
in the [p]-subalgebra generated by zPl. Hence it is contained in 7. Thus one can
extend k to x by setting x(x) := k(zs). We denote by T'(L,T) = T the set of all
(extended) roots including 0.

For convenience we introduce the following notation: for ay, ..., ay € T put
(a1, ..., qp) = Z GF(p)a.
1<i<k

A subalgebra G is said to be a k-section with respect to T, if there are GF(p)-
independent roots ai, ..., ai such that G = Za€<a1 ) L. For k-sections
generated by ag, ..., ag we use the notation

L(ag,...,af) := Z L.

a€(ay,...,ar)

Proposition 1.1 ([17]). Let T denote a mazimal torus or a torus of maximal ab-
solute toral rank in some p-envelope L, of a Lie algebra L, and I' the set of extended
roots on S 1= Uuer L,uCL,(T).
1) Fora, B € T and x € L,, the space Lg o = ZieGF(p) Lgtia 1s tnvariant
under adz. ad x has the unique eigenvalue 3(x) on this space. Thus if f(x) =
0 then ad x acts nilpotently on Lg . If B(z) # 0 then adx acts invertibly on
Lg q.
2) Ifo, p €T and x € Ly, is an element satisfying p(x) # 0, then [L,,x] = Ltq
and dim L, o = dim L.
3) If a € T and x € L, is an element satisfying p(x) = 0 for all p € T, then
ad x is a nilpotent endomorphism.
4) If « € T is a root such that [La, L_4] acts nilpotently on L, then every root
W is linear on L. O

We obtain as an easy consequence

Lemma 1.2. Let T denote a maximal torus or a torus of mazximal absolute toral
rank in some p-envelope Ly, of a Lie algebra L, and I' the set of extended roots on

S:= U L, UCL,(T). Suppose that I is a T-invariant ideal of L, and k,p € T
pel
with k (I,) #0. Then L, C I.

Proof. Proposition 1.1(2) shows that for x € I,, with & (z) # 0 one has
Li=[Le_,2]C I
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Denote by A(m;1) := F[X1,...,Xn]/(XY,..., XP) the truncated polynomial
ring and by W(m;1) := Der A(m;1) the m-th JACOBSON-WITT algebra. A(m;1)
has nilpotent ideals

A(m; 1)y = Z (H a2 A(m; 1).

ar+-tam>k

Let G be any Lie algebra and (5])1<i<¢ the family of all minimal ideals of the
semisimple quotient G/rad G. These ideals form a direct sum S" = @, Sj C
G/rad G, which is called the socle of G/rad G. According to R.E. BLOCK’s the-
orem each S} is of the form S} = S; ® A(m;; 1), where every S; is a simple algebra.
We call S = @, S; the core of G. [25] and [17, (1.8)] show that the only pos-
sible cores of 1-sections L (o) with respect to a torus of maximal toral rank are
(0),s1(2), W(1;1), H(2;1)®. We call « respectively solvable, classical, Witt, or
Hamiltonian (cf. [3]).

Under some circumstances the socle of a semisimple Lie algebra is semisimple in
its own right. As a slight generalization of [18, (1.14)] we prove

Lemma 1.3. Let G be a Lie algebra, U = @ S; ® A (my; 1) the direct sum of some
minimal ideals of G, where every S; is a simple algebra. Let M denote a nilpotent
subalgebra of Y~ (Der S;) @ A(my; 1) normalizing ady G, and V' the Fitting-0-space
of M on ady G. If [V, (ady U) N V] acts nilpotently on U but (ady U) NV does
not, then m; =0 for all i.

Proof. Put
I =8 ® A(mi; L)1y, 1= Z I,

and assume I # {0}. Observe that ady G C > (DerS;) ® A(m;1) + V, as
> (Der S;) ® A (my; 1) is an ideal in Der U. Since Y (Der S;) ® A(m;; 1) normalizes
I, the space J := 3 ., VI (I) is an ideal of G which is contained in U. In ad-
dition, J N (S; ® A (m4;1)) contains the maximal ideal I; of S; ® A (m;;1). Since
the latter is a minimal ideal of G, we obtain S; ® A (m;;1) C J for all 4, ie.,
J=U=> Si®A(m1).

Now M acts on every I;. Decompose U =) U, and I; =) I; N U, into root
spaces with respect to M. We obtain

Up=Jo=>_ > VI(INU)C> INU+V (Up).
i §>0 i
By assumption, ady (V (Up)) = [V, (ady U) N V] consists of nilpotent transforma-
tions. The same is true for every ady (I; NUy), whence (ady U)NV = ady Uy acts
nilpotently on U. This contradiction yields I = 0 and m; = 0 for all 7. O

We need some specific information about the algebra H(2;1; ® (7))("). To derive
this we refer to [16] and the presentation of H(2;1;® (7)) given there.

Let A(2;1) = Flx,y], 2P = y? = 0, denote the truncated polynomial ring in two
generators, and define a distinguished element A := 1 — 2P~1yP=1. Then A(2;1)
carries a Lie algebra structure via

{f,9} = (01 f)(O2g9) — (019)(02 f))A  with 01 = 0/0x,0, = 0/9y.

The algebra (A(2;1),{ }) is isomorphic to H(2;1;® (7)), as it is defined in [3] (cf.
[14, Theorems VIIL.1 and VIL.2] ).
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We have (A(2;1),{ YD N F1 = (0), and (A(2;1),{ }D is a simple Lie al-
gebra of dimension p? — 1. For every f € (A(2;1),{ }) the mapping {f,?} is
a derivation of the truncated polynomial ring, and so there is a homomorphism

DCI’(T) : (A(2,l),{ }) - W(Zvl)v DCI’(T) (f) = {fv?} DCI’(T) (f) is given by
Dy () (f) = AO1(f) 2 — A O2(f) 01
Obviously, ker Dg () = F'1. Therefore Dg () is injective on (A(2;1), { HO, We
abbreviate for the moment H := (A(2,1),{ }).
Proposition 1.4.
1) Der H(21;@ (1)) = Dy () (H) ® FaP™' 02 @ Fy?~' O1.
2) Der H(2;1;® (7)) is a minimal p-envelope of H(2;1;® (1))").
3) H(2;1;® (7)Y has no subalgebra of codimension 1, and Dg () (H) N
W(2;1)(0) is the only subalgebra of codimension 2.
4) Dg (- (H) N W(2;1)(0) is a restricted subalgebra of Der H(2;1;® (7)),
5) F(x01 —y02) = F Dg (7 (xy) is a I-dimensional mazximal torus of
Der H(2;1;® (7)),
Every mazimal torus of dimension 1 is conjugate under an automorphism of
Der H(2;1;® (1)) to this torus.
Proof. 1) follows from [16], Proposition 1.1(1).
2) [16, (1.1.(2))] yields that Der H (2;1;® (7))(!) is a p-envelope. Since it is
centerless, it is a minimal p-envelope.
3) follows from [16, (1.4.(1))].

4) is straightforward.
5) We have

Dg () (xy) = (1 — 2?1y ) (ydy — 01) = — (201 — yda).
This is a toral element. As
Cper H(2i1;0 (r))® (F (201 — y02))
= span ({Dg(r) (2'y") | 0<i<p—1}U{Das(r) (A)})
YFaP 9, £ FyPlo,
+(span ({Da ) (@' y') | 1< < p = 1}U{Da (s (A)})
—‘rFfL'p_l 0o -‘rpr_l 81)

acts triangulably and the latter space acts nilpotenly, F(x0; — yd2) is a maximal
torus.

We are now going to prove that every 1-dimensional torus is conjugate to this
torus. Let T'= F't denote any maximal 1-dimensional torus and ¢ a toral element.
Set N*:=span{z*y' | k+1>i}, N:= NL

We are going to construct suitable generators for F [z, y].

Since adt acts semisimply, and all eigenvalues lie in GF(p), there are elements
u1,ug € N with the following properties:

(1) t(uz) = 8; (51 + ui), s; € GF (p), b; € {0, 1},

(ii) ui,us are linearly independent (mod N?2).
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As a consequence, uj,us are generators for F [z, y].
Suppose that s1 81 # 0. If 82 # 0 then choose k € GF (p) with s1 k = s2 and set

uh = (ug + 1) — (ug +1)F € N.
Then
uh = up—ku; (modN?),
t(uy) = sa(ug+1)—ksy(ur+1)" = spub.

Therefore we may assume 6o = 0.
It is well-known that for generators w1, us

d:={uj,u2} Z0 (modN).

Thus d is invertible in F [z,y], and the inverse is a nonzero multiple of d”?~!. Since
t is a derivation with respect to { , }, we have

t(d) = t({ur,,u2}) = {t(ua),ua} + {us, t (u2)}
= s1{l4+u,u2} + s2{us,us} = (s1 + s2) {u1,u2} = (s1 + s2) d.
Put
uy = uydP' € N.
Then
uy € Fug + N2, uly ¢ N?,
t(uf) =t (ug)dP™' —upd??t(d) = (52 — (51 + 82)) uly = —s1 ufy.

Thus we may assume so = —s;1 and ¢ (d) = 0.
Write d = > 35 (1 4+ u1)" uz?. Then
4,7

0=t(d)=s1 Y (i—4) B (1+ur) uy.
i
Consequently there are v; := 3; ; with

p—1

d= Z i (14 u1) ug’s, 79 # 0.

i=0
By adjusting us we may assume v9 = 1. Put

vo = (1 +u1)us =up (modN?).
Then ¢ (vg) = 0 and

{ur,v0} = {ur, 1 +ur)us}t = (1 +u1){u,us} =1 (modN).

Having for &k < p — 1 inductively constructed vy with the properties

vp =uy (mod N?), t(vg) =0,

{ur, v} = (14 u1)(1 + Mg vp” + terms in N*H1)
for a suitable A\ € F', we put
Ukt = o — (B + 1)1 vk Tl

and obtain
{ur, vep1} = (L+ur) (1 + f)
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with f € N**1. Moreover, ¢ (f) = 0, and therefore, writing f as a polynomial in
u; and vg41, we see that it is a polynomial in vg4; only. By induction there is
v = vp—1 and o € F such that

v=us (modN?), t(v)=0,

{ug,v} = (L +up)(1 + avP™h).
As1¢ (A21),{, HW and {ug,v (1 +uy)?P'} = (1 +awvP™t), we obtain a # 0.
Put r := (adup)P. It is easily checked that

r(uy) = 0,
r(v) = —a(l+avP™h),
P (v) = —af (—a)(l+avPh).
Thus r? = —aP r # 0 is a semisimple derivation. Moreover,
(adv)P(uy) = (=1)P(14u)(1+avP P = —(1+u),
(adv)P(v) = 0.
Thus t = —s; (adv)P, r &€ F't, [r,t] = 0, whence T is not a maximal torus. This

contradiction shows that s; 61 = 0.

By symmetry we have s161 = s262 = 0. Now if s; = 0 then we may (by
definition!) assume that §; = 0. Thus there are generators uy, us such that 6; =
83 = 0. Repeating an earlier argument, we may replace us by us d?~! to obtain
s9 = —s1 € GF (p). By an adjustment of ¢ we obtain s; = 1.

Therefore there are generators ui,us € N satisfying

t (ul) = Ui, t (UQ) = —Uug,
{u1,us} =1 (modN).
Suppose for £ < p — 1 we have constructed inductively an element u; j satisfying
upp =u;  (mod N?), ¢ (ui k) = up,

{ug g, us} =14 Mg ulykk qu + terms in NZFH!
for a suitable Ay € F. We put

._ “1 k1, k
g1 = ur g — (K + 1) 7 Apug " ug

and obtain
{ur k41, u2t = (1 + f)

with f € N2**1. Moreover ¢ (f) = 0 and therefore, writing f as a polynomial in
U1, k+1 and ugz, we see that it is a polynomial in w1 y41u2 only. By induction there
are u € N and o € F\{0} such that

u=u; (modN?), t(u)=mu,
{u,us} =1+ auP tud ",
Choose 6 € F with 6 P*! = o. The mapping
ut ué s §itI—1 i yj
establishes an automorphism ¥ of (A(2;1),{, }) ([10]). This extends to an auto-
morphism of Der H(2;1; ® (7))("), which maps ¢ onto = ¥ ot o U~'. Then
@y) = (e i)

= (=)o e (ug) = (i—j)a"y’

Thus t is conjugate to 0, — y0,. O
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Definition 2. A Lie algebra L is said to have property (A4;m) if

a) TR (L) =m,
b) for every torus 7' in some p-envelope L, of L with TR (T, L,) = m and every
root @ with respect to T the 1-section L,(«) is solvable.

Note that, if L has property (A4;m) then every torus of maximal dimension
is optimal. 1-sections and 2-sections of an algebra satisfying (A;m) have been
determined in [17, (2.6)]:

Theorem 1.5. Let L be a simple Lie algebra over an algebraically closed field of
characteristic p > 7. Assume that all 1-sections of L with respect to an optimal
torus T are solvable. Then:

1) Cp (T) acts nilpotently on L.

2) Ewvery I-section is nilpotent and acts triangulably on L.

3) Every 2-section either has core H(2;1;® (7)) (then the absolute toral rank
of this 2-section is 2) or is solvable (then the absolute toral rank is < 1).

4) There is a 2-section with core H(2;1;® (7)),

5) Every 1-section which does not act nilpotently on L is contained in a 2-section
with core H(2;1; ® (7)), d

The main mean result of [3] is a list of restricted semisimple algebras of toral
rank 2 having some additional properties. We need a slight generalization of this
result.

Theorem 1.6. Let A be a semisimple Lie algebra over an algebraically closed field
F of characteristic p > 7. Assume that TR (A) < 2. If A has a triangulable CSA
H then A is one of the following:

1) A=(0);
2) Ae{sl(2),W(1;1)};
3) S1® Sy C AC (DerS1)M @ (DerSo)M), Sy, 8y € {sl(2), W(1;1), H(2;1)?};
4) H(2;1)® C A C Der H(2;1)®;
5) S®A(m;1) C AC Der (S®A(m;1)), S € {sl(2), W(1;1), H(2;1)®}, m # 0;
6) SC ACDerS,
Se {W(Lz); H(2; (271))(2)7 H(2;1;,9(r ))(1)7 H(2;l;A)};
7) A=S+H, Se{A0C,Gy,W(2:1),53; )M, H(4;1)?, K(3;1)}.

Proof. If TR(H,A) = 0 then A = H is nilpotent, i.e., A = (0). Suppose that
TR(H,A) = 1. Then A has a minimal ideal S such that S € A C DerS and
S € {sl(2),W(1;n), H(2;n; ¥)P} ([25]) . Since TR(S) < TR(A) = 2 we have
S € {sl(2), W(1;1), W(1;2), H(2; )®), H(2;(2,1))®), H(2;1;® (7)), H(2;1;A)}.
These algebras are listed in the theorem.

Suppose that TR (H, A) = 2. Let A, denote a semisimple p-envelope of A, and T
the maximal torus contained in the p-envelope of H. Then dim T'=TR (H, A) = 2,
and hence T is a maximal torus in A,. Since A is semisimple, it can be described
as

S = @s ® A (mi; )CACZDerS ® A (my; 1)),

=1 =1
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where S; are simple algebras. Since none of these is nilpotent, we obtain
K
r < E TR(S;) <TR(A)=2.
i=1

Hence either r = 2,TR(S;) = 1, or else r = 1,TR(S) < 2. Let S, denote the
p-envelope of S'in A,. If r =2 or r =1 and TR (S) = 2, then [17, (1.2.(5))] yields
TCS,C (DersS;)® A(m;;1).
In case r = 2 we now proceed as in [3] to obtain
S1® Sy Cc Ac (DerS))™ @ (Der So)V), S, e {sl(2), W (1;1), H(2;1)?}.

In case r = 1,TR(S) = 2 we refer to the classification of these algebras ([12])
and obtain the result as well.

In case r = 1,TR(S) = 1,T C (DerS) ® A(m;1) we have S € {sl(2), W(1;1),
H(2;1)?}. The kernel of the mapping

Y : (Der §) ® A(m;1) — (Der S) @ A(m;1)/(Der S) ® A(m; 1)1y = Der S
is p-nilpotent. Hence ¥ maps T injectively into Der S:
S+ ¢(T) C DerS.

As TR(S) =1 we have S # Der S. Thus S = H(2;1)®), and SN (T) # (0). Then
Csga(m;1)(T) acts non-nilpotently. Lemma 1.3 applies with M := T and yields
m = 0.

In case r = 1,TR(S) = 1,T ¢ (DerS) ® A(m;1) we have m # 0. All these
algebras are listed in the theorem. O

We need some detailed information about the switching of tori. Let L denote a
simple Lie algebra, L, a semisimple p-envelope of L and T" a maximal torus in Ly,.
We may switch T by use of WINTER’s exponential map ([27]): Take a nonzero root
a € T and x € L,. Define an abelian subalgebra of L, by E*(T) := {t—a (t)z |t €
T}. Choose a toral element to € T with « (tg) = 1. The p-envelope of E*(T) is
described as

E*(T), =T Nkera+ F (to — x) —I—Z F ol

i>1

Note that a vanisheson V := 3., F 2P since T is a maximal torus and z € Ly
Thus the semisimple elements of the [p]-invariant space V are contained in T'Nker a.
Let

wimty—z+ 3 ol
i>1

denote the semisimple part of tg—z. Then ulPl—u € VNT € Tnker . Consequently,
TNkera+ Fu=:¢e"(T)
is the unique maximal torus of E*(T),. Its dimension is given by
dime®(T) = dim 7.

Next let z € Cr(e*(T)). AsT'Nkera C e”(T), one has z = h+3, ¢ Via, Via € Lia,
h e Cr(T). Then

0=[h+ Z Vi, to — T + Z V; ;v[p]j] = —Z ivie (mod L (a)V),

i£0 >0
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proving vi, € L () for all i. Thus
Cr (e*(T)) € CL(T) + L ()W,

If T is a torus of maximal dimension then e”(7T') has maximal dimension as well.
In this case tori T,T" are called conjugate under WINTER’s exponentials if T is
transformed into T” by a finite number of WINTER’s exponentials. This definition
establishes an equivalence relation on the set of tori of L, of maximal dimension.

Proposition 1.7. Let L be a simple Lie algebra over an algebraically closed field of
characteristic p > 7. Then L is classical, or of Cartan type, or satisfies (A; TR (L)).

Proof. Let L, denote a semisimple p-envelope of L and T' C L, a torus of maximal
dimension (i.e., dim T" = TR(L)). We refer to the proof of the fact that every
optimal torus has only proper roots ([12, (5.3)]). We have stated there that the
proof of [3, (10.4.1)] applies to L without any changes. The reason for this is that
the proof only needs knowledge about the possible 2-sections with respect to an
optimal torus. The list used in the proof of that result in [3] is the same as we have
in the general case [17]. In the proof of the theorem in [3] a little bit more has been
shown than stated, namely, that every torus of maximal dimension is conjugate
under WINTER’s exponentials to an optimal torus. Thus there is an optimal torus
T" C L, conjugate to T. Let T =T, ... ,T; = T' denote a sequence of maximal tori
where T;_1 is obtained by switching T;. If there is a nonsolvable root with respect
to T" then earlier results ([17], [18], [19]) show that L is classical or of Cartan type.
Otherwise, due to Theorem 1.5 Cr(T") acts nilpotently on L and every 1-section
is nilpotent. Therefore Cr(T') + L(a)®) acts nilpotently on L for every root o
with respect to 7" (by Theorem 1.5(2) and the Engel-Jacobson theorem). The
reasoning preceding this proposition implies that Cr,(T;—1) acts nilpotently on L as
well. Then every root with respect to T;_1 is solvable, and hence T;_; is optimal
as well. By induction, T has only solvable roots. Consequently, L is classical, or of
Cartan type, or every torus of maximal dimension has only solvable roots. O

2. STRUCTURAL FEATURES OF SIMPLE LIE ALGEBRAS SATISFYING (A4;3)

We consider Lie algebras satisfying (4; 3), and in them maximal tori of dimension
2.

Proposition 2.1. Let L be simple satisfying (A;3), and let L, be a semisimple
p-envelope of L. Then L, contains maximal tori of dimension 2.

Proof. Let T denote a 3-dimensional torus in L,. Theorem 1.5 ensures that there
is a 2-section L(a, B) with core H(2;1;®(7))"). Choose a toral element t € T N
ker anker 3. Next we refer to Proposition 1.4. Observe that, as Der H(2; 1; ®(7))™®)
is a p-envelope of H(2;1; ®(7))("), there is a homomorphism from L,(a, 8) onto
Der H(2;1;®(7))"). Choose a 1-dimensional maximal torus F7 contained in
Der H(2;1; ®(7))™) and lift this to a 1-dimensional torus Fr in L,(a,3). Then
[t,r] =0, and hence Fr @ F't is a torus.

Suppose that F'r @ F't is not a maximal torus in Ly, i.e., there is a 3-dimensional
torus R which contains F'r & F't. As L(w, 3) = Cr(t), L(c, §) is a 2-section even
with respect to R. Since L(«, 3)/rad L(«, 3) contains a subalgebra isomorphic to
H(2;1;®(7))™, then L(a, B) has toral rank 2. Hence R is contained in L(a, ), +
Ft, where L(a, 3), is the p-envelope of L(a, 3) in L,, ([17, (1.5.(2))]). Consequently,
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R stabilizes rad L(a, ) and R acts on H(2;1;®(7))") as a 2-dimensional torus.
This, however, contradicts the fact that F'7 is a 1-dimensional maximal torus. [

Theorem 2.2. Let L be simple satisfying (A;3). Suppose U is a 2-dimensional
mazimal torus in some semisimple p-envelope of L, and let L(a) be a 1-section
with respect to U. Then either L(c) is solvable, or else
1) rad L(«) is U-invariant,
2) there is an algebra S € {s1(2),W(1;1), H(2;1)®, H(2;1; ®(7))V} such that
S C L(a)/rad L(a) C (Der S)1).
Moreover, the action of U on L(a)/rad L(«) gives rise to a homomorphism of U

into Der S, and U := adg U is a 1-dimensional mazimal torus of the p-envelope
Sp of S in Der S.

Proof. If Cr(U) acts nilpotently on L(«), then (as U is a maximal torus) the
extended root o vanishes on UieGF(p) L;q. In this case L(a) is nilpotent.

Thus assume that H := C(U) acts non-nilpotently on L(«). Then there is h €
H with a(h) # 0. We obtain that H is a CSA of L(«) and that for every ¢ € U there
is an element 3 v; hlP)' € U, 4; € F, such that tg :=t — > v hlPl" € (ker ) N U.
Then [to, L(c)] = (0). Consequently, rad L(«) is invariant under U. [11, (3.5)]
yields that H acts triangulably on L. Let 7 : U + L(a) — (U + L(«))/rad L(«)
denote the canonical homomorphism.

If a(m(h)) =0 then

W(Z Lia) = w({z Lm,hD = [Z W(Lia),ﬂ'(h)}

i#0 i#0 i#0
= Y ia(n(h)m(Lia) = (0).
i#0
In this case 3,5 Lia C ker m, whence L(a) is solvable.

Otherwise,
0#TR(n(H),n(L(r))) < TR(H,L(a)) < TR(U,L,(x)) = 1.

In that case w(L(«)) contains the triangulable CSA 7(H) of absolute toral rank 1
in 7(L(a)).

Let S = € S; denote the socle of w(L(c)), where @ S; is the sum of all minimal
ideals. Every S; = € ; S;Nm(Ljq) is cyclicly graded. Since S; is not solvable, then
S;N7(H) acts non-nilpotently [12, (1.5)]. Since w(H) acts triangulably, Lemma 1.3
shows that every S; is a simple algebra. It also follows that TR(S; Nw(H),S;) # 0.
As TR(n(H),n(L())) = 1, this implies that S = S is simple, and S N7 (H) is a
CSA of S. The classification of these algebras ([25]) yields

S € {sl(2), W(L;in), H(2;n; ¥)*)}.
Next we observe that
0#TR(S) <TR(L(a)) <TR(L)—1=2.
If TR(S) =1, then S € {sl(2), W(1;1), H(2;1)?}.

Suppose TR(S) = 2. Let ¢t # 0 denote any fixed element of U N (ker «). Let

R denote a 2-dimensional torus in the p-envelope of S in L,(«)/rad Ly(a). [12,

(1.2)] gives rise to a torus T C Lp(a) which is mapped under the homomorphism
L,(a) — Lp(c)/rad L,y(c) onto R and which commutes with ¢. Thus T+ F't is a
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torus of L, of dimension 3. Now L satisfies (A4;3). Then CL(T + F't) = Cpro)(T)
acts nilpotently on L. Therefore Cs(R) acts nilpotenly on S, which shows that every
root on S with respect to R is solvable. Theorem 1.5 yields S = H(2;1; ®(7))™W.

In the cases S = s[(2) or = W(1;1) we have Der S = S = (Der S)(V). To deal
with the case S = H(2;1)?® we recall, that a(S N 7(H)) # 0. Thus 7(L(a)) =
S+ m(H) N (ker a) C Der S. This is only true if 7(L(a)) € H(2;1) = (Der S)™M).
In case S = H(2;1;®(7))®) the derivation algebra Der H(2;1; ®(7))(V) is linearly
spanned by H(2;1;®(7))") and a 2-dimensional torus R. If m(L(a)) # S then
RN m(L(a)) # (0). But then there is a 3-dimensional torus T in L, such that
Cr(T) acts nonnilpotently on L. This contradicts Theorem 1.5. Therefore we have
7(L(a)) = S = (Der §)(M.

Finally, we observe that 7(U) acts on m(L(a))®> = S. Thus the restriction
U = adg 7(U) is a torus in DerS. Choose a toral element r in the p-envelope
of M(H)N S in S, with a(r) = 1. Since n(U) N (ker «) centralizes S, we have
U = adg Fr. Suppose that Fr is not a maximal torus in Sp. As above, U then

would be contained in a 3-dimensional torus of L,,, contradicting the maximality of
U. O

With respect to a 2-dimensional maximal torus we now have an additional type
of 1-section: there are solvable, classical, Hamiltonian 1-sections (S = H(2;1)?),
and those for which S is a BLOCK algebra

S~ H(2;1;8(r)Y =~ L(G,0, /)Y with |G| = p?.

We will in the following refer to the latter as BLOCK 1-sections and call the corre-
sponding roots BLOCK roots.

Corollary 2.3. Let L be simple satisfying (A;3). Let U be a 2-dimensional maxi-
mal torus in L,, o an improper root and x € Lo. Then e*(U) is a 2-dimensional
maximal torus.

Proof. Suppose, first, that « is a Block root. Then the core of L(«) is isomorphic to
H(2;1;®(7))V), and U acts on H(2;1;®(7))) as a 1-dimensional maximal torus
of Der H(2;1; ®(7))™") (cf. Theorem 2.2). Proposition 1.4 shows that it acts as
Dg(7y(xy). Therefore o is a proper root, showing that this case is impossible.
Suppose now that e®(U) is contained in a 3-dimensional torus R. Let ¢t € U be a
toral element which spans U N (ker «). Then F't C e*(U) C R, and L(«o) = CL(t)
is a 2-section with respect to R. Theorem 1.5 yields, as « is not a BLOCK root,
that L(a) is solvable. Then L(«) is a proper root, a contradiction. O

Theorem 2.4. Let L be simple satisfying (A;3), and let L, be a semisimple p-
envelope of L. Then either L is of Cartan type H(2;n;9)?), or every mazimal
2-dimensional torus U C Ly has the property that Cr(U) is a CSA of L and U is
contained in the p-envelope of Cr(U) in Ly.

Proof. Let U be a maximal 2-dimensional torus in L,. The maximality of U ensures
that Cp, (U) is nilpotent.

Suppose that there is a root « vanishing on Cp(U). Then the 1-section L(«) is
nilpotent as well. Let 3 denote any root independent of « and give L the grading
Li = X icar(p) Ljatis- Then Lo = L(a) does not act nilpotently on L, since
otherwise L would be solvable. Consequently, 5(|J, Lia) # 0, and L(«) is a CSA of
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absolute toral rank 1 in L. The classification of these algebras shows (as L 2 5((2))
that L is of Cartan type W (1;n) or H(2;n; ¥)?).

Next we assume that no root vanishes on Cr(U). Then Cr(U) is a CSA of L.
If the p-envelope M of CL(U) in L, does not contain U, then the unique maximal
torus of M is properly contained in U, and hence has dimension 1. In that case,
CL(U) has absolute toral rank 1 in L and, as above, L is of Cartan type W (1;n)
or H(2;n;¥)®),

It has been proved in [14, (V.2), (V.3), (V.4)] that every maximal torus R in
a semisimple p-envelope W(1;n), of W(1;n) has the property that Cyy(1,,) (R)
acts non-nilpotently. Thus Theorem 1.5(1) shows that no algebra of type W (1;n)
satisfies (A;3). O

Next we are going to derive a lower bound for dim L.

Lemma 2.5. Suppose B is a restricted solvable Lie algebra and R is a mazimal
torus of B of toral rank 2. Let M denote a B-module with representation p. Assume
that there are roots [3,~ with respect to R, such that v ¢ GF(p)B and p([B,, Bg—+])
contains non-nilpotent transformations. Then there is A & GF(p)3 and xx € B)
with p(zx)P~1 #0.

Proof. (1) Suppose in a first step that B contains a R-invariant nilpotent subalgebra
K such that

K =3 garms K+ 2 ugarms Ex Kul,
p(K (1)) contains a non-nilpotent transformation.

As K is nilpotent, there is a member N := K™ of the descending central series such

that
p([[N, K], K]) consists of nilpotent transformations,

p([N, K]) contains a non-nilpotent transformation.

Decompose N = @ N, with respect to R. We may assume that p(z,)P~! = 0 for
all z, € Ny, p & GF(p)3, because otherwise the lemma is true.
For yx € Kx, z, € N, n € GF(p)3 one has (cf. [21, (5.7.1)])

0 = [pyn)s---lp(yn). plap )P~

(p—1) times
= (= lolyna,)) ™ (mod([N, K], KJU(K)).
Note that [N, K], K]JU(K) is an ideal of U(K). The choice of N ensures that

p([[N K|, K|[U(K )) consists of nilpotent transformations only. Thus p([yx, ,]) is

nilpotent for all roots A, and all u & GF(p)S.
Next suppose A, u € GF(p)B3. The assumption on K yields

yx € Z (K, Ka—x).
KEGF (p)B
Hence
[y)\,%L] € Z “Kmxu]vKA—n] C [[N,K]K].
KEGF (p) B

Thus p([yx, z,]) is nilpotent.
It A& GF(p)B3, p € GF(p)B, then [y, x,] € Nxyy with A+ p & GF(p)3. The
above assumption yields that p([yx,z,]) is a nilpotent transformation.
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These results show, as p([[N VK|, K ]) consists of nilpotent transformations, that

p([yx, x,]) is nilpotent in any case. From this one concludes, by Jacobson’s theorem
on nil Lie sets, that [V, K] acts nilpotently, a contradiction.

(2) We are now going to construct a subalgebra K satisfying the assumptions
of (1). Since R is maximal, we have the notion of extended roots available. Then
B([By, Big—p]) = 0 for all i # 0. If there were ¢ # 0 and p ¢ GF(p)3 with
/L([B#’Blﬂ—#]) 7é 07 thena as

(18 = p)([By, Big—u)) = = ([Bu, Bip-p]) # 0,

an application of Proposition 1.1 and induction would yield that By, Big—,, C B™)
for all n. This would contradict the solvability of B. As TR(R, B) = 2 and hence
the root lattice is spanned by 8 and p, this implies

K([Bu, Bip-ul) =0V u & GF(p)B, Vi€ GF(p)\(0), V k.
If there is 1 ¢ GF(p)@ such that p([B,, B_,]) contains a non-nilpotent transfor-

mation, then we set
K=Y Biu+Y_ [Biu, Bl
i#0 i#0
As B is solvable, then K is nilpotent. This is the result.
Thus we may assume that p([B,,B-,]) consists of nilpotent transformations

only. Set
K:= > B,+ > [BxB
ngGF(p)B A ngGE(p)B
We observe that Kig = 3, o r(p)p [Bis—u: Bul- According to the above we may
assume that U, ¢qp ()5 [Bisg—u, Bu] consists of ad-nilpotent elements. We clearly
also may assume that p is faithful, and p(z, )P~ = 0 for all p & GF(p)3, z, €

K,. Then p((ad xu)p(B)) = [p(z,)?, p(B)] = (0), whence (adz,)?(B) = (0) and
(adx,)? = 0. Similarly we obtain (adh)?" = 0 for all h € Ugarps Hu: K-y
(for r sufficently big). Thus we have proved that

U [Kiﬁ—wK—u] U U Ku U U [KH7K—H]
i#0;ugGF(p)B ugGF(p)B ugGF(p)B

consists of ad-nilpotent elements. Then K is an R-invariant nilpotent subalgebra
of K (by the Engel-Jacobson theorem). Since by our assumption p([K~, Kg—,]) C
p(K (1)) does not consist of nilpotent transformations only, this final case is impos-
sible. O

Lemma 2.6 ([3]). Let L be a restricted Lie algebra, T a mazximal torus with
TR(T,L) = 2, and L =}, r Ly the root space decomposition with respect to
T. Suppose that there are o, f € T'\ (0), © € Ly, y € Lg with a(y) # 0, B(z) # 0.
Then every faithful L-module V has at least p?> — 1 weights. In particular, if L has
a subalgebra isomorphic to H(2;1; ®(7))V, then dim V > p? — 1.

Proof. Decompose V = pea Vi into weight spaces with respect to the abelian
algebra T'. Write z = x5+ xy,, y = ys + yn With x4, ys € T the semisimple parts and
Zn, Yn the [p]-nilpotent parts of  and y. Then a(ys) # 0, B(ys) = 0, a(zs) = 0,
B(xs) #0. Thus T = Fas ® Fys.
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The faithfulness of V implies .V # (0), y.V # (0). Thus there are weights
~v,6 € A such that v+ a,6 + 8 € A. Since not both 7,y + « vanish on ys, there
is p € A with p(y) # 0. Then V,y;g # (0) for all j € GF(p). Next, there is
at most one index jo such that (u + joB)(z) = 0. Therefore p + j8 + i € A
for all j # jo and all i € GF(p). Again there is at most one index ig such that
(1 +i02)(y) = 0. Then Vitiatjos = [¥s Vitiat(o—1)8) # (0) for i # ig. Thus
{n+ia+jB|(i,7) # (i0,jo)} C A.

Suppose L contains a subalgebra G isomorphic to H(2;1; ®(7))). Since G is
simple and V is faithful, there is a factor W of a composition series of V as a
G-module which is not annihilated by G. Then W is a faithful G-module. The
lemma applies to the p-envelope of G and W. O

We are going to apply this lemma in the following way. Suppose L is simple
and satisfies (A4;3). Let T'C L, be a maximal torus with TR(T, L,) = 3. Assume
that L(a, () is a 2-section with respect to T with core H(2;1;®(7))M). Let 7 :
L(a, 8) — L(a, 8)/ rad L(a, 8) be the canonical homomorphism. Then

m(L(a, 5)M = H(2;1:9(7))"Y,

and T acts on H(2;1;®(7))") as a 2-dimensional torus. The 2-dimensional tori
in Der H(2;1; ®(7))") are well-known ([14, Theorem VIL3]). They are conjugate
to F(1 + )01 @ F(1 + y)02. Therefore all root spaces are 1-dimensional and all
root vectors act non-nilpotently. Thus, lifting this information to L(«, 3), we find
x € Lo, y € Lg with a(y) # 0, B(x) # 0. Now one can apply the lemma to the
restricted algebra Ly(a, 5) and the torus 7.

Theorem 2.7. Suppose that L is simple and satisfies (A;3). Let V be a nontrivial
L-module. Then
dim V > p® — p.

Proof. Consider L as a subalgebra of gl(V'), and let L, denote the p-envelope of L
in gl(V). Let T' C Ly, be a maximal torus with TR(T, L,) = 3, and L =P 1 Ly
the root space decomposition with respect to 7. Let A denote the set of weights on
V with respect to T. We may assume that V is irreducible. Then for any weight
Kk € A we have
A Cr+ ().
Due to Theorem 1.5 there is a 2-section L(«, 3) with core H(2;1; ®())™).
Suppose that there are k € A and v € I'\ («, 3) such that, for all i € GF(p),
there exist A € AN (k4 iy + (., ) and p € (a, 3)\(0) satisfying A(L,,) # 0.
Then we consider the L(«, 8)-modules V; := Zj)keGF(p) Vitiv+jatks. Since
there is a weight A on V; satisfying A(L,) # 0, this is a nontrivial module. Due to
Lemma 2.6 we have dim V; > (p? — 1), which gives the assertion. Thus we have to
construct a weight k£ and a root v € («, 3) with these properties. Set

Q:={peT"|pn(Lp)# 0}

As L(a, 8) has core H(2;1; ®(7))"), one concludes that a(Lg) # 0, whence a € €.

(a) Suppose that there is aroot v € Q\(a, ) such that L, acts non-nilpotently on
L. Theorem 1.5(5) shows that there is a 2-section L(v, \) with core H(2;1; ®(7))™).
Then {iy 4+ jA | (i,7) # (0,0)} C T, and since I C {(«, 3,7) we may, replacing A
by A + i if necessary, adjust A so that A € (a, 5)\(0). For any 6 € A consider the
L(v, A)-module Vs := Zi)jeGF(p) Vs4in+jx with corresponding representation ps.
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If ps(L(7, \)) were solvable for all § € A, then for some k € N L(v, \)*) would act
trivially on V. As L(7, A\)®) £ (0) for all k, and L is simple, this would imply that
V is a trivial L-module, a contradiction. Thus there is k € A such that p,(L(7y, A))
has core H(2;1;® (7))"). Now Lemma 2.6 applies to the p-envelope of p,(L(v, \))
and V(). It proves that

‘ (ﬁ L GF(p)y + GF(p))\) N A‘ >p?—1.
In particular,
|(r+iv+ GF@N) NA| = (0? = 1)~ (p—1p=p—1>6

for every i € GF(p). If any of these sets (for any fixed i) were to vanish on
Upue (.0 (0) Lu> then A would vanish on this set as well, contradicting the fact that
X € (a,3) and L(a, B) has core H(2;1; ®(7))"). In this case v has the required
properties. We therefore may assume that L. acts nilpotently on L for all v €

O\(a, B).

(b) Since L is simple, we have by Schue’s Lemma
rcQu+9Q),

proving that Q ¢ (a, 8). Fixy € Q\(«, 8). ThenT C (o, 3,7). Let A = ia+j[+k~,
k # 0, be any root with A € (a, 8), and assume that L, acts non-nilpotently. Then
there is o € T such that L(\, uu) has core H(2;1; ®(7))") (by Theorem 1.5.(5)). In
particular, all i\ + ju, (¢,7) # (0,0), are roots, and no root space corresponding
to these roots acts nilpotently on L. As k # 0 we may, replacing p by g — [\ if
necessary, adjust 4 so that p € (a, ). Now (A+GF(p)u)N{a, B) = 0. As all L4,
act non-nilpotently, the present assumption yields (A + GF (p)u) N (Q\{«, 8)) = 0.
Thus

A+ GFp)p)nQ = 0.

Therefore we have by definition AM(Lg) = u(Lg) = 0. As p € (o, 8) \ (0) and
L(a, B) has core H(2;1;® (7))V), this implies § = ru for some r # 0. However,
since L(\, p) has core H(2;1;®(7))") we have M\(L,,) # (0), a contradiction. As
a consequence we may assume that for every root A € I'\{«, 8) the root space Ly
acts nilpotently on L.

(c) As in (a), there is a weight k € A such that |(k + GF(p)a+ GF(p)3) N A| >
p? — 1. Replacing x by x + « or k + 2« if necessary, we may assume

keEANQ.

As k(Lg) # 0, the simplicity of L ensures the existence of a root u € I'\(«, 3) such
that
K([Ly, Lp—p]) # 0.

Set B equal to the p-envelope of L(83,u) + T in L,. Since by assumption of this
case (c) L, acts nilpotently on L, L(8, ;1) cannot have core H(2;1;® (7)), So
Theorem 1.5.(3) yields that L (3, p) is solvable. Then B is solvable as well. Now B
acts on the space V() := Ei7jEGF(p) Vi+is+ju- Denote the representation by p,.
By choice of , clearly [L,, Lg—,] = [By, Bg—,] acts non-nilpotently on V). Now
Lemma 2.5 yields the existence of v € (8, 1),y ¢ GF(p)3, and x, € L, such that
pfc(x'y)p_l # 0.
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Note that v € (a, (), since otherwise L(c,3) = L(v,3) = L(u, ) would be
solvable, a contradiction. Also, pn = rf+ sy with s # 0. If v([L,, Lg—,]) # 0, then
w([Lys La—p]) # 0 and (8 — p)([Ly, Lg—u]) # 0. Proposition 1.1 would imply that
Ly Lo—p €N, L(B, )™ = (0), a contradiction.

Now find 6§ € k + GF(p)S + GF(p)u and a weight vector vs € Vs such that
pr ()P~ (vs) # 0. Then § + GF (p)y C A.

Note that 6 is of the form 6 = k+i8+jv, and so 6([L,, Lg—p]) = ([Lyu, Lg—,]) #
0. Consequently,

(6+iv)(Lg) #0 Vi€ GF(p).
This proves the theorem. O

We will now work step by step through §5 and §6 of [3]. We adopt the numbering
of that article and refer to it by boldface numbers.

Let S be a Lie algebra, T' a maximal torus in some p-envelope S, of S such
that H := Cg(T) acts triangulably on S. Let H denote the p-envelope of H in S),.
Observe that under these hypotheses T'+ H decomposes as

T+H=T+1I,
where I is an ideal of T + H (containing HW ¢ H(l)), which acts nilpotently on
S. Put
A=S+H+T.
5.1 remains valid if the word "restricted” is deleted everywhere.
5.2. We are interested in the algebras S which occur as semisimple quotients of

1-sections in Theorem 2.2: In the situation of that theorem let T denote the image
of U C Ly(a) in Der S. Observe that, with the above definitions

S C L(a)/rad L(a) C A C Der S.

For S € {sl(2), W (1;1), H(2;1)®} we have the result of Lemma 5.2.1. A simi-
lar statement is needed for the remaining case of Theorem 2.2, namely that S =
H(2;1;9(7))).
Lemma 2.8. Suppose that

H(2;1;0(7))Y ¢ A C Der H(2;1; ®(7)) V.

Let T C A denote a mawimal 1-dimensional torus of Der H(2;1; ®(7))V). Then
T is conjugate under an automorphism of Der H(2;1; ®(7))V) to F (zd; — ydy).
Define a € T* by a(xdy — yda) = 1. Then K,(A) has basis

{Dor(z 1 y') |2 <i <p—2} U{Dg(r) (¥ 1)},
so dim A,/Ky(A) =2, K_,(A) has basis
{Do(r)(z'y"*) |2 <i <p—2}U{Dg(r (2"~ 1)},
sodim A_,/K_,(A) =2, Ks,(A) has basis
{Da(ry (&2 y") |1 <i <p =3} U{Dar)(zy"™"), Da(ry (¥ )},
so dim Asy/Kon(A) =1, K_2,(A) has basis
{Do(ry(z' y™?)[1 <i <p—3} U{Do(r) (2" y), Do(ry (zP2)},

so dim A_oq/K_24(A) = 1, and K;o(A) = Aiq if @ # 0,£1,+2. Finally, T C
(A, [A,T]].
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Proof. Proposition 1.4 shows that 7" has the asserted property. The remaining
statements are proved as in Lemma 5.2.1 (d). O

5.3. We now consider the following
Setting 1:

(a) L denotes a simple Lie algebra, Ly, is a semisimple p-envelope of L, T denotes
a fized mazimal torus of dimension 2, H := Cr, (T) and H is the p-envelope
of H in L. Set A:== L+ H.

(b) Assume that T C H.

(c) Assume that every 1-section A(a) with respect to T fulfils the assertions of
Theorem 2.2.

It seems that the hypothesis (5.7.1) in [3] might not be quite weak enough to
yield step (12) of Lemma 7.6.1, since in that step it seems unclear whether (in the
notation of that lemma) the torus 7' of @ has maximal dimension in Q. However,
appearently it is sufficient to know that the 1-sections are classical, Witt, Hamilton-
ian, or BLOCK to obtain all the results of section 5. This condition is now granted
by assumption (c) of “Setting 1”.

Lemma 2.9. Under the assumption of “Setting 1”7 the following are true.

1) H acts triangulably on L.

2) H=Ta®]I, where I is an ideal of H which contains HY) and acts nilpotently
on L.

3) If o, € T* are GF(p)-independent roots, then the extended roots are F-
independent on H.

Proof. The CSA H of L acts triangulably on L. Then H® = H®) acts nilpotently
as well. Since L, is semisimple, every element of H® s [p]- nllpotent Let I be the
p-radical of H. Due to “Setting 17 T is a maximal torus of H. Thus H =T & I.
This proves 1), 2).

Suppose a, 8 are F-linearly dependent on H. By definition of an extended root
this means that there are t1,t2 € F' (not both 0), such that for all h = hs+h,, € H,
hseT, h, el

tia(hs) = taf(hs).
Due to (b) of “Setting 1” «, 8 are F-dependent on T'. Now let (u1,u2) be a basis
of T consisting of toral elements. As a(u;) = a(u[p]) = afu;)P, B(u;) = B(u;)P, we

have a(u;), B(u;) € GF(p) for i = 1,2. Then the above equation has a nontrivial
solution with t1,t2 € GF(p). Thus «a, § are GF(p)-dependent on 7. O

Lemma 5.3.1 remains valid under the assumption of “Setting 1”. In fact no
changes in the proof are necessary.

Definition 5.3.2 has to become extended by a further case. As before we say
that v is a BLOCK root if H(2;1;®(7))") C L[y] C Der H(2;1; ®(7))™.

Lemma 5.3.3 is substituted by Theorem 2.2. In the following we only have to
take care of the additional possibility of a root being of BLOCK type.

Lemma 5.3.4 (completed): Under the assumption of “Setting 1”7 the cases (a)
- (f) of [3, (5.3.4)] occur and the respective statements are true, or (g) v is a
BLOCK root, there is a surjective homomorphism U, of A(vy) to a subalgebra of
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Der H(2;1;®(7))Y) containing H(2;1; ®(7))1) such that V.,(T) = F (v0; — y0s),
and there is some j # 0 such that for i # 0
2 af i=4y,
dim A;,/K;y(A) =4 1 if =22y,
0 i i#=+j4 £25.
In particular, every BLOCK root is proper.

Proof. The statements are proved by the respective arguments of [3, (5.3.4)] and
Lemma 2.8. O

Lemma 5.3.6 (completed). Under the assumption of “Setting 1” the cases (a), (b)
of [3, (5.3.6)] occur and the respective statements are true, or (c) if a is BLOCK,
A(a) contains a unique compositionally classical subalgebra of codimension 2 and
no such subalgebra of codimension 1.

Proof. The proof of [3, (5.3.6)] for cases (a) and (b) remains unchanged if A and

T are taken as above. Suppose « is of BLOCK type, and let M denote a com-

positionally classical subalgebra of codimension < 2 in A(a). Then ¥, (M) is a

compositionally classical subalgebra of Ala]. Now [16, (1.4.(1))] shows that
Uo(M)NH(2;1;0(7) = H(2; L 2(1)) D nW(2; 1))

Thus Dg(r)(z), Da(r)(y) are linearly independent modulo W, (M). Then ¥, (M) =

Ala] N W(2;1)(0), and M = V1 (Ala] N W (2;1)(0))- |

5.4. Under the assumption of “Setting 17 no changes are needed in Lemma
5.4.1, while the next lemma only needs the obvious changes:

Lemma 5.4.2 (completed). Let v # 0. Then
dim RK,/R, <dim A,/K,.

In particular, if A, = K, then RK, = R, and if v is non-Hamiltonian and non-
Block then dim RK, /R, < 1. O

5.5. Let B be a restricted Lie algebra and let e be a derivation of B satis-
fying e? = e. Define a € (Fe)* by a(e) = 1. Let B = } ,.qp () Bia be the
decomposition of B with respect to the torus Fe. Assume

BYONBy=Fz+J,

where z is central in B and not [p]-nilpotent, and .J is an ideal of B") N By in which
every element is [p]-nilpotent. Let Rio (Fe+ B) := {z € Bio | [z,B—_ia] C J} and
n; = dim Bia/Ria (Fe + B)
Proposition 5.5.1. Let B and e as above. Let W # (0) be a restricted B-module
with zW = W. Then

(a) dim W > p™, where m = max {[(n; +1)/2] | i # 0},

(b) if W is an (Fe + B)-module and }, ;o n; > 2, then dim W > p?.

Proof. The proof for (a) in [3, (5.5.1)] works without changes in our case, since not
the decomposition of By but only that of B N By is needed.
In order to prove (b) we may as in the course of [3, (5.5.1)] assume that

e W is an irreducible (Fe + B)-module of dimension p,
e there are i # 0 and = € By, such that 2P~1 W # (0).
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Then W has p weights, and each weight space is 1-dimensional. But then Bél) acts

trivially on W, which means that we have a decomposition By = Fz + J’, where
J'W = (0). Now the arguments of [3, (5.5.1)(b)] yield the result. |

Proposition 5.5.2. Under the assumption of “Setting 17, for any root v # 0

> dim K, /RK;, <2, dim K,/RE, < 1.
i#£0
Also, dim K.,/RK, =1 if and only if dim K_,/RK_., = 1.

Proof. For 0 # v € T'set ny :=dim K, /RK,. Choose a € I" so that n, is maximal.
Since L, is semisimple, there is some v € I" such that v ¢ GF(p)a. Then by Schue’s
Lemma we have

HC > [Ay,A_] C LIV N CA(T) C CL(T) = H.
YEL, Y¢GF (p)ox
Since H acts triangulably on L, « is linear on H (and a(H) # 0 due to Lemma 2.9),
and hence there exists 3 € ', § ¢ GF(p)a, such that o([Ag, A_g]) # 0. Set
W= (Yicarp) As+ia)/(Xicarp) Mfria)- Asin [3], we conclude that dim W <
P (6 +nq).

There exists ¢ € T such that a(t) = 1, B(t) = 0. Set B’ =ker a+1+3,5 Kia,
and B the p-envelope of B’ in L,. Set e = adp t. Proposition 5.5.1 applies and
yields in combination with the arguments given in [3] that ), 20 Mia < 2. The rest
of the proof in [3, (5.5.2)] remains unchanged. |

Corollary 5.5.3. Under the assumption of “Setting 1” the following is true:
1 o ~ s solvable,

2 if v s classical,
. 3 if v is Witt,
<
dim Ay /Ry < 5 4f v s Hamiltonian proper,
7 if v is Hamiltonian improper,
5 if v s Block.

Proof. The assertion follows from the completed versions of Lemma 5.3.4, Lemma
5.4.2 and Proposition 5.5.2. O

5.6. Under the assumption of “Setting 1” there is only one additional remark
to make, namely that every BLOCK root « is proper (cf. Lemma 5.3.4), and that
U, (T) = F(xz0; — yO2) is contained in the compositionally classical subalgebra of
codimension 2 in Ala].

5.7. Under the assumption of “Setting 1”7 one has to make the obvious change
in Lemma 5.7.1.(a), namely

(a) ... Furthermore, if [Tk NZ~y| = 4 then ~ is Hamiltonian or BLOCK, ...

The proofs of Lemmas 5.7.2 - 5.7.6 only refer to Lemma 5.7.1 and hence remain
valid.

5.8. Only some particular Cartan type Lie algebras are investigated in this
section.

Section 6 is the first section where we switch tori. This is now the place where
we have to specify the algebras even more. It is our goal to prove that the Lie
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algebras L under consideration are of Cartan type. According to Theorem 2.4 we
therefore may impose an additional assumption.
Setting 2:
(a) L denotes a simple Lie algebra satisfying (A;3), and L, is a semisimple p-
envelope of L.
(b) Every mazimal 2-dimensional torus U C L, has the property that Cr(U) is a
CSA of L and U is contained in the p-envelope of Cr(U) in Ly.
(¢) T denotes a fized mazimal torus of dimension 2, H := C(T), and H is the
p-envelope of H in Ly.
(d) A:=L+ H.
Note that this “Setting 2” covers all previous assumptions. Therefore the results
of section 5 apply here. When going through section 6 of [3] we assume that A
satisfies the “Setting 2”.
Let Ay be a maximal subalgebra of A containing H. Choose a subspace A_; D
Ap which is stable under ad Ag, and define inductively

Ai+1 = {J? S Az | [A_l, Jf] C Al} if 1> O,
A1 = A_;+ [A_l, A—z] if ¢ < 0.

We call this the standard filtration of A with respect to Ap,A_;. Let G :=
@ A;/Ai+1 denote the associated graded Lie algebra.

Lemma 6.1.1 remains valid, if in (c¢) we replace the word “non-Hamiltonian” by
“non-Hamiltonian and non-BLOCK”.

Unlike in [3], we say in the case under consideration that a 2-dimensional maxi-
mal torus T’ is an optimal torus, if for every 2-dimensional maximal torus U we
have

n(A, T >n(AU).

Lemma 6.2.2, Corollary 6.2.3, Lemma 6.3.2 (and their proofs) remain completely
unchanged, while in Lemma 6.3.3 one has to replace the word “non-Hamiltonian”
by “non-Hamiltonian and non-BLOCK”. In Lemma 6.4.1 and Corollary 6.4.2 the
root « is assumed to be nonproper, and hence is non-BLOCK. Everything (including
the proofs) remains unchanged. Again, in the proof of Lemma 6.4.3 one just has
to replace “Hamiltonian” by “Hamiltonian or BLOCK”, while in Lemma 6.4.4 the
root « is assumed to be nonproper. These two lemmas then remain true without
changes.

As aresult, section 6 of [3] remains valid if one replaces the assumptions on A and
T there by “Setting 2” and if one makes the obvious changes in the assertions. One
should keep in mind that we are mainly interested in maximal tori of dimension 2.
This leads to a change in the notion of a proper root, namely, all solvable, classical,
BLOCK roots are proper, and a Witt or Hamiltonian root «y is proper if and only if
Aiy = Ry for some i # 0. Let I'p be the set of proper roots. Correspondingly, the
definition of an optimal torus is slightly changed.

3. THE CASE rad Gy # (0)

We continue to assume that A fulfils “Setting 2”. We also assume that T is
an optimal torus. Let Ay be a maximal subalgebra of A containing R(A) (i.e., a
“distinguished maximal subalgebra” in the sense of [3]) and

A=A_1 D ---DA_ 1 DA DA D...
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the standard filtration constructed by means of Ay and an irreducible Ag-module
A_1/Ap. Let G =)",._, G, denote the associated graded algebra. Then T can be
identified with its image in Gj.

Throughout this section we assume

rad GO 7& (0)7

and work through section 7 of [3]. Lemmas 7.2.7, 7.3.1 and 7.3.3 and their proofs
remain valid in our case, Lemma 7.3.2 and its proof remains valid, if one replaces
the word “non-Hamiltonian” by “non-Hamiltonian and non-BLOCK”. Recalling
that every BLOCK root is proper, we observe that Lemma 7.5.2 and its proof need
no changes.

Proposition 3.1. Gy is one of the following:
1) sl(2) ® C(Go);
2) W(1;1) & C(Go);
3) sl(2)@H, the 6-dimensional split extension of s1(2) by a 3-dimensional Heisen-
berg algebra H;
4) W(l;1) @ A(1;1), the split extension of W(1;1) by the restricted W(1;1)-
module A(1;1) with zero multiplication;
5) sl(2)®A(1;1), the split extension of sI(2) by the restricted sI(2)-module A(1;1)
with zero multiplication, where sl(2) is considered as a subalgebra of W(1;1).
In any case, (0) # C(Gy) C T.

Proof. As H = C(T) is a triangulable CSA which is contained in R(A) C Ay, it
follows that H := Cg,(T) is a triangulable CSA of Gy. Since Gy = Ap/A;, we have
TR(H,Go) < TR(H,A) =2

Suppose that TR(H,Gg) = 2. Then there are 2 independent roots a, 3 with
respect to T on Gy. Since rad Gy # (0), there is a nonzero abelian ideal J of
Go. Consider any root vector x € J,. Then (adx)?(Gy) C JI) = (0), and hence
a(z) = B(x) = 0. Since «, 8 span the root lattice on G, this implies that J acts
nilpotently not only on Gg but on G and hence annihilates G_;. By construction
of the graded algebra G, however, Gy contains no nonzero ideal with this property.
Hence TR(H,Go) = 1, and consequently T'Nrad Gy = Fz # (0) is contained in the
center of Gy.

As G_1 is an irreducible Gy-module, z acts on G_; as a multiple of the identity.
Therefore G_; decomposes into root spaces G_1 = ®i€GF(p) G _1,5+iq for suitable
roots a, 6, and hence there are at most p roots on G_;. We obtain by Lemma 6.3.3

dim G_, < 7p < p? — 3p.

Thus “Assumption B” of [13, p. 704] is fulfilled for Gy and p : Gy — gl (G-1).
According to the Corollary of [13, (III.1)] one of the following is true:

a) Go/Fz has a unique minimal ideal S(Go)/Fz, which is a simple algebra,
b) Gy is the 6-dimensional split extension of s[(2) by a 3-dimensional Heisenberg
algebra,
¢) Gy has an abelian ideal I ¢ C(Gy).
To investigate case a) we observe that, as T N C(Gy) # (0), Go = Gp(a) is a
1-section. Then it is the quotient of Ag N A(«) by a solvable ideal. Thus Gg

is the homomorphic image of a subalgebra of a 1-section. Theorem 2.2 implies
that S(Go)/Fz has to be a quotient of a subalgebra of s(2), W(1;1), H(2;1)® or
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H(2;1;® (7))M). [13, (I11.4)] then shows that Gy is of type (1) or (2) of this proposi-
tion or that Gy contains an ideal S such that S/Fz € {H(2;1)®, H(2;1;® (1))M}.
Lemma 7.2.7 of [3] in combination with Lemma 6.3.3 excludes the case S/Fz =
H(2;1)®, while in the case S/Fz = H(2;1;® (7))") Lemma 2.6 yields the contra-
diction dim G_; > p? — 1.

We now consider case ¢). Suppose Gy is solvable. Then Ag is solvable as well.
Let @ be a maximal subalgebra of L containing AgN L. Since H C AgNL C @, we
have that @ is invariant under H (which is the p-envelope of H in L,). Hence Q+ H
is a subalgebra of A, and as A = L + H, one has Ay C Q + H. The assumption
Q + H = A leads to the contradiction L = Q + HNL = Q4+ H = Q. Then the
maximality of Ay proves that Ay = Q + H. Consequently Q would be solvable.
Thus [9, 24] show that L € {sl(2), W(1;n)}. None of these algebras satisfies (A4;3)
([14]). Thus G cannot be solvable. Theorem III.3 of [13] now shows that Gy is as

in 4) or 5).
In all cases the center of G is at most 1-dimensional. We have already mentioned
above that dim T'N C(Gp) = 1. Then (0) # C(Go) C T O

Lemma 3.2. 1) There is a subalgebra K € {sl(2),W(1;1)} of Go such that Gy is
the semidirect sum

Gy = K @ rad Gy,
and
T=(T'NK)®C(Gy).
2) Cq,(T)=T.

Proof. In cases 1) and 2) of Proposition 3.1 we have Gy = G(()l)@C(GO), C(Gy) CT,
Gél) = 5[(2), W(1;1). The assertions follow immediately from this.

Case 3): Choose a canonical basis (e, f, h) for the subalgebra isomorphic to s[(2).
Let 7 : Go — Go/H = 5l(2) denote the canonical homomorphism. If [T, H] = (0)
then H would contain as a subalgebra the inverse image of H, and this subalgebra
acts nontriangulably on L, a contradiction. Therefore 7(7T") acts nontrivially on
H/C(Gy). Consequently, H/C(Gp) is a 2-dimensional nontrivial s[(2)-module,

H = Go,1 ® Go,—1 ® C(Go)

and therefore adg, h has eigenvalues £2,4+1,0. Since p > 7 and the extension
Go = sl(2) & H splits, every x € [J; o Go,: satisfies (adg, x)® = 0. Therefore
exp (ad x) is an automorphism of Gy. Recall that 7(T) # (0). It is now easy to see
that there are z; € {J, o Go,; such that []; exp (adz;)(T") = Fh & C(Go). This
proves the first claim. The second claim is an immediate consequence.

Cases 4) and 5): Note that in these cases Gy is W(1; 1)@ A(1; 1) or a homogeneous
subalgebra of this. Let ¢t € T\ C(Gy) have the property that (adg )P = adg t.
Write

t=t'+f t'eGnW(l), feAl;l).
Then by Jacobson’s identity

(%) adg t = (adg t)? = (adg )P + adg ((ad t')P~1(f)) + (adg f)P.
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As a consequence,
(ad t' — (ad ')")(Go N W (1;1)) C GoNW(1;1)NA(1;1) = (0),
(ad ¢’ — (ad t')")(A(1;1)) C [A(1;1), A(1; 1)]
(ad f)"(Go) C [A(1;1),A(1;1)] = (0).
Since G_1 is an irreducible Gy-module, we conclude that
adg_, t' — (adg_, t')?, (adg_, f)Y € Fldg_, .

Also F'1 C A(1;1) acts nontrivially on G_; and centralizes Gy. Thus adg_, F'1 =
F Idg ,. Hence there is s € F' such that

adg_, t' — (adg_, t')? — (adg_, f)P = adg_, s1.

We now conclude from () that
ade_, (f — (adtP7L(f) —|—$1)
= ada, (f=(@aty () +t) - (ada, t’)p ~ (adg., f)p —0.

As adg_, (f — (ad t)P7L(f) + 81) € A(1;1) C Gy and G_; is a faithful Go-
module, we obtain f = (adt')P~1(f) — s1. Set g := (adt)P~2(f) € A(1;1). Then
exp (adg, ¢) is an inner automorphism of Gy, and

exp(adg, 9)(t) =t+[g,t]=t—[t',g]=t— f=t mod (F1).

This proves the first claim. The second claim is an immediate consequence. O

|
—~

(e
Nt

1
1;

In the notation of [3] the result 2) means that I(Go) = (0), or equivalently,
I(H) C A;. This proves the analogue of Corollary 7.2.8 of [3].
We fix z € C(Go) such that adg_, z = —Idg_,. Define v,6 € T* by
1(z) =0, A(TNK)#0,
6(z) = -1, 6(T'NK)=0.
Set I'; ;== {p e T U{0} | Gi, # (0)} and m;(p) := dim G; ,. Note that
I'y € —i6 + GF(p)y for all i.
We will now determine T and G_; to some extent. In the following proposition

we will use the notation of 3.1 and 3.2. Recall that G_; is a faithful irreducible
Go-module of dimension < p? — 3p.

Proposition 3.3. 1) The ideal of Gy generated by T is Gy.
2) T is mapped under an automorphism of Gy in the respective cases of Propo-
sition 3.1 onto
Fx0@ Fz in cases 2 and 4 ,

Fzo®Fz or F(l42)0®Fz in case 5.

3) In case 2 of Proposition 3.1 the following are true:
(a) Go has a subalgebra Q such that

() TcQ,

(i) dim Go/Q =1,
(iii) QW acts mlpotently on G,
(iv) there is a root vector w € G_1 with [Q,w] C Fuw.
(b) () dmG_1=p—1orp, m_q(p)=1Vpel_y,
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(i) Ifdim G_1 =p—1thenT_1 =86+ GF(p)*,
Ifdim G_1 =p then Ty =6+ GF(p)y.

In case 3 of Proposition 3.1 the following is true:
I_; =46+ GF(p)y and m_;(i6 + j7v) = m_;(i6)
for all j € GF(p) and i # 0 mod (p).

In case 4 of Proposition 3.1 the following are true:
(a) [GoNW(1;1)0), A(1;1)] acts nilpotently on G.

(b) Go has a subalgebra Q such that
(i) TCQ,
(i) dim Go/Q =1,
(iii) QW) acts nilpotently on G,
(iv) there is a root vector w € G_1 with [Q,w] C Fw.
(¢) dim G_1 = p and m_;(i6 + jy) = m—_(ib), for all j € GF(p) and i #
0 mod (p).
In case 5 of Proposition 3.1 the following are true:
(a) Go=F2?0® Fxd® FO® A(1;1).
(b) [GoNW(1;1)(0), A(1;1)] acts nilpotently on G.
(¢c) If T = Fx0 @ Fz then Gy has a subalgebra Q such that
(i) TcQ,
(i) dim Go/Q =1,
(iil) QW) acts nilpotently on G,
(iv) there is a root vector w € G_1 with [Q,w] C Fw.
(d) If T =F(1+xz)0® Fz, then every eigenvector in A(1;1) acts invertibly on
G_1.
(e) dim G_1 =p, m_;(i6 + jv) = m_;(i6) for all j € GF(p) and i #Z 0 mod (p).

Proof. (1) Let J be the ideal of Gy generated by T'. In all cases G/ rad G is simple,
and T ¢ rad Gy. Thus Gy = J + rad Gy. The result follows from Proposition 3.1
and a case-by-case analysis of the ideal structure.

(2) Decompose according to Lemma 3.2:

Gy = K ®rad Gy, TZ(TQK)@FZ

Due to Lemma 7.5.2(a), v is a proper root of G. Therefore, in cases 2) and 4)
T N K is conjugate by an inner automorphism to Fzd. In case 5) we choose a
generator x of A(1;1) such that = or (1 + z) is an eigenvector with respect to
K NT. Correspondingly, T N K coincides with Fad or with F(1 + x)0.

(3) Case 2): For a description of the irreducible W (1; 1)-modules we refer to [5].
They have dimension p—1 or p* (k > 0). Thus in our case dim G_; = p—1or = p.
These modules have the property that W(1;1)) has a common eigenvector and
W(1;1)(1) acts nilpotently. Set @ := W(1;1)) + Fz. Then T'= Fz0 + Fz C Q.
Thus (a)(i), (a)(ii), (a)(iv) are satisfied. Since QM) C W(1;1)(1) acts nilpotently
on G_1 + Go, we have A( ,(})) =0 for all A\, x € T. Then Q) acts nilpotently on
G.

If dim G_; = p then G_; is induced by a 1-dimensional subrepresentation of
W(1;1))- Then all roots 6 + 4y occur with multiplicity 1. If dim G_; = p —1
then G_; & A(1;1)/F is the quotient of the p-dimensional module A(1;1) by the
1-dimensional submodule F. Then all roots ¢ + 77, except for one, say iy, occur,
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each with multiplicity 1. Here é + ¢~y is the weight corresponding to the weight
space F. Thus it is the 0 weight. Hence 0 = (6 +ioy)(T N K) = ipy(T N K), i.e.,
10 = 0.

Case 3): Choose a canonical basis (e, h, f) for K such that TN K = Fh. There
is a basis (z,y, z) of the Heisenberg algebra H such that z,y are eigenvectors with
respect to T', x € Govy, ¥y € Go,—ry. Note that £ # 0, since otherwise H would
not act triangulably. If ¢ Z 0 mod (p) then z acts on G_; as —i Id # 0. Now every
irreducible factor of a composition series of G_; as a H-module is induced by a
1-dimensional subrepresentation of Fx + F'z, and hence every root occurs in every
composition factor with multiplicity 1.

Cases 4), 5): It has been proved in [13, (II1.2), p. 705] that dim G_; = p and
that [Go N W (1;1)(0y, A(1;1)] acts nilpotently on G _;.

In case 4) set Q := W(1;1)0)+A(1;1). ThenT = Fzd+Fz C Q,dim Go/Q = 1.
As W(1; 1)) acts nilpotently on G_1 + Gy, so does QW. Asin case 2), this implies
that Q) acts nilpotently on G. Clearly, as Q(!) acts nilpotently on G_1, there is a
common eigenvector for (). To prove the assertions on the multiplicities we observe
that Go contains the Heisenberg algebra F'0 @ Fx @ F'1. The remaining part (c) is
now proved similarly to the analoguous assertion of case 3).

We now consider case 5). The only subalgebra isomorphic to s[(2) containing
Fz0 is F2?0 + Fxd + FO. Now suppose that T = F(1 + x)0 @ Fz. Then there
is k € N such that Go = F(1 +2)**10 @ F(1+2)0 ® F(1 + z)P~*1o @ A(1;1).
We then adjust the generating element x of A(1;1): Set y := (1 +x)?~% — 1. Then
(1+2)0)(1+y) = —k(1+2)P~% whence (1+2)0 = —k(1 +y)d/dy, (1+x)*+10 =
—kd/dy, (1 + z)P~*t19 = —k(1 + y)%d/dy. Hence

Go = Fd/dy @ F(1+y)d/dy ® F(1 + y)*d/dy.

As the mapping y' — ' defines an automorphism of W (1;1) + A(1;1), this proves
(a).
If T = Fz0 + Fz, then we proceed as in case 4) to prove (c).
Suppose T = F(1 4+ )0 + Fz. The eigenspaces in A(1;1) are of the form
F(1+x)*, 0 <k <p—1. Since 20 € Gy N W(1;1)(0), part (b) shows that (for
k #0) 2% € [Go N W (1;1)(0), A(1; 1)] acts nilpotently on G_1. Then (1 + z)* acts
invertibly.

To prove (e) we consider the T-invariant Heisenberg algebra FO @ Fa & F1 or
FO® F(1+4 z) @ F1, respectively, and proceed as in case 3). O

Corollary 3.4. As # (0).
Proof. Assume As = (0). Theorem 2.7 yields the estimate
p> —p <dim L <dim A; + dim Go + dim A/A,.
By assumption A; embeds injectively into Hom(G_1, Gp); thus
dim A4; < (dim G_1)(dim Gy).

According to (6.3.2) and (6.3.3) of [3], A/Ag has at most p? — p + 6 roots, each
of multiplicity at most 7. Thus

pPP—p < (dim G_1)(dim Go) +dim Gy + 7 (p2 —p+6),
dim G_l S 7p
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We now check the possibilities of Proposition 3.1. In case 1) we obtain the contra-
diction (as p > 7)
PP —p<28p+4+7(p?—p+6)=(Tp*>+22p+46) —p < 10p* — p.

Case 3) is treated similarly.

To treat cases 2), 4) and 5) we observe that dim G_; < p in these cases (see
Proposition 3.3). Thus we obtain the contradiction

P> —p <p(2p)+2p+7(p° —p+6) < 10p* — 5p.
O

Recall that M (G) is the maximal ideal of G contained in >, , G;. This is a
homogeneous ideal. Hence G/M(G) is a graded algebra, and

(G/M(G))lng fOI’Z'Z —1.

Recall that I'p denotes the set of proper roots. For the definition of I'g and I'r see
[3, (5.6.5), (5.6.7)].

Proposition 3.5. 1) G/M(G) contains a unique minimal ideal S. S is a simple
graded subalgebra of G/M(Q) satisfying

S; = (G/M(G));  fori<-—1.

3) G1 # (0), and Go acts faithfully on Gi.

Proof. (1) According to Corollary 3.4 we have Ay # (0), and hence (G/M(G))2 #
(0). Due to [23] G/M(G) contains a unique minimal ideal V', which is graded
by the grading of G/M(G). Moreover, by [23] (G/M(G))—-1 = V_1, and hence
Vi D (G/M(G))2,V_1] # (0). Therefore we are in the nondegenerate case of [23].
There is a simple graded algebra S and m > 0 such that

S;®@A(m;1) =V, =V N (G/M(G)); Vi,
and
Vi=(G/M(G)); for i< —1.
Suppose that m > 1. Then Gy contains an ideal isomorphic to Vo = Sy ® A(m;1).
The application of Proposition 3.1 in combination with a dimension argument yields
first, that m = 1 and dim Sy < 2, and then that V[ is solvable of dimension
> p. This can only happen in cases 4) and 5) with m = 1, dim S = 1. From
Proposition 3.3 we conclude that dim G_; = p. Then dim S_; = 1, whence
[S-1® A(1;1),5-1 @ A(1;1)] = [S-1,5-1] ® A(1;1) = (0).

Hence ((G/M(G) _1) .

)
obtain G_o C M(Q).
As >0 Vi+ [Vor, (G/M(G))1] is an ideal of G/M(G) and V' is minimal, we
have

= (0). As G_1 by definition generates ), , G;, we

Vo1, (G/M(G)1] = Vo = A(1; D).
In particular, there is a root 7 € I'_y such that F1 = [V_; ,,(G/M(G))1,—+].
Then we have 7([G_1,-,G1,—-]) # (0). According to Lemma 7.5.2 this forces 7 €

I'p(A,T). Lemma 6.1.1(c) shows that [ NGF(p)7| < 6. Due to Proposition 3.3
we have G_; = (0) or iT € I'_; for every i satisfying 0 < i < p. Thus G_7 = (0).
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Suppose that A = A_;. Then Lemma 7.3.1 shows that [G_1,G1] = Gy, con-
tradicting the fact that [V_1, (G/M(G))1] C Vo # (G/M(G))o in the present cases.
Thus A # A_;. Then the proof of Lemma 7.6.1(1) (which works in our case with-
out changes) yields that G,—1 # (0), while we have shown above that G_7 = (0).
This contradiction proves the assertion.

(2) If T C Sy, then Proposition 3.3(1) yields the assertion. Thus, assume T' ¢ Sp.
Since S is simple, we have [S_1,51] = So ([21, (3.3.6)]). Choose 7 € I'_; such that
[S—1,r,51,—7] # (0). Due to the present assumption Lemma 7.5.2 shows that

(0) 75 TN S() = [S_l)ﬁ,-, Sl)_ﬂr] = ker 7.

Hence M := 3%, F(p) Sir is a nilpotent subalgebra of S which is selfnormalizing,
as w(T' N Sp) # (0) for all u ¢ GF(p)r. Thus M is a CSA of S which acts
nontriangulably on S. As S is simple, this cannot happen.

(3) As Az # (0) we have G1 # (0). Set J := {x € Go | [¢,G1] = (0)} and
suppose J # (0). Then, as z acts invertibly on G1, z € J. As J # (0) is an ideal of
Go, Gy is necessarily of case 1) or 2) in Proposition 3.1 and J = K is isomorphic
to s[(2) or W(1;1) in the respective cases. Since K annihilates G1, we conclude
that G; C G_s. According to the first part of this proposition there is an ideal S
of G/M(G), which is simple as an algebra. The above yields

Sl C S_g, S() = [S_l, Sl]

Since 57 is a trivial K-module, Sy is the sum of copies of the irreducible K-module
(G/M(G))-1 = S_1. In the present cases this is only possible if Sy = K. But then
6(I'nSp) = 0. Consequently >, Sis is a CSA of S which is not triangulable.
This contradiction shows J = (0). O

Lemma 7.4.1 is improved:

Lemma 3.6. Suppose that G_; 41 # (0), G_; = (0) for some i, 2 <i < p—;l, Then
1) M(G) = (0),
2) [Toipa] <4,
3) Gop=sl(2) @ Fz.

The proof is done in steps.
1) Claim: Let A€ T'_;, 5 > 0, and 0 # w € G_; x. Then there is w’ € G, _,
J s Js
such that [w,w'] # 0.

Proof. Let c € A_j » satisfy w = ¢+ A_j41. As ¢ ¢ Ap and Ay is a distinguished
maximal subalgebra, we have ¢ € Ry, and hence there exists d € A_y with [¢,d] & I.
Note that A is of the form A = jé + kvy. Therefore —\ = —j6 — ky € |, I's,
where ¢ = j mod (p). As Gp% = (0) and hence 0 < j < %, we obtain that
d € Up=;j g0 Ae = Aj C Ao. As [c,d] acts non-nilpotently, we have d ¢ A;i1. Put
’LU/ =d + Aj+1. O

If M(G) # (0) then we have M(G) N G_;11 # (0). The preceding step shows
that this is impossible. Thus M (G) = (0).

(2) Claim: Let A € T_;, 5 > 0, and 0 # w € G_; . Then for all but at
most 1+ [T'_g;| roots 7 € I'_; we have G_; ; C [w,Go]. Consequently, |I'_;| <
L+ T g5 4 [To].
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Proof. Choose w' € G, _ according to step (1). For any 7 € I'_; with 7([w, w']) #
0 and every e € G_; . we have

e € Fllw,w'l,e] C Flw, [w,e]] + Flw,[w,e]] Cw, Go]+ F [, [w,e]].

Now let 7 € I'_; be a root with 7([w,w’]) = 0. Put 7 =: —jé + . If y([w,w']) =0
then §([w, w']) = 0 and [w, w'] = 0, contradicting the choice of w’. Thus y([w, w’)] #
0, and hence there is at most one root 7 with this property. Thus the only possible
exceptions are those 7 for which 7([w,w']) =0 or 7+ A € I'_y;. Clearly, [w, Go] C

ZMEFO G—j,y-‘,—)\- ]

We now prove the lemma:

If Gy is as in case 1) of Proposition 3.1 then set j = i — 1, whence 2j > i — 1,
ie., I'_g; = 0. Step (2) yields [T'—;11| <14 |To| < 4.

In cases 2) and 4) of Proposition 3.1 the subalgebra @ mentioned in Proposi-
tion 3.3 contains 7" and has a common eigenvector w in every G_;. Set j =7 — 1.
Then G_;41,r C [w,Go] + G415, for suitable 7. Set Go = Q + F 0 to ob-
tain [w,Go] = [w,Q] + Flw, 9], and hence [w,Gy| carries only 2 roots. Thus
IT_;+1] < 3 < p—1. Since G_; is a faithful irreducible Go-module, it has at
least p — 1 roots. Thus ¢ > 3. Next set j = i — 2 and observe that 25 > i — 1.

Thus we obtain similarly |[I'—;12] <3 < p—1. In the present cases this implies that

G_;+1 and G_;;9 are trivial as Gél)-modules. Then, however, the trivial module

G_iy1 is as a quotient of G_; ® G_;12 isomorphic to a sum of copies of G_; as
Gél)-modules. This is only possible if G_;41 = (0), a contradiction.

In case 3) we choose an arbitrary root vector w and obtain as in case 1) that
T'_it1] <1+ 1To| < 6 < p, contradicting Proposition 3.3.

Thus suppose that Gy is as in case 5) of Proposition 3.1. As M(G) = (0),
Proposition 3.5 yields the existence a simple Lie algebra S, which is an ideal of
G, such that S; = G; for i < 0. Lemma 7.3.1 shows that So = [S_1,G1] =
[G_1,G1] = Gy. The simplicity of S implies that S_;;1 is an irreducible Sp-module
([21, (3.3.5)]). Set Q := Fx20 + Fxzd + A(1;1) and recall (Proposition 3.3) that
Q™ acts nilpotently on G_1, hence nilpotently on > ico Gi- Let w € G_ij11 be an
eigenvector with respect to Q. We have, as [w, G_;] = (0) for j > 0,

[(ad G1)" M (w), G—i41] C i (ad G1) ([w, (ad G1)" 79 (G_i31)])
=0
i1
C > (adGr) ([w,G_;]) C [w, Go] C Fw+ F[0,w).
=0

On the other hand, G_;+1 is an irreducible Go-module [21, (3.3.5)], and as z €
A(1;1) acts as (—i + 1)Id # 0 then {(ad9)*(w), k = 0,..., p — 1} is a linearly
independent set. We proved above that this set is mapped under (ad G1)"~! (w) C
Gy into Fw-+F [0, w]. In the present case 5) this is only possible if (ad G1)*~! (w) C
A(1;1). Since the space on the right hand side is invariant under Gy and G_; 41 =
S_it+1 is Go-irreducible, this implies

(ad Gl)i_l (G—i-i-l) C A(l,l)
Next set U_; := (adG1)*"2(G_;11) C G_;. Then the above deliberations show

that[U_1,G1] C A(1;1) # Gp. According to an earlier remark this yields U_; #
G_1. As G_1 is Gy-irreducible, we conclude that U_; = (0).
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Choose root vectors u € G_15, v’ € Gy _y such that y([u,u']) # 0 (which is
possible since [G_1,G1] = Go) and set
M:=Fu® Fu &F[u,u].
If M[u,v']) = 0, then M is a Heisenberg algebra. Since I'_;11 = (i —1)6 + GF(p),

there is a root p € T'_; 41 with u([u,u']) # 0. The representation theory of the
Heisenberg algebra shows that

(ad u')P"HG—it1,) # (0),
which contradicts the preceding result.
Thus M = s1(2). Adjust u,u’ so that
[[u,u],u] =2u, [[u,u],u'] =—2u".

By construction, v ([u,u']) # 0. Thus [u,u'] has p different eigenvalues on G_;41.
The representation theory of s[(2) shows that (adu’)P~!'(G_;41) # (0). This con-
tradiction settles case 5) of Proposition 3.1. O

We will now prove an analogue of Lemma 7.6.1 of [3].
Lemma 7.6.1 (revisited). There are i < 0,4 Z 0 mod (p), and j € GF(p) such
that

Proof. Suppose on the contrary that
m;(—i6) = mi(—id + jy) Vi#0,Vje GF(p).
The preceding lemma shows that G_ et # (0). Thus GF(p)*t C T'g for every
7 & GF(p)y, hence 7 ¢ T'p. We obtain
vyeT'p C GF(p)y.

Proposition 3.5(2) then applies and shows that G/M(G) has a minimal ideal S,
which is simple in its own right and Sy = Gy,

(+) S<G/M(G), S;i=(G/M(G)); fori<0, So=Go.

The simplicity of S enforces [S_1,51] = So = Go, and hence T is naturally em-
bedded in [S_1,S1]. Choose n € T'_y, such that v([S_1,,51,—y]) # 0. Since
n ¢ GF(p)y is improper, then Lemma 7.5.2(b) shows that 7([S_1,,,51,—5]) = 0.
Thus there are x € S_1 ,, y € S1,—, such that

7([$5y]) =1, 77([1?,y]) =0.

Observe that H := Fa @ Fy @ F[z,y] is a Heisenberg algebra.
Next suppose that G_,_1 # (0). Then, according to the present assumption,

G_p-1y+jy # (0) for 1 < j < p—1. Since (n + j)([z,y]) = jy([z,y]) # 0 for
j # 0, the representation theory of the Heisenberg algebra yields that the H-module
generated by G_,_1 54,y must have nonzero intersection with G_, j, + G_2p j~-
So m_(jv) # 0 for all j # 0. Since ~ is proper this cannot happen. Consequently,

G_p—1 = (0).
An analogous argument yields the estimate

dim G_lﬂﬁ_gﬁ S dim G_p,jfy + dim G07j.y.
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Since m_(j7) # 0 only for at most 6 values of j, we have
dim G_, j,v = 0 for some jo # 0.

In the cases 1) and 2) of Proposition 3.1 we have dim Go ;4 < 1 for all j # 0.
Consequently, dim G_1 54,y < 1. The general assumption of this lemma then
shows that

dim G_lﬂ—zl Vel _;
in these cases. For all other cases Proposition 3.3 yields the same equality. As
G_p—1 = (0) we have A, C A_1, and then the above implies

dlmAT/AoﬂATzl Vrel_.

Corollary 6.4.2(d) shows that all 7 € I'_; are non-Hamiltonian and non-BLOCK,
and (7.5.2(c)) then gives us

G, =K, (G) VreTl_,.

We are now going to apply earlier results to the simple algebra S. We have
S; = K.(S), and hence by definition RK,(S) = R,(S) for 7 € I'_y. Thus
[S—1,+,51,—7] # (0) implies 7 € T'g(S,T). As T is embedded in [S_1,S1], then
T_1 NTg(S,T)| > 2. Note that (S,T) fulfils “Setting 1”, and therefore Lemma
5.7.5 applies (although it is not clear whether or not T is a torus of maximal di-
mension in a semisimple p-envelope of S). As a consequence, Ap(S,T) # A\ (0).
This result contradicts Lemma 7.5.2(a). |

The proof of Lemma 7.7.1 works without changes. We even have simplifications,
since we may assume that G_pTH # (0) and we know already that G/M(G) has a
minimal ideal which is simple in its own right.

Thus in the case of this section we have

Go =5sl(2)® Fz, G1 # (0), Gy acts faithfully on Gj.

A.A. Premet pointed out to me that in [3] presumably a wrong version of the
recognition theorem for graded algebras has been used. Namely, some restricted
Cartan type Lie algebras with the grading reverse to the standard grading satisfy
all the assumptions of the recognition theorem for graded algebras ([3, Theorem
1.2.1]). So the statement in the conclusion that the Cartan type Lie algebras have
standard grading seems to be incorrect.

The only proof which I know for the recognition theorem for filtered algebras
needs the assumption that the associated graded algebra (if it is of Cartan type)
carries the standard grading. In order to acchieve a complete proof of the classi-
fication it appearently is necessary not only in this note but also in [3] to ensure
that the gradings of the Cartan type Lie algebras are standard.

Let (e, f, h) denote an sl(2)-triple in Gy, so that (e, f, h, z) is a basis of Gy. Define
a p-mapping on Go by el?l = 0, hlPl = h, fIPl = 0, 2[Pl = 2. The definition of z earlier
in this section yields adg_, (2/")) = adg_,(2) = adg_, (2)?. With this definition G
becomes a restricted Lie algebra which is the direct sum of the restricted ideals
GSY and C(Gy).

One defines G’ to be the algebra generated by > .., G, and N(G) := M(G’).
Clearly, N(G) is a nilpotent ideal of G’. -

Lemma 3.7. Let A be as in section 7 of [3] or as in section 3 of this note. Then
the following are true.
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1) Gy acts restrictedly on G_1.
2) N(G) = (0).
3) G is classical or a Cartan type Lie algebra with standard grading.

Proof. (1) If A is as in section 7 of [3] then A is restricted, and hence Gy acts
restrictedly on G_1.

Suppose A is as in section 3 of this note. Let p; : Go — gl(G;) denote the
representation of Gy on G; given by the multiplication in G. Let y denote the
character of the representation p_1, i.e., p_1(u)? — p_1(ul?)) = x(u)?Idg_, for all
u € Gy. Note that the Gg-module G_; is, for i > 0, the homomorphic image of
R G_1 (as G_; = [G_1,...[G_1,G_1]...]) and hence every p_; has the character
ix (although in general it is not irreducible). According to Lemma 7.6.1(revisited)
there are i < 0,7 Z 0 mod (p), and j € GF(p) such that m;(—ib) # m;(—id + j).
Then ix |G(<)1>= 0. As x(z) = 0, this gives x = 0. Therefore G_; is a restricted
Go-module.

We now have proved all conditions, so Kac’ recognition theorem on graded Lie
algebras (cf. [3, (1.2.1)]) applies to @ := G'/N(G). Thus @ is isomorphic as a
graded algebra to some W (2;n), K(3;n), or H(2;n)? + F(z1D; + 22D9) C Q C
Der H(2;1)®), or Q is classical. Here the grading of the Cartan type Lie algebras is
the standard or the reverse to the standard grading, while for the classical algebras
the grading is the standard grading defined by a set of simple roots.

Suppose first that @ is not classical. Then @) contains a graded subalgebra
Q € {W(2;1), K(3;1), H(2;1)® 4 F(181 + 220,)} in such a way that Q_1 + Qo +
Q1 C Q. The arguments in [3, p. 206] show that N(G)"/N(G)*t! is a trivial module
for Q). Let V be the inverse image of Q) in G’. Then [V, N(G)?] ¢ N(G)**! for
all 7, and hence

[ﬂ V("),N(G)} - (0).

n>1
Note that G\ = GV = si(2) for all n > 1, and [G_1,G{”] = G_;. Also,
in the cases under consideration we have [N((Jl),Ql] = Ql. As Gy + G; maps
under the homorphism G/ — G’/N(G) isomorphically onto Qo + Q1, this means
[G((Jl), G1] =G1. Then G_1,G1 C ), V() and the above proves

G-, N(G)] = (0),  [[6-1,G1], N(G)] = (0).

If Q € {W(2;1),K(3;1)}, then T C [G_1,G1]. Thus N(G) C Ca(T) C ;50 Gis
whence N(G) = (0). -
Next suppose Q H(2;l)(2) + F(2101 + 2202). Then [G_1,G4] = G(()l), and
there are independent roots o, 3 € I'_1, such that —a, =0 € T'1, [G-1,0,G1,-a] =
TG, [G_15,G1_5] =TNG, «(TNGV) #0, BTNGY) # 0. Lemma 7.5.2
implies that o, 8 are proper roots. Thus >, o |Is| <p?*—1—(2p—2)+12< p* 7.
Since T is mapped onto Fx10; + Fx202 under the mapping G’ — G'/N(G), it is
easy to check that all root spaces (except the 0-root space) of Q are 1-dimensional
with respect to T. So if the grading of @ is the reverse of the standard grading,
then > . o || > >, dim Q; = p? — 7. As this contradicts the previous estimate,
the grading of @ is the standard grading. Thus we have @_2 = (0). This means
G_5 C N(G), whence G_3 = [G_1,G_3] C [G-1, N(G)] = (0). Therefore Lemma
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7.3.1 applies and yields [G_1,G1] = Go. But then T' C Gy acts trivially on N(G),
which is only possible if N(G) C }°.., G;. Consequently, N(G) = (0).

Suppose Q is classical. The arguments in [3] give the result.

(3) We now have proved that the recognition theorem for graded algebras applies
to G. Thus G is isomorphic as a graded algebra to some W(2;n), K(3;n), or
H(2;n)® + F(x1Dy +x2D5) C G C Der H(2;n)? with the standard or the reverse
to the standard grading, or G is classical.

Suppose G is of Cartan type with the grading reverse to the standard grading.
Note that T is the 2-dimensional torus in Gy (which also in this grading is the
canonical 0-component of G). If G = W (2;n), or G = K(3;n), or H(2;n)? +
F(x1D; + x2D3) € G C Der H(2;n)? with n # 1, then it is immediate that
> ico Gi carries more than p? — p + 6 roots. If H(Z;l)@) + F(x1D1 + z2D2) C
G C Der H(2;1)®, then we derive the same conclusion by arguments given already
in (2). As this contradicts the choice of Ay, the grading of G is the standard
grading. O

The arguments given on page 227/228 of [3] now apply to A if A is as in case
(h) of Theorem 4.1.1 and if G satisfies (9.3.1) or (9.3.2). As to the Lie algebras
considered in this note, we are now able to prove that the case of this section will
not occur at all.

Theorem 3.8. Let L be simple satisfying (A;3), and let L, be a semisimple p-
envelope of L. Suppose that every mazimal 2-dimensional torus U C L, has the

property that Cr(U) is a CSA of L and U is contained in the p-envelope CL(U) of
CL(U) m Lp,

Let T denote a mazimal 2-dimensional torus having maximal number of proper
roots, and H := Cp(T). Put A:= L+ H, and let Ay denote a mazimal subalgebra
of A which contains R(A). Then rad Ay acts nilpotently on A.

Proof. Suppose that rad Ag acts non-nilpotently on A. By assumption A fulfils
“Setting 2”. Moreover, T', A, Ag are as in the preceding deliberations. Consider the
associated graded algebra G. Since rad Ay acts non-nilpotently, we have rad Ay ¢
A1, whence rad Gy # (0). Lemmas 7.6.1, 7.7.1, 3.7 prove that the assumptions
of the recognition theorem on filtered algebras are satisfied. Thus L is of classical
or Cartan type. No classical algebra satisfies (4;3). We also know that L)/L(1)
is a nonsolvable subalgebra of s[(2) @ Fz. The recognition theorem then yields
that L is one of W (2;n), H(2;n; ¥)?, K(3;n; ¥)M) with the canonical filtration.
In particular, T' normalizes the unique proper subalgebra of maximal dimension of
these Cartan type algebras.
Consider the algebra W (2;n). This algebra contains the torus

U= F!ElDl &) FLCQDQ.
Suppose U is contained in a 3-dimensional torus R. Then U C Cp(R), whence

Cr(R) acts non-nilpotently on L. This contradicts Theorem 1.5(1). Thus U is a
maximal torus. It is straightforward to check that

CW(Q;Q) (Fl‘lDl)/ rad CW(Q;Q) (FxlDl)
CW(Z;E) (F$2D2)/ rad OW@;E) (FngQ)

Theorem 2.2 now implies n; = ny = 1. Then L = W(2;1) has toral rank 2, a
contradiction.

R
==
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Consider the algebra H(2;n; ¥)?). Since T normalizes H(2;n; @)(2)(0), we have,
up to conjugacy,
T=F (.TlDl + El) @ F (ZZ?QDQ + EQ), E; € W(Q,ﬂ)(l)
We now consider the associated graded algebra gr (L + T). By definition L satis-
fies the compatibility condition H(2;n)® C gr L € H(2;n). Thus H(2;n)?
gr(L+T). Also, the above description of T shows that T' is mapped as a torus on
gr L onto Fx1 D1 ® FaraDo. Then gr (L + T) contains the 1-section

n1_q

P
FDi+ Y F(a"Dy — 2™ VaaDy) + T
=1

The semisimple quotient of this 1-section is isomorphic to W (1;n). Lifting this in-
formation to L, we obtain that there is a 1-section L(«1) such that L(ay)/rad L(ag)
=~ W(1;n1). As above, we conclude n; = ng = 1. The algebras H(2;1; ¥)® have
toral rank < 2, as they are contained in W (2;1).

We finally consider the algebra K(3;n; W), Since m + 3 # 0mod (p) for
m = 3, the algebra K (3;n) is simple. The compatibility condition K (3;n)) C
gr K(3;n; %)M C K(3;n) shows that K(3;n; %) = K(3;n). The description of
this algebra given in [21, §4] uses the following Lie product on the divided power
ring A(3;n):

<x(a)’$(b)> = ((a+b—51—52) _ (a+b_51_52))$(a+b—61—62)

a—eq a—eQ

+ ((bl + by + 2b3 — 2) (a+bb_63) — (a1 + az + 2a3 — 2) (a+ba_€3)))x(a+b_€3).

In particular,

(x129,2) = (ag —a1)z®,

(x3, (@) = (a1 + az + 2a3 — 2)z(»).
Then U := Fxijzo @ Fas is a 2-dimensional torus which is contained in K(3;n).
As above, U is a maximal torus. Theorem 2.2 provides a list of possibilities for the
1-sections with respect to such a torus. We now compute 1-sections of K (3;n) with
respect to U. Let «, 8 denote the roots defined by

a(rize) =1, a(rz) =0, B(rize) =0, P(rz) =1
Then
K(3:n)(8) = span {z® | a; — az = 0 mod (p)}.
It is easy to check that
K(3:0)(8)/rad (K(3:m)(8)) = W(Liny).
Thus Theorem 2.2 yields n3 = 1. Next,
K(3;n)(a — B) = span {z(®) | a3 + a3 = 1 mod (p)}.
It can be checked that
K (3;m)(a — §)/rad (K(3im)(a - 8)) = W (Liny).
Thus ny = 1. Similarly
K(3n)(—a - B)/rad (KBin)(—a - §)) = W(liny)

whence ny = 1. Therefore L = K(3;1) is restricted. Then every torus of L, is
contained in L, contradicting Theorem 1.5(1). |
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4. THE caAsE rad G = (0)

Throughout this section we assume that A satisfies “Setting 2” and T is an op-
timal torus. In contrast to [3] we now assume that Ay is a distinguished subalgebra
associated with T' of maximal dimension, and not just a distinguished maximal
subalgebra. We do not see how section 8.10 of [3] could otherwise be salvaged. Let

A=A_1D...DA D...

be a standard filtration. Let G = Y G; be the associated graded algebra. In this

section we assume that Gy is semisimple. Let Go denote the p-envelope of Go in
Der Gy.

Proposition 4.1. 1) Gy is semisimple, T is naturally embedded in Go, and TR(Gp)
= 2.
2) The action of Gy on G -1 extends to a faithful restricted representation of Go.
3) Cg,(T) is a CSA of Go which acts triangulably on G.

Proof. 1) Since rad Gy D [rad Go, ad Go] = ad ((rad éo)(GQ)) is solvable, the ideal

(rad éo)(GQZ of Gy is solvable. According to the assumption of this section this
means (rad Go)(Go) = (0). As a subset of Der Go, now rad Gy coincides with (0).
As TN A; = (0) there are embeddings T — Gy — adg, Go C Go. Consequently,

2 = dim T < TR(Go) < TR(Ay) < TR(L) = 3.

Suppose that TR(Gy) = 3. Let R C Go denote a 3-dimensional torus of Gy. Then
there is a 3-dimensional torus U in the p-envelope of Ay in L, which is mapped
onto R [17, (1.1)]. As L satisfies (4;3), then CL(U) acts nilpotently on L, and
every 1-section L(p) with respect to U acts triangulably on L (Theorem 1.5). Set
M := (AoN L+ Ay)/A1 C Gy. The above arguments imply that every 1-section
M (p) with respect to R acts triangulably on G. Observe that adg, M generates
Gy as a restricted algebra, and hence TR(M) = 3.
Let

S=PSi®A(mi;1)
i=1
denote the socle of M, and R; the image of R in Der (SZ- ® A(mi;l)) under the
obvious homomorphisms. [17, (2.4)] applies with K := S; ® A(m;;1), T := R;,
and proves that every S; ® A(m;;1) has a 2-section with core H(2;1;®(r))().
Consequently, TR(S;) = TR(S; ® A(my;1)) > TR(H(2;1; (I)(T))(l)) =2, and

3=TR(M) > TR(S; ® A(ms;1)) > 2r,
i=1
whence r = 1.
Let S, denote the p-envelope of S in Der Gy. [12, (1.3.(5))] yields for I := S,
T := R the estimate dim RN S, > TR(S). As TR(S) > dim RN S, by definition
we obtain

2 <dim RN S, =TR(S) < 3.
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Suppose TR(S) = 2. As dim RN S, =2 and S is an ideal in M, there is a root «
(possibly o = 0) with M = S+ M (a) and a«(RNS,) = 0. Note that the p-envelope
M of M in Gy is of the form

M = span {x[p}i |z € U M,, i >0}
pel’

= S, + span {x[”]i |z € U Mjq, i > 0}.
JEGF(p)

Therefore

Ciy(R) = Cs,(R)+ span {z' |z e ] Mja, i>0}
JEGF(p)*

+ span {x[”]i | z € Cu(R), i > 0}.

« vanishes on Cjs(R) since Cs(R) as a subalgebra of the image of C,(U) acts nilpo-
tently, and o vanishes on RN S, as we have mentioned above. Now CM(R)(l) C

(Euer M(u)(l)) N Ch(R) acts nilpotently on M (since every 1-section acts trian-

gulably) and hence every root is linear on C';(R). Then « vanishes on Cy;(R),
proving a(R) = 0 and a = 0. Consequently, M = S + Cp(R), and hence
R C N,50(S + Cu(R)P" = S,, which implies TR(M) = TR(S) = 2. This is
a contradiction.

Thus we have TR(S) = 3 and R C Sp. Therefore S; ® F' is simple and satisfies
(A;3). Theorem 2.7 shows that dim G_; > p? — p. On the other hand, G_; has
at most p? — p + 6 roots with respect to T, each of multiplicity < 7 < p. This is a
contradiction.

2) We consider A C L, C Der A. Let N denote the p-envelope of Ag in L,. Since
Ag and N respect the filtration, a homomorphic image N of N is a p-envelope of Gy
in Der G. The p-mapping on N is defined by the p-mapping on N. By construction
N acts restrictedly on G_;.

Note that, since C'(Gg) = (0), Gy is a minimal p-envelope of Gy. According to
[21, (2.5.8)] there exist an injective homomorphism

@:GOHN, pladg, z) =adg = VYV z € Gy,

and an ideal J of N with J ¢ C(N), such that N = (Go) & J.

Since J centralizes Gy, and G_1 is an irreducible Gp-module, we have that
every element of J acts as a multiple of the identity. Now if there is x € J with
adg_, © = Idg_1, then N has a 3-dimensional torus R such that RN C(N) # (0).
Similarly to what we proved in 1), we obtain Gy = S,, where § = S ® A(m;1)
and S; = H(2;1;®(7)) and the original torus T acts on S as a 2-dimensional
torus. But then G_; has p? — 1 roots with respect to 7' (Lemma 2.6). This is a
contradiction. Thus J acts trivially on G_;. Since Gy is centerless, the isomorphism
Go = N /J is necessarily an isomorphism of restricted algebras. Therefore the action
of éo on G_q is restricted.

Let K denote an ideal of G which annihilates G_;. Since G acts faithfully on
G_; and [K,Go] € K NGy ¢ KNGy, we have that [K,Go] = (0). As Gy is
considered as a subalgebra of Der Gy, this means K = (0).
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3) As T is a maximal torus of Gy, the centralizer Cg, (T) is nilpotent. This
nilpotent algebra acts on every root space G_1,. The dimensions of these root
spaces are bounded by 7 < p. Therefore every irreducible factor of G_; , as a
Cg, (T)-module is 1-dimensional. Consequently, C@O(T)(l) acts nilpotently on G_1.
Observe that T C Gy acts faithfully on G_;. Therefore the roots on G_; span the
full root lattice on G. As a result, u(Cg, (T)M) = 0 for all roots p. This proves
the proposition. O

Lemma 4.2. No 1-section éo(u) with respect to T is of Hamiltonian type.
Proof. Suppose that Go(p) is of Hamiltonian type. For arbitrary 8 € T'_; let

Z Go1ptin=VDViD--- DV D(0)
i€EGF(p)

denote a composition series as a éo(u)—module. Let V; := Vi/Vis1 denote the
simple quotient modules and p; : Go(u) — gl(V;) the associated representations.
Note that V; is a restricted Go(u)-module. Moreover, as all root spaces G_1 ., have

dimension < 7 < p, then
dimvl-§7p<p2—2.

Since Go(u) acts faithfully on G_; and Go(u) is not solvable, there is a choice of 3
and i such that M := p;(Go(p)) is nonsolvable, and hence is of Hamiltonian type.

Recall that Cg, () (T') = Cg, (T) is a CSA of toral rank 1 in Go(p) which acts
triangulably on G_;. Thus the assumptions of [13, section III] are satisfied. The
result of [13, (II1.3)] shows that M cannot have an ideal I ¢ C(M). Then [13, (III,
Corollary to Theorem 1)] yields that () M ™ /C (" M) is simple. By assumption
M is Hamiltonian. Then H(2;1)®® ¢ M/C(M) C H(2;1). If C(M) # (0) then
C(M) = F 1dg_,, and [3, (7.2.7)] shows that there is a root space V; -, of dimension
> 7, which is impossible. If C(M) = (0) then V; is a restricted nontrivial H(2;1)®)-
module of dimension < p? — 2. Such modules do not exist ([8]). |

We are now going to apply arguments of section 8 of [3].

Proposition 4.3. Gy is one of the following:
1) classical semisimple of rank 2;
2) sl(2) @ W(L;1), W(L;1) & W(1;1);
3) there are S € {s1(2), W(1;1)} and 8 € Ty such that

S ® A(1;1) € Gy C Der(S ® A(1;1)),
T¢S® A1),
Go =S ® A(1;1) + Go(B).

Proof. Due to Proposition 4.1, Gy is one of the algebras listed in Theorem 1.6. In
addition, Gy acts faithfully and restrictedly on G_;, and G_; has at most p> —p+6
different root spaces with respect to T', each of which has dimension at most 7.

Cases 1), 2): As TR(Go) = 2, these algebras do not occur.

Case 3): If S; = Sy = sl(2), then Gy is classical. According to Lemma 4.2,
neither S; nor Ss is Hamiltonian.

Case 4) is excluded by [3, (8.4)].
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Case 5): The arguments of [3, (8.10.2)] apply in the present case and yield that
m=1,5 € {sl(2), W(1;1)}. Then T'N (S ® A(1;1)) is nonzero, since otherwise
S®A(1;1) would be solvable, and T' ¢ S®A(1;1) since TR(S®A(1;1)) = TR(S) =
1. Take a root § satisfying S(7°'N (S ® A(l;l))) = 0. We are now in the third case
of this proposition.

Case 6): S = W(1;2): Since at least one root is proper and dim 7" = 2, then
section V of [14] shows that T'N W(1;2) is 1-dimensional and restricted. The
arguments of [3, (8.8)] (which in fact do not need the assumption that every 2-
dimensional torus is standard) exclude this case.

S = H(2;(2,1))@: [3, (10.1.1)] shows that there is a Hamiltonian 1-section,
which is impossible.

S = H(2;1;®(7))M) is excluded by Lemma 2.6.

S >~ H(2;1;A): [3, (2.1.7)] yields H(2;1;A), = Der H(2;1;A) = H(2;1;A) @
F(2101 4+ 2202). Since dim Der H(2;1; A)/H(2;1; A) = 1 we have TN H(2;1; A) #
(0). If T Cc H(2;1;A), then, as (z;0;)? = x;0;, Der H(2;1; A) would contain a
3-dimensional torus. As Der H(2;1;A) C W(2;1), this is impossible. Again the
arguments of [3, (8.8), (8.9)] show that this algebra does not occur.

Case 7): The arguments of [3] given in the third paragraph of page 228 show
that this case cannot occur. (]

Lemma 4.4. G; # (0).

Proof. According to Proposition 4.3 we have in cases 1) and 2) dim Gy < p? and
in case 3) Go C Der(S ® A(1;1)) = (S ® A(l;l)) @ <F1d®W(1;l)) (as S €
{sl(2), W(1;1)}). Then dim Gy < p? + p holds, while Theorem 2.7 yields the

estimate dim L > p® — p. As _._, G; has at most p?> — p + 6 root spaces each of
dimension at most 7, we obtain

dim A; > (p* —p) —7(p* —p+6) — (> +p) > (p — 9p°.

<0

|

We now turn to the proof that case 3 of Proposition 4.3 is impossible. The
following theorem describes the modules of semisimple Lie algebras.

Theorem 4.5 (cf. [20, (2.4)]). Let M be a semisimple restricted Lie algebra and I
a minimal nonabelian ideal of M. Suppose that W is a finite dimensional restricted
irreducible M -module with representation p and assume that p(I) # (0). Then there
are a simple algebra S, m € N, and a S-module U with representation p : U — gl(U)
such that

1. I=2S® A(m;l) under an algebra isomorphism 11,
2. W2U® A(m;1) under a vector space isomorphism s,

3. v, <((p v e ) (vt e g))) = P(y)(w) ® fg for ally € S, u e,
f,g€ Alm;1).

Moreover, 11 induces via the adr-representation a restricted Lie algebra homomor-

phism ¥y : M — ((Der S)® A(m;l)) ® (FId ®W(m;l)), Let o : M — W(m;1)

denote the projection into the second summand. Then mo(M) is a transitive subal-
gebra of W(m;1).
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The action of M on W has the property
(v2onD)ows")(ua )

= (1a@/)((20p(D)o vz (ue 1)) +ue m(D)(f)
forallDe M,ueU, f,e A(m;1). O
In the proof of Lemma 8.10.3 BLOCK and WILSON show that W 2 u(Go) ®y(n)
Wi, where N = (5[(2) ®AL;1)+ FId ®W(1;l)) N Gy (in the notation on p. 217

of [3]). They then claim that W is uniquely determined, and from that statement
they derive the form of G_; as a Gp-module. However, this claim might not be
correct, since N might have several nonequivalent faithful irreducible modules Wh
of dimension 2. This (probably false) claim is heavily used in the proofs of Lemmas
8.10.5 and 8.10.8. So some extra work seems to be necessary. In fact, it seems
that one has to refine the construction. Namely, as was mentioned before, one has
to consider a distinguished subalgebra Ay of mazimal dimension.

The preceding theorem clarifies the statement on the Gy-module G_;. In order
to salvage the statements in Lemmas 8.10.5 and 8.10.8 we present general results
on Cartan prolongations (cf. [9]) and Spencer cohomology groups.

Proposition 4.6. Let F' be an arbitrary field of characteristic p > 0. Consider
V = U ® A(m;1) as the natural module for a Lie subalgebra M of (g[(U) ®

AOnLD)EB(FTdQWVOnJ)).Sd
T (g[(U) ®A(m;l)) D (FId@W(m;l))
= (s @ A(m: 1)) © (F1d@W (m: 1)) / (a(U) © A(m: 1)
= W(m;l)

the canonical homomorphism. Assume dimU > 1.
1. Let ¢ : V. — M denote a linear mapping satisfying

()@ = )W) for all v,v' €V.
Then
(r2o@)u® f) = f((mo@)w®1)) forall wel, fe A(ml).
2. Let A:V xV — M denote a skewsymmetric bilinear mapping satisfying
A(v,v") (V") = A(v, ") (V") + A", v")(v)  for all v,v',v" € V.
Then
(2o M f= ' @ ) ()
= (=2 (2o Mo Lw' @ 1)+ (1= i) [ (m o (e fu' @1)
+ 2-i)f Y mo AN (u®l,u @ f)
£ =)o A fou @ f)
+ fm o N)(ue £ 8 1))
for all linearly independent pairs u,u’ € U, and oll f € A(m;1).
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Proof. (1) Set @9 := m 0 . Then ¢ decomposes as ¢ = F, + Id ®¢s, where
F, : U® A(m;1) — gl(U) ® A(m;1) is the associated mapping into the first
summand. Clearly, the following equations are true:

pud fllw'®g) = gF,u® f)u'@l)+u' ®e(ue f)(g),
pue il ®l) = F,uef)uel),
Fou@l)(u/' ®1) = Fy(u'®@1)(u®1).
From these equations we deduce
Fou® fllw' @g) = gFy(u® f)(v' ®1)

= gp(u® f)lv @1) =gpu' @1)(u® f)
= fgF,(W' @ 1)(u®1)+u® gpz(u’ @ 1)(f)
= fgF,(u@1)(v @1) +u® gps(u’ @1)(f).

An application of these results yields

pu® fllu'®g) = Folu® [ @g)+u @ pa(u® f)(g)
= fgF,(u@1)(u @1) +u® gpa(u’ @ 1)(f)
+ u' @ p2(u® f)(g).

The left hand side coincides with (v’ ® g)(u® f), for which we have the analogous
equation. Comparision of the right hand sides of these two equations yields

e (ge2(u/ ©1) = 2/ 8 9)) () =0’ ® (fiea(u® 1) = p2(u® ) (9)

Since dim U > 1, one may choose u, v linearly independent. The result follows.
(2) Set Ay := mp 0 A. Let u,u/,u” € U and P, P, P"” € A(m;1) be arbitrary.
Then

Au® P,u' @ P')(u" @ P")
= Au®Pu @P)u" @1)P"+u" @ Asy(u® P,u' @ P')(P")
= Au®Pu" @1)(uw @P)P"'+Au" ®@1,4' @ P')(u® P)P"
+u" @ A(u® P u' @ P)(P")
= Au®Pu" ®@1)(w @1)P'P"+u @ P'Ay(u® P,u" @ 1)(P)
+ A" @14 @ P)(u®1)PP" +u® P"Ay(u" @ 1,4’ @ P")(P)
+u” @ Ay (u® Pu’ @ P')(P").
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Taking into account the cyclic symmetry, one obtains

0

Au® P’ @ PY(u" @ P")+ Al @ P',u" @ P")(u® P)
+ AW @ P u® P)(u @ P')

Au®@ Pu" @1) (v @ 1)P'P"+ A(v' @ PLbu®1)(u” @1)PP"
+ AW @ P" v @1)(u®1)PP’

+u' @ P'Ay(u® Pu" @1)(P') +u" @ PAy(v' @ P'yu®1)(P")
+u® P'Asy(u” @ P u' @1)(P)

+ AW @1L,v @ P (u®1)PP"+ Au®l,v" @ P")(u' @ 1)PP’
+ AW ®@1,u® P)(u' @1)P'P"

+u® P Ay(v @ 1,4 @ P)(P)+u @ PAy(u® 1,u” @ P")(P")
+ 4" @ P'As(v/ ®1,u® P)(P")

H®A2( ® P, UI®PI)(PH)+U®A2(UI®PI,UH®PH)(P)
+ v @A (v @ P, u® P)(P)

AW @1L,u" @1)(u@ P)P'P"+ A" @1, u®1)(u' @ P")PP"
+Aue v @1)(u @ P")PP

+u @ P'As(u® Pu’ @ 1)(P) +u" @ PAy(v' @ P'iu® 1)(P")
+u® P'Asy(u” @ P’ u' @1)(P

+u® P 'Ay(u” @ 1,4 @ P

(P)
(P)+u' @ PAo(u®1,u" ® P")(P')
+u”" @ P'Ay(u' @ 1,u® P)(P")

)
(P/I

+u”" @ Ay(u®@ Pou' @ PY(P")+u® Ay(u' @ Pou" @ P")(P)
+u' @ A(u' @ P u® P)(P)

AW @1,u" @1)(u®1)PP'P" +u® P'P"Asy(v' @ 1,u" @ 1)(P)

+ AW @1, u@l) (v @1)PP'P"+u' @ PP"As(v @ 1,u® 1)(P')
+Auwe v @) @1)PP'P"+u" @ PP’ As(u®1,u' @ 1)(P")
+u/®P//A2( ®Pu//® )(P/
+u® P Asy(u” @ P’ u' @1)(P

~—

+u”" @ PAs(v/ @ P',u®1)(P")

(
+u®P'Ay(v" @ 1,4 ® P)(P
+u”" @ P Ay(v' @ 1,u® P)(P”

+u @ PAy(u®1,u”" ® P")(P)

—_— — ~—

+u”" @Ay (u®@ Pou' @ PY(P") +u® Ay(u' @ P'ou" @ P")(P)
+u' @ A(u' @ P u® P)(P)

0+u® (P’P”Ag(u’®1,u”® 1)+ P'Ay(u”" @ P v ®1)

+ P”AZ(U” ® 17u/ ®P/) +A2(u/ ® Pl,u” ®P//)) (P)

2593
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+u'® (PP”AQ(u” @Lu®1)+ P’ Ay(u® Pu” ®1)

+ PAQ(U@ 1,UN ®P//) +A2(u”®P”,u®P>) (P/)

+u” ® (PP’AQ(u® L' ®1)+ PAy(v' @ PLu®1)
+ P'A(v’ @1, u® P)+ As(u @ Pu' @ P’)) (P").

Now set v’ = v and u, v’ linearly independent, P = P’ = f, P = f*~!. Then, as
D(f=1)y = (i — 1)f=2D(f) for all D € W (m;1),

0 = (fiAz(u’@)1,u®1)+fA2(u®fi‘1,u’®1)

+ T (e Lu' @ f) +A2(u/®f’u®fi_l))(f)

+ (i — 1)fi—2(f2A2(u® Lu' ®@1)+ fAx(v/ @ fu®1)

+ fAa(w ©Lu® )+ Aa(ue fu' @ ) ()

= (- e Ly )+ fAsus 7w @ 1)
+ T AL d @ f) = A(u® [ u @ f)
+ G -Df A uely®@1)—(G-1)f A uel,u @ f)
— = Df T (@ [ @ 1)+ (= D) T e (u [ @ f)) (f).

This gives the result. O

In the following we assume that G is as in section 8 of [3] or as in section 4 of
this note. The arguments in the proofs of Lemmas 8.10.1, 8.10.2, 8.10.4, 8.10.6
need no changes at all. In Lemma 8.10.3 the structure of the Gy-module G_;
is now determined by an application of Theorem 4.5. In particular, A is as in
Lemma 8.10.3. If L satisfies (A4;3), then Lemma 4.4 shows that G; # (0). So the
arguments presented in the proof of Lemma 8.10.3 apply and yield a proof of the
statements of this lemma; however, we have to keep in mind that G_; might be
not the canonical Gy-module.

Lemma 8.10.5 (revisited). Let A and G be as in Lemma 8.10.3. Suppose
Go/ (s1(2) ® A(1;1)) = W (1; 1),
Then ag € Ap(A,T) and G_5 = (0). O

The proof remains unchanged. However, it seems that the proof is not sufficient
for the additional statement “[G_1,G1] C sl(2) ® A(1;1)” in the original version of
the lemma.

Lemma 4.7. Let A and G be as in Lemma 8.10.83. Then T C (5[(2) ®A(1;l)) &
(FId ®W(1;l)(0)).
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Proof. 1) Suppose T ¢ (5[(2) ® A(l;l)) &) (FId ®W(1;l)(0)). Lemma 8.10.5
shows that Go/sl(2) ® A(1;1) %2 W(1;1). Then we are in the situation of Lemma
8.10.6. Hence [G_l, Gl] C 5[(2) X A(l,l) and G_o = (0)

According to Theorem 4.5 we write G_; = U ® A(1;1), where U is the 2-
dimensional irreducible sl(2)-module.

2) Choose T-invariant vector spaces

Vi C Z Aia/2+jo¢23 ‘/0/ cWcC Z A:ta+ja2 + Z Ajocg
j€F, Jj€F, Jj€F,
such that
A=V_1® Ay, Ag=Vo® Ay, Vb/—l—Al/Al 25[(2)®A(1;l).

Considering the associated graded Lie algebra G and the root space decomposition
of A, one concludes that

Vo1, Vo] C Ao, [Vor, Vol C Vo + Ay, Vo, Ay €V + A,
and [VO/, V()] - VOI + A;. Thus
Ji=A1+ Vg + Vo + [V, Vo]

is a nonzero ideal of A. If A is as in [3] then it satisfies (7.0.1). If L satisfies (4;3)
then it is ruled by “Setting 2”. In both cases H NJ generates the full torus T under
the p-mapping.

As T ¢ sl(2) ® A(1;1) we have Vj N H # H. Thus

Vo1,V ¢ Vg

3) Let 01 : G_1 — V_1 denote the linear isomorphism given by the property
o_1(v) + Ag/Ag = v for all v € G_;. The multiplication on A gives rise to a
skewsymmetric bilinear mapping

A:G_1 xG_1— Gg, A,v):=[o_1(v),0_1(v")] + A;.
Since
[A(v,v"),v"] = [[e_1(v),0_1(v")] + A1, 0_1(v") + Ao]
= [lo-1(v),0-1(v")], 0-1(v")] + Ao,
the Jacobi identity on A yields the equation
[A(v,0"),0"] + [A@W', v"), 0] + [A(W", v), 0] = 0
for all v,v’,v” € G_;1. So Proposition 4.6(2) applies.
Set 72+ (g1(2) @ A(1;1)) @ (FId@W(1;1)) — W(1;1), the projection onto the

second summand, and let Ay := (73 0 A).
4) If Ay =0 then [V_1,V_1] C Vj, a contradiction. So assume that As # 0.
We observe that the isomorphism

W(l;1) = (5[(2) ® A(l;l)) ® (F Id ®A(1;l))/(s[(2) ® A(l;l))
gives W (1; 1) a Go-module structure. The multiplication on A gives rise to a bilinear

mapping
1 (D Avaszrjon) % (D Araszrjos) — Ao.

JEF, JEF,
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Since (Zje]ﬁ‘p Aia/Z-{-jag) m140 C Ala [Ala A] - VO/+A17 and [Zje]Fp Aia/2+j0127‘/0}
- (Zje]Fp Aia/2+ja2) + A;, © induces a Gy-invariant mapping

.G xG_y — GO/(5[(2) ® A(l;l)) ~ W (1;1).
Note that
Id@d(v,v') = [o_1(v),0_1 ()] + (V§ + Ay).

Hence & = Ao, and therefore As is Go-invariant.
We now normalize T. By the initial assumption, s[(2) ® A(1;1) is T-simple.
According to [14, Theorem IV.3] T is conjugate to

(Fh ® 1) @ (F Ide(l + :z:)d/da:) :

Set to = (1 + x)d/dx.

Next we are going to normalize U. Let & € U ® A(1;1) be any eigenvector with
respect to T'. Since [to, (Id @(1+z)")(a)] = Id @(1+2x)")([to, @])+i(Id ®(1+z)*)(w)
(cf. Theorem 4.5(3)), there is i € F, so that (Id®(1 + x)*)(@) is annihilated by
to. As Id®(1 + x)% acts invertibly on U ® A(1;1) we have that U ® A(1;1) =
Cuga@a;n)(Fto)®A(1;1) as (s1(2) ® A(1; 1) +T')-module. Thus we may assume that
SI2) @ AL +T = (5[(2) ® A(l;l)) @ (F d®(1 + x)d/dx) acts on U @ A(1;1)
by the natural action.

Set f := 1+ x in Proposition 4.6(2) and recall that Ay is Go-invariant. As
W(1;1) is considered as a trivial s1(2) ® A(1;1)-module, we have

0 # AU®A(1;1),U®A(1;1))
= MU®AQL), [he A(1;1),U @ 1])
= M(h@A(LL), U AL U®1)
+ [h® A(1;1),A2(U ® A(1;1),U @ 1)]
= MU®A(1;1),U®1),
and
Aue(l+z) v 0l) = (-2)1+2) A wel, v 1)
+B-20)1+2)Th(u®(1+2),d ®1)
+ (=11 4+2) %A u® (1 +2)%d @1)
+ (1 +2)A(u®(l+z) " u' ®1).
Inductively, we obtain
Ar(u® (1+2) 4 ®1)

= %(1 +2) ' Aa(u® 1,0/ ®1)
+i2—i)(1+2) A(u® (1+2),u ®1)
i(i — 1)
2
Next choose u,u’ € U such that [h,u] = u, [h,u'] = —u'. Considering eigenvalues,
one finds sg, 1, S2 € F' such that

Ao(u® (1 +2)* o/ @1) = s, (1 + ) d/dz, k=0,1,2.

+ (I4+2)2Au® (1+2)%d @1).
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Then
Ar(u® (1 +2)u ®1)
_ (So(i—l)(i—2) soii — 1)
2 2

As As # 0 by assumption, at least one of sg, s1, s> has to be nonzero. Then the
above coefficient, considered as a polynomial in ¢, is a nonzero polynomial of degree
< 2. Consequently, it has at most 2 different zeros. We obtain

dimAQ(G_l, G_l) Z P — 2.

Fos1i(2 —0) + )(1 +2)"*1d/dz.

But W (1;1) contains no proper F(1+x)d/dz-invariant subalgebra of this dimension.
As a result, Go/(s[(Z) ® A(l;l)) = W (1;1). This contradicts the result men-
tioned in (1). O

Lemma 4.8. Let A and G be as in Lemma 8.10.3. Then there is a distinguished
mazimal subalgebra Ay(T) satisfying dim Ag(T) < dim Ag(T).

Proof. 1) According to Lemmas 8.10.5 and 8.10.6 we have G_s = (0). According
to Theorem 4.5 and Lemma 8.10.3, set G_1 = U ® A(1;1), where U ® 1 is an
irreducible 2-dimensional (s[(2) ® 1)-module.

2) Choose T-invariant vector spaces

V,CVaCVaCY Arapijass Vo CVoC D Asarjon + Y Ajos,

JEFp JEF, JEF,
such that
Voi+Ag/Ag = Gy, Voi+Ag/Ag=U® (FaP~2 + FaP™h),
VI 4+ Ag/dy = U®FzP™l, Vo+ Ai/A =sl(2) ® A(1;1),
Vot AJA = (5[(2) ® A(l;l)) ® (FId ®W(1;l)(0)).

Considering the associated graded Lie algebra G and the root space decomposition
of A, one concludes that

V_1N Ay C Ay, [V_l,V_l] C Ag, [V_/l,VQ] C‘N/_/1+A1, [%,AQ] CcVo+ A

Every element ¢ € G satisfies [[¢, v],v'] = [[p, v'],v] for all v,v" € G_1. Thus ¢
gives rise to a Cartan prolongation (again denoted by ), and Proposition 4.6(1)
shows that

[G1,U @ A1) )] © (sU2) © A1) © (FIA@W (11)))-
Consequently,
[A1,V_1] C Vo + Ay
Let v € Vp be an inverse image of h@x € sl(2) ® A(1;1). Since h®1 acts invertibly

on U®1 one has V’ | C [v,V_1]4 A;. Considering the associated graded Lie algebra

G and the root space decomposition of A, one also concludes that [v, V'] C A;.

Then
V0 V0] C o[V Vo + Ad) + [[o, V2,1, Vo + Ad]

C
C [’U,Ao]—F[Al,V_l —|—A1] C‘N/()—FAl.
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Therefore A)(T) := V', 4+ Vo + A; is a subalgebra of A. As
dim GO/(5[(2) ® A(l;l)) ® (FId ®W(1;l)(0)) —1

and dim U = 2, we have dim Aj(T") = 1 + dim Ao(7).

3) The assumption on 7T yields that H C A((T'). Clearly, R, C (Vo1 +Vo+A41)N
Ap C A whenever p1 & Fpas. By definition, [Ria, + A1/A41, Fh® A(1;1)] N H acts
nilpotently on G. Then R;,, + A1/A1 C (5[(2) ® A(l;l)) @ (F Id ®W(1;l)(0)), SO
Rin, C Aj. This proves the lemma. O

The following corollary is immediate.

Corollary 4.9. Suppose Ao(T) is a distinguished subalgebra of maximal dimen-
si0m.

1) Go cannot be one the algebras listed in Theorem 4.1.1(b) of [3].
2) Go cannot be as in case 3) of Proposition 4.3.

The proofs of Lemmas 8.11.1 and 8.11.2 are valid in the present case without
changes. This observation proves

Lemma 4.10. Case 2) of Proposition 4.3 is impossible. O
The final result of this and the previous section is the following.

Theorem 4.11. Let L be a simple Lie algebra satisfying (A;3), and let L, be
a semisimple p-envelope of L. Suppose that every mazximal 2-dimensional torus
U C L, has the property that Cr(U) is a CSA of L and U is contained in the

p-envelope Cr,(U) of Cr(U) in Ly.
Then L is of Cartan type S(3;n; )Y or H(4;n; ¥)?).

Proof. Let T denote a maximal 2-dimensional torus having maximal number of
proper roots, and let H := C(T). Put A := L+ H and let Ay denote a subalgebra
of AT of maximal dimension which contains R(A). Theorem 3.8 shows that rad Ag
acts nilpotently. Thus we are in the case of this section 4. As a result of the
preceding deliberations G # (0) and Gy = Gy is classical simple, or else

Go = Go =sl(2) ®sl(2), A= A_;, N(G) = (0), Gy acts faithfully on Gj.

In the latter case the recognition theorem for graded algebras implies that G is
either classical or of Cartan type. But there is no G of classical or Cartan type
satisfying Go = s((2) @ s1(2) (cf. [3, p.228]).

Thus Gy is classical simple and G # (0). The arguments presented in [3, p.228]
yield that for some choice of n, S(3;n)") C G'/N(G) C S(3;n) or H(4;n)? C
G'/N(G) C H(4;n). By definition G’ is generated by >, ; G;, which means that
n = 1. Then [3, p.229] shows that N(G) = (0) and S(3; 1)) c G’ € S(3;1) or
H(4;1)® < @' ¢ H(4;1). If the grading of G’ is the reverse to the canonical
grading, then dim Y, _, G; > 7(p* — p + 6), which is impossible. Thus the grading
is the canonical one. Then G_y = G5, = (0). Thus the recognition theorem for
filtered Lie algebras applies and gives the result. O
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5. THE CLASSIFICATION, PART I

The results of Theorems 2.4 and 4.11 yield that if L is simple and satisfies (4; 3)
then L is one of the following:

(H2) H(2;n; )2,

(S3) 5(3;m; W)W,

(H4) H(4;n;9)?),

We are now going to figure out which of these algebras do have the property

(4;3).
Lemma 5.1. Let L, be the p-envelope of L in Der L, and let T' C Ly, be a torus of
dimension 8. Then T N L = (0). Consequently,

dim (Der L)/L > dim L,/L > 3 = TR(L).

Proof. Theorem 1.5 shows that C(T) acts nilpotently on L. Thus T N L acts
trivially on L, whence TN L C C(L) = (0). O

(H2): It has been mentioned in [3, §2] that there are 3 types of Hamiltonian
algebras in 2 “generators”, namely H(2;n)?), H(2;n; ®(7))") and H(2;n; A).
(a) H(2;n)®): According to [3, (2.2.3)] one has
TR(H(2;n)®) > ny +na — 1.
Note that (cf. [3, (2.1.8)])

n1—1 X ’n,z—l X
H2n)? =H2n)® + Y FDY + Y FDY.
=1 =1

According to Lemma 5.1 these algebras do not occur.
(b) H(2;n;®(7))M: According to [3, (2.2.3)] the algebra H(2;n; ®(7))) has
toral rank
TR(H(2;n;®(7))Y) > ny +ny.
Thus in the present case n; +ny < 3. As TR(H(2;1; ®(7))V) = 2 and as
we may assume by symmetry ni > na, the only candidate to satisfy (A;3)
is H(2;(2,1);®(7))M. We will see below that this algebra in fact has this

property.
(¢) H(2;n;A): According to [3, (2.2.3), (2.1.7)] we have
TR(H(2;n;A)) > ny+ng,
dim (DerH(2;n; A)/H(2;Q;A)) = (m—-1)+ma—1)+1.

Thus these algebras do not satisfy (A4;3).

(S3): The isomorphism types of the special algebras have been determined in
[26]. There are 3 types of special algebras in 3 “generators”, namely S(3;n)®",
S(3;m; (1)) and S(3;m; @ (7).

(a) S(3;n)M): Let i, j, k be pairwise different indices. Set

p"i—1

= Z F(xET)Di - xgr_l)kak) c 8(3;n)W.

Then W; = W(1;n;) and
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It is shown in [14, section V] that there are tori T3, T} in (W;), and (W), of
dimension n; and n;, respectively, and that T; N W; # (0). If S(3;1))) were
to satisfy (A;3) then, due to Lemma 5.1, dim (T; & Tj) = n; + n; < 2. This
shows n = 1. But S(3;1)(") has toral rank 2. As a consequence, no algebra
of this type satisfies (A4;3).
(b) S(3;m;®(i))™M): This algebra is defined (cf. [26]) by
S(3;m;8(i)) = {E € W(3;n) | E(Z(xgp"”)“)dxl A dza A d;vg) = 0).
r=0

By symmetry we may set ¢ = 1. Then S(3;n; ®(1)) contains the elements
Dz, $1$2D1 — l'éQ)Dg, l'éQ)Dz — 1‘2(E3D3, $2D1 — l'gpnl_l)x?)Dg.

Define elements hi, hy, D € S(3;n; ®(1))) by

hl = [DQ,ZIJliliQDl — J?gZ)DQ] = $1D1 - $2D23
hy = [Da,25) Dy — waw3D3] = 23Dy — 23Ds,
D = [Da, 22D — $§pn1_1)$§2)D2] =D; — $§pn1_1)$2D2-

Note that hi, ho are toral elements, and
[hi,ha] =0,  [DP,h;] € F(ad D)P~*([D, h;]) = 0.
It is easy to check that
D" (29) = —xy, DP''(21) = D" (x3) = 0.
Thus the p-subalgebra generated by DP contains a toral element ¢ satisfying
t(x1) = t(z3) = 0. Then
T :=F(x1D1 — x2D2) ® F(x9Dy — x3D3) ® F't
is a 3-dimensional torus for which 7'N S(3;n; ®(i))™®) # (0). Therefore these
algebras do not satisfy (4;3).
(¢) S(3;n;®(7))M): This algebra is defined (cf. [26]) by
S(3;m; (7))
={FeW(@3;n)| E((l + xﬁp"l‘1)x§p"2‘1)x§p"3‘1>)das1 A dxo A dxg) =0}.
Then S(3;n; (7)) contains the elements
(1— 2P " VaP? 0P, i=1,2,3,
a:l(-T)Di - xgr_l)ijj , iF£j, 0<r<ph.
If n > 1 then by symmetry we may assume nq > 1. The algebra

p"l—1
W1 = Z F(Q?Y)Dl — $§T_1)$2D2)
r=1

+F(1- argpnl_1)$§pn2_1)$§pn3_1))D1 = W(l;n1)

has toral rank n1. Since xoDy — 23D3 € S(3;n; ®(7))™) and
(W1, 22Dy — 23D3] = (0)
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the p-envelope of S(3;n; ®(7))!) contains a torus T of dimension n; +1 > 3,
which intersects S(3; n; ®(7))(") nontrivially. Lemma 5.1 shows that this is im-
possible. Consequently, n; = 1 for all i. We will see below that S(3; 1; ®(7))™®)
in fact satisfies (4;3).

(H 4): Let L, be the p-envelope of L in Der L, and let T' C L, be a torus of
dimension 3. Let (L(;)i>—1 denote the canonical filtration of L as a Cartan type
Lie algebra. Set

N:= {CL' € Lp | [x,L(O)] C L(o)} = NOT‘LPL(O).
Lemma 5.2. Ift € M satisfies [t, L] C L1y then t is ad-nilpotent.

Proof. Suppose that t is not ad-nilpotent. By decomposing ¢ into the [p]-nilpotent
and [p]-semisimple part we may assume that ¢ is semisimple.

Consider the associated graded algebra gr L = Ziz—l gr; L. Since t € M, it
stabilizes the filtration and hence acts on gr L. By assumption, [t, gr, L] = (0). As
gr_,; L is an irreducible gr, L-module, this implies

adg,_, rt=aldg_, p for some a € F.
Suppose « # 0. Then
CL(t) C L(o) C CL(t) +L(1).
Consequently,
Cr(t)/rad Cr(t) = gry L = sp(4).

Since sp(4) has toral rank 2, 91 C L, has a 3-dimensional torus containing ¢, and
CL(t) is a 2-section with respect to this torus. According to Theorem 1.5 no 2-
section has classical semisimple quotient.

Thus o = 0. Then [t,L] C L. The semisimplicity of adt implies that L
decomposes as

L=t L +Cp(t).

Therefore [t, L] + [[t, L], [t, L]] is an ideal of L, which according to the above result
is contained in Lg). Hence [t, L] = (0), whence ¢ = 0. O

We consider the associated graded algebra gr L, which satisfies the compatibility
condition

H(4;n)? cgr L € H(4;n).
Thus gry L = sp(4) has a 2-dimensional torus
R = F(l‘lDl - 1‘3D3) D F(ngg — 1‘4D4).

With respect to this torus gr L has 1-sections satisfying

((gr L)(a;)/ rad (gr L)(ai))@) > H (2 (nigsnae)®,  i=1,2.

Lift this information to L. The p-envelope M of Ly in L, C Der H(4;n; ¥)®
contains a 2-dimensional torus

j‘? = F(;lel —x3D3 + El) D F(ngg —x4Dy4 + Eg)
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with Ey, By € W(4;n)1). The corresponding 1-sections of L have the property
rad L(o;) C W(4;n)(), and the associated graded algebras gr (L(a;)) of these 1-
sections L(a;) are of the same types as (gr L)(«;). Then L itself has 1-sections
with respect to R for which

(2)
(L(O‘i)/rad L(O‘i)) = H(2; (n14is nasi); i), 1=1,2,

with suitable automorphisms Wy, Ws. If R is a maximal torus then Theorem 2.2
applies and yields ny = ... =n4 = 1. If R is not a maximal torus then Theorem 1.5
yields the same result. Thus we have L = f_)@), where

H:={DeW(4;1l)| Dw) =0}
for some differential form
w = Z wijdxi A\ dd?j.

1<i,j<4
According to [7] the following are true:
wij = —wji, Di(wjr) + Dj(wri) + Di(wsj) =0, det(w;;) is invertible.

Set
(i) = (wiz) ™"
and
D(f) =Y _ @i Di(f)Di.
,J
Then (cf. [7])
D(f)en forall fe A41)
and

D), 2(9)) = 2( D 0o Dr(£)Dsl9))-

(a) If not all of the coefficients of w are in A(4;1), we may assume by [4, Theorem
1] (where we may set s = 1 by symmetry) that

0O 0 1 0
N () 0 0 0 1
(wlj) - (1 + Ly ) 1 0O 0 0
0 -1 0 0
0 argp_l)u 0 xgp_l)xg
+1 o Vay 0 0 0
2 0 0 0 0
(p—1)
—x] X2 0 0 0
modulo terms of degree > 2p — 2. It follows that
0 0 —142P 0
0 0 lz(P—l)z -1 _|_$(P)
(ij) = (p) 1,.(p—1) > ’ 1 (p—ll)
1—zy” —52y ‘a2 0 —5T] X4
0 1-— :z:ﬁ”’ %a:gp_l)u 0

modulo terms of degree > 2p — 2.
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Then
D(r) = (1- xgp))Dg + terms of degree > 2p — 3,
1 (o 1 (o
©($§,2)) = $3((—1 + xgp))Dl + 595:(Lp Ya,Dy + 595:(Lp 1)$4D4>
+ terms of degree > 2p — 2,
@(l'lxg) = (1 - Lt'gp))l'g,Dg + (—1 + l'gp))l'lDl
+ terms of degree > 2p — 2.
Now
[©($1$3),©($1)] = (1 —xgp))2[$3D3 —1‘1D1,D3]

= —(1-2z{")D4
modulo terms of degree > 2p — 3,
D (z123),D(2Y)] = —2(1 - 22 )asDy — 227 V2P Dy
+x§p_1)a:2$3D2 + xgp_l)x3x4D4
modulo terms of degree > 2p — 2, and
E = [[®(@175),D(@)],[D(x123), D(x§”)]
= [(1-22")Ds3,2(1 — 2225 D]
— [Ds, —2x§p_1)x§2)D3 + $§p_1)$22133D2 + xgp_l)x3x4D4]
= 21— 43:§p))D1 + Gargp_l)ngg — xgp_l)fﬁQDQ
—xgp_l)a:4D4

modulo terms of degree > 2p — 3.
Note that £ € $® = L c W(4;1), and the latter is a restricted Lie
algebra. Since

EP(x1) = —8x1, EP(x2) = —x2, EP(x3) = 623, EP(14) = —14
modulo terms of degree > 1, we obtain
EP = —8x1Dy — 29Dy + 6x3D3 — x4D4 + Eq,

where E; has degree > 0.
A similar computation shows that L contains

[ (1), D(x123)], [D(z123), D (212

[D3, (Eg2)D3 — $1$3D1]

= {E3D3 — (ElDl

modulo terms of degree > 0. Thus x3Ds — x1 D1 + E2 € L, where deg Es > 0.

Therefore 91 contains
4
t=FEP —T7(xsDs — 1D + E2) = — inDi + E1 — TEs.
i=1
Then ¢ is a nonnilpotent element which maps L) into L(;). Lemma 5.2 shows
that this case is impossible.
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(b) Thus we may assume that the coefficients of w are contained in A(4;1). We

also may assume that L, C DerL C W(4;1) is the restricted subalgebra
generated by L. In particular,

Dw)=0 VDeL,.
Let T' C L, denote a 3-dimensional torus and
Ty :=TNMN

Since TR(gry L) = TR(sp(4)) = 2, the assumption “I" C M” would imply
that T contains an element ¢ # 0 satisfying [t, L(g)] C L(1). As this contradicts
Lemma 5.2, we have dim Ty < 2.

Suppose that dim Ty, = 2. Again Lemma 5.2 shows that Ty is a CSA
of gry L. However, W(4;1)/W(4;1)(o) considered as a gry L-module has no
zero weight with respect to any of its maximal tori. This implies that T' C
W(4;l)(0), whence T' = Tiy, a contradiction. Consequently,

Choose toral elements t1,to,t3 € T, linearly independent over F', such that
t1,to are linearly independent mod Tw. Since T acts on the truncated poly-
nomial ring F[z1, ... ,x4] as derivations, there are generators yi, ... ,ys such
that

ti(y;) = i (y; + 65,
where a;; € GF(p), §; € {0,1}. By reindexing the y; we obtain aqq # 0 and
61 = 1. Adjusting t1, we may assume a7 = 1. Set

Yi=(p + 1) (y; +85) — 65, 5 =2,3,4.

Then ¢1(y}) = 0 for j # 1.

Next set t, = to — aa1t1 to obtain t4(y;) = 0, and then proceed similarly
with t5. Thus we may assume that
t1 =1+ 10, ta=(y2+1)02, t3="(ys+03)05+ (ys+ 64)0s.
Set

Zi = (yi+1), 1=1,2.

In terms of these generators w has the following form (as it is annihilated by
T):

4
_ p—1_p—1~ p—1~
w o= 2 7y Wiady ANdys + E z1 widyr A dy;
i=3
4
§ : p—1~ ~
+ Z9 w2idy2 A\ dyl + w34dy3 A dy4,
i=3
where w;; depends only on ys3,y4. Then
p—1_p—1~ p—1~ p—1~
0 2] 7y Wiz 2] Wiz Z] Wi4
p—1_p—1~ p—1~ p—1~
N —2z] Zy Wi 0 Zy Wa3z  Zp Was
W)= | 1,3 T I S
—Z] w13 —Zy5 w23 W34
-1~ -1~ -
—Zp w14 —Zp wo4q —W34 0
and

det (wj;) = (7122 fys, ma),
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with some invertible polynomial depending on y3, y4 only. In order to compute
(wij)~* = (¢i;) we apply the well known formula for inverses: Let A4;; denote
the 3 x 3 submatrix of (wy,) where the i-th row and j-th column are deleted,
set b;; == (—1)"*7 det A;;, and observe that

-1
pij = (det (wie))  bij-

A straightforward calculation show that

0 z122015 21913 21604
(i) = _3122%’/12 0 ) 2203 32%’/24
—Z1¥13 —Z2¥23 0 P34
—21674 —2254  —Pha 0

where ¢}, depends only on y3,y4. From this we immediately conclude that
[t,, D(f)] =D:(f)), i=1,2.
Thus the 1-section determined by the zero weight space of ad ¢1, ad 2 contains
span {D(yiyl) | 0<4i,j <p—1}NL.

Now suppose that Ty # (0). Then t3 acts on W (4;1)/W(4; 1)) = 2?21 Fo;.
Lemma 5.2 shows that F't3 maps nontrivially into L /L) = sp(4). There-
fore trace (adg_, 1. t3) = 0, whence v 4+ 6 = 0. Thus we may assume

t3 = y303 — Y40s.

Considering eigenvalues with respect to t3, we see that all w1;, ©g; (i = 3,4)
have constant term 0. As (wj;) is invertible, w34 has to have nonzero constant
term. Thus

0 a 0 O
| —a 0 0 O
(wij) = 0 0 0 ﬂ 3 O[ﬁ 7é 07
0 0 -5 0
modulo terms of degree > 0. Then
0 —at o0 0
| ot 0 0 0
((Pij) = 0 0 0 _6_1
0 0 Bt 0

modulo terms of degree > 0, whence %, is invertible. It is now not hard to
prove that the algebra generated by

Q(yg)v :D(y3y4)v 9(92)

is modulo its radical isomorphic to s[(2). Thus the above mentioned 1-section
is not solvable, a contradiction.
Finally, suppose that Ty = (0). Then, similarly to the above, we may
assume that
t3=2383, z3=y3+1.

Since (w;j) is invertible, there is an index ¢ # 4 such that wjs has nonzero
constant term. By symmetry we may assume that ¢ = 3. As in the former
case, this leads to the existence of a nonsolvable 1-section. This contradiction
shows that no algebra H(4;1; U)?) satisfies (4;3).

We summarize:
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Theorem 5.3. Let L be simple satisfying (A;3). Then L is isomorphic to one of
the algebras H(2;(2,1); ®(7))M or S(3;1; ®(7))M). 0

We are now going to normalize all 3-dimensional tori in these algebras. It will also

follow from these deliberations that the above mentioned algebras indeed satisfy
(4;3).

Proposition 5.4. Suppose L = H(2;(2,1);®(1))Y) and T is a 3-dimensional
torus in the p-envelope L, C Der L. Then I' U {0} is an elementary p-group of
order p*. There is a biadditive form

f:(@u{o}) x(rufo}) - F
and an eigenvector basis (e, | p € T') of L with respect to T such that
[6)\, e#] = f(>\a ,U“)e)\-Ht'
Proof. Set 7 = (p? — 1,p — 1). According to [3] we have the following description
of subalgebras in W(2;(2,1)):
H(2;(2,1;:®(r))= > F@* D, — 2= Dy)
la|>2, 0<a<T
+ F(1— 2Dy + F(1 — 2Dy + Fo'l?" YDy + F2P~V Dy,
HEZ210m) = > F™®D -2 D,)
la]|>2, 0<a<T
+F(1— 2Dy + F(1 — 27Dy,
Der H(2; (2,1); ®(7))M) = H(2;(2,1); ®()) + F((1 — 27)Dy)".
Note that )
E = ((1 - x(T))Dl)p =D} — :zrgp _p)a:gp_l)Dl.
Considering L, as a subalgebra of W(2;(2,1)),, we immediately see that
Ly N W(25(2,1))(0)/Lp N W(25(2,1)) (1) = L(oy/L1) = s1(2).
Therefore
dim TN W(2;(2,1))0) < 1.
Suppose that T'N W (2;(2,1))y # (0). Then TNW(2;(2,1))(0) constitutes a CSA
in L, "W (2;(2,1))(0)/Lp " W(2;(2,1))1) = sl(2), and the 2-dimensional module
W(2;(2,1))/W(2;(2,1))(o) for this s(2) is irreducible. Thus 0 is not a weight. This
means that
TNW(2;(2,1)) CTNW(2;(2,1))(0)-
Since dim L,/L, N W (2;(2,1)) = 1, we obtain
dim T < dim L, /L, "W (2; (2, 1)) +dim T N W (2; (2,1))(0) = 2,
a contradiction. Hence
TNW(2(2,1) ) = (0).
As a consequence, there are Ey, E1, E> € W(2;(2,1))(q) such that
T =F(D!+ Ey)® F(D1+ Er1) ® F(Dy + E»).
We are now going to realize H(2;(2,1); ®(7))") as a Poisson Lie algebra. Impose
on the divided power algebra A(2;(2,1)) a Poisson bracket

{2(9) 20} = (glama)glbmea) _ glazez)plb=er)y(q _ z(m),
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It is easily checked that

(4@ 1)1, })(1) N F1 = (0).
Define a linear mapping © : A(2;(2,1)) — H(2;(2,1); ®(7)) by

D) = glama)p, —gle=)p, if |a| > 2,
D(x1) = (1-2")Dy, D(ws) = —(1—2))Dy,
D(1) = o.

This definition is analoguous to that mentioned in the case (H4) above, where we
now have w = (1 + a:(T))dxl Adzy and p19 = —w1o~ ! =1 — 2(7). Note that

(1) D)D) =2®(f)9) =2{/f.9}) VfgeA2((21)).

Thus D is a homomorphism of algebras with ker (9) = F'1, and hence D establishes
an isomorphism of Lie algebras

A(2;(2,1)0 =5 H(2;(2,1); (7)) D).

Next we tie back the action of the torus T'. Since L, C W(2;(2,1)),, (1) implies that

the action of L, on A(2;(2,1))!) is given by the description of L, as a subalgebra
in W(2a (27 1))17:

J

DD(f)” (9)) = (adD(f))” (D(g)) = O, D(g)),
whence
D(z(9)) = [2,9(g9)] Vzel, cW(2(21)), VgeAl2(21).
In particular,

t({f,90) = {t(f), 9} +{f,t(9)} VteT,V fgeA2(21)".

Next we observe that there is a natural isomorphism A(2;(2,1)) — A(3;1) of
commutative algebras via

aj(él) — Y1, x(Pél) — Yo, z(éz) — 3.

Thus A(3;1) carries a related Poisson bracket (its form will be determined below).
Moreover, T is mapped into W (3;1), it acts on (A(3;1),{ }) by derivations,
and the above described form of T" ensures that

T = F(81 + 61) D F(82 + 62) D F(ag + 63), €1,€2,€3 € W(37l)(0)

Similarly to what we have done in the previous case, there are generators y1, y2, ys3
of the truncated polynomial ring A(3;1) and toral elements t1,t2,t3 € T, such that

ti(y;) = dij(y; +1).
Set z; := y; + 1. Then with 9; = 0/Jy; we have t; = 2;0;. Considering eigenvalues,
we obtain
{#i,2;} = aijzizj, «u;; € F.
Then the Poisson bracket is given by
3 3

{2%, 2} = Z aibjz " oy 2} = Z a;bjou; 2T

i,j=1 1,5=1
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We now set

3
G:=Y GF(p)e, T'=G\{0},
i=1
3
eq = 2%, f(a,b) = Z a;bjo;.
i,j=1
This proves the proposition. O

From this realization of H(2;(2,1); ®(7))") and T one deduces immediately that
Cr2:2.1):0(r)® (T) = (0). Thus this algebra satisfies (A;3).

Proposition 5.5. Suppose L = S(3;1;®(7))Y) and T is a 3-dimensional torus in
the p-envelope L, C Der L. Then there are generators y1,y2,ys of A(3;1) such that

3

Lc{DeW(3l) | D(H(yi + 1P dyy Adya A dyB) =0},
i=1
3
T =P F(y: +1)o;.
=1

Proof. Recall that (we will use here the notion of regular powers and not of divided
powers)

w = (=22 a2l N day A dag A das,
S3;1;®(r)) = {EeW(3;l) | E(w)=0}
3
= ZF(l—l—xf_lxg_lxg_l)Di
i=1

+ Z Z F(aix“_”Dj — ajdia_ejDi)

1<i<j<3 0<ar<p-1,|a|>2

+ iF(Hzﬁ_l)Di.

i=1 ki
We may realize L, as a subalgebra of W(3;1), and hence may assume that
T(w) =0.
It is easily seen that
L, C L+W(3;1))-
Thus we have a natural embedding
TOW(3;1) ) — Ly/Lay = sl(3).

Consequently, dim TN W (3;1) ¢y < 2.

Suppose dim TN W (3;1)y = 2. Then T'N W(3;1)() constitutes a CSA of
sl(3) = L(y/L(1). Since L/L is the natural 3-dimensional s[(3)-module, 0 is
not a weight. This implies that 7" C W (3;1)(o), i.e., dim TN W(3;1)) = 3, a
contradiction.

Suppose dim T'N W (3;1)) = 1, and set T'N W (3;1)p) =: Ft. Then t acts
trivially on T'/T N W (3;1) (). Since t ¢ W(3;1)(1), it does not act trivially on
W (3;1)/W(3;1)(0)- Thus adw(3,1),w(3:1), t has eigenvalue 0 with multiplicity 2,
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and exactly 1 nonzero eigenvalue (with multiplicity 1). As trace(adw (s;1)/w (3:1) o b
= 0, this is impossible. Consequently,

T AW (3;1) ) = (0).
As in the previous cases we choose generators y1, y2, y3 of the truncated polynomial
ring A(3;1) and toral elements t1,to,t3 € T such that

ti(y;) =0y +1), 1<4,5<3.
We now express w in terms of these generators. Clearly, as w is a volume form it
can be written as w = g(y1,y2,y3)dy1 Adya A dys. Since T annihilates w, we obtain

3

w=a [+ 1Py Adya Adys, o #0.
i=1
O
We are now able to derive necessary information on sections. Write, as above,
zi=vy;+1, i=1,2,3, and observe that z =1,
w= H?Zl 2P dyy A dys A dys,
S(3:L®(r)) ={D e W(3;1) | D(w) =0}.
Every element of W (3;1) has the form 3 f;z0; (as 27t = 277"

Y fizd; € S(3;L,0(r)) <= Y z0,(fi) = 0.
Thus if @ =Y a;e; # 0, then the corresponding root space

), and clearly

3 3
S(?);l; @(T))a = {Z )\iz“zz@i | Z )\iai = 0}
i=1 i=1

is 2-dimensional, while
S(3;L,®(7))o =T
is 3-dimensional. Note that
(2) [Z )\jz“zj(?j, Z uizbziai} = Z ()\jbj/l,i — ujaj)\i)z“rbzi@i.
,J
Thus if
E; = Z Xiz%2i0; € S(3; 1, ®(7))a, FEo= Z 11:2°2:0; € S(3;1; (7)) ka
for k # 0, then, setting @ = a;€;, ka =Y, b;e;, one has

bi=kai, Y A =kY Nag =0, Y pya; =k uyb; =0.

Consequently, (2) shows that [E7, Es] = (0). Thus every l-section is abelian. In
particular,

TNS(3;19(r) " = (0).
This observation shows that S(3;1; ®(7))™ in fact satisfies (4;3).

Theorem 5.6. Suppose that L satisfies (A;3) and T is a 3-dimensional torus in a
semisimple p-envelope of L. Then:

1) No root vector acts nilpotently on L.

2) Ewvery solvable 2-section of L is abelian.
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3) TU{0} is an elementary p-group of order p>.
4) For x € Lo, y € Lg one has

([x,y])[p] — —a(y[p])x[p} + 5(x[p])y[p]_

Proof. (a) Suppose L = H(2;(2,1); ®(7))M). With the notations of Proposition 5.4
we have f(A\, u+ kX) = f(A\, p) for k € GF(p), and hence

(3) (adex)?(en) = F(N p)Pe

Since L is centerless, for every given A there is p with f(\, u) # 0. Thus ade) is
not nilpotent.

Next let L(A, 1) be a 2-section. If f(A, u) = 0 then L(\, p) is abelian, while in
case f(A, u) # 0 we conclude from (3) that

en = f(A\p) Pladex)?(en), ex=—f(Ap) P(ade,)?(er).

Then L(\, u) is nonsolvable.
3) is stated in Proposition 5.4.
Finally, for z = e,, y = eg one has

(ad [ea,ep])’(en) = flo, B)P(adears)’(epn)
= fla.B)Pfla+ B, p1)ey
= fla,B)P flo, w)Pey + fla, B)P f(B, 1)’ ey
As

we obtain that
([earea)? + afeg)elt! — B(elth)eg

centralizes L, and therefore vanishes. This proves 3).
(b) Suppose L 2 S(3;1; ®(7))). With the notations of Proposition 5.5 we have,
for every root vector E, » =) A\;2%2;0; and k € GF(p) (as Y Mia; =0),

Ea)\(zb-'rka) — Z )\i(bi + kai)zb+(k+l)a — (Z )\ibi)zb+(k+1)a'
Thus E, \P1(2%) = (3 Mibi)P2? =3 APb;20, e,
(4) EaplP =" A0

This proves 1).
2) For any root a = > a;€; # 0 the root space is 2-dimensional:

L, = FE(L)\ D FEa,;u where Z Nia; = Z Hia; = 0,

and hence dim L,[P! = 2. Thus L, P! = TNker «. Therefore no 2-section is solvable.
3) is obvious.
4) Set e =" aj€;, B =Y bie; and v = Ey 5, y = Ep . Then, according to (2),

2, 9] = D (Agbjmi — pjaghi) 2H02,0;

.3
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and hence, according to (4)

Pl =N A0, B =) Ny,
> 1bz05, a@)y=>" play,
[z,yP) = Z (Z Ajbjps — Mjaj)\i)pziai

i J
SO iEap Nz + 3 () b)) i
i g i g

This proves 4). O

y (]

6. SOLVABLE SECTIONS

We now turn to the general case that L is a simple Lie algebra over an alge-
braically closed field F' of characteristic p > 7 satisfying (A;m) for some m. Let T
be a torus of a p-envelope L, of L of maximal absolute toral rank. We recall from
§1 that Cr(T) acts nilpotently on L and every l-section is nilpotent.

We quote (with minor changes)

Theorem 6.1 ([17, (2.7)]). Let L be simple satisfying (A; TR(L)) and let L, be a
semisimple p-envelope of L. Let T denote a torus of dimension dim T = TR(L).
Let I(«, B,7) be the mazimal solvable ideal of L(a, 8,7)+T and o : L(a, B,7)+T —
L(o, B,7)+T/I(c, B,7). Put R=0(T) and K = o(L(c, 8,7)). Then K is one of
the following:

1) K =(0);

2) SC K+ RCDerS, S=H(21;®(7)V, and there exist &; (i = 1,2) such

that K = O’(L((Sl, 62)),‘

3) H(2:1;®(1))V ® A(1;1) € K + R C Der (H(Z;l; B(r)D @ A(l;l));

4) S C K+ R C Der S, where S is a simple Lie algebra satisfying (A4;3).

We are going to derive some detailed information on these cases.

Lemma 6.2. Suppose that L(«, 3,7) satisfies case 2) of Theorem 6.1. Then the
following hold.

1) K = 8.

2) dim R = 2.

3) Ewvery root space of K for a nonzero root is 1-dimensional, and Ck(R) = (0).

FEvery root vector acts nonnilpotently on K.
4) K+ R =DerS.

Proof. Since K is the image of a 2-section, we may apply [14, (VIL.4)] to obtain
K = H(2;1;®(r)M). Thus K = S. In addition, as it cannot be an image of a
(solvable!) 1-section, we have 1 < dim R < 2. 3) is an immediate consequence of
[14, (VIL. 3)]. As a consequence of 3) we obtain dim (K + R) = dim K + dim R =
p? + 1 = dim Der H(2;1; ®(7))D). O
Lemma 6.3. Suppose that L(a, 3,7) is as in case 8) of Theorem 6.1. Set S :=
H(2;1;®(7))M) @ A(1;1). Then the following hold.

1) K/S is solvable.
2) dim R = 3, i.e., there are 8 F-independent roots on S.
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3) ker o acts nilpotently on L(a, 3,7).
4) There is k € (o, 3,7), k # 0, satisfying £(K,) =0 for all p € (o, 3,7).

Proof. 1) Note that
TR(S) = TR(H(21:0()M @ A(1:1) / H(2 L ()Y © A1) )

=TR(H(2;12(r)M) =2.

Therefore R intersects the p-envelope S, in Der S in a 2-dimensional torus Ry ([17,
(1.5)]). Thus there is a root A satisfying

K=S+K(), ARy =0.

Consequently, (,,5 K™ = S. This proves 1).

2) We assume dim R < 2. Then we have R = Ry, K(\) = Ck(R) = o(C(T)).
Let J denote the unique maximal ideal of S. Observe that J is nilpotent. Now
J + [Ck(R),J] is an ideal of S. If this is contained in J, then J is a solvable ideal
of K + R. By construction of K this has to be (0), which is not true. Thus we
have S = J + [Ck(R), J]. Due to our assumption, J decomposes with respect to
Rp = R. Then for every root

Sy =Ju+[Cx(R), J,] C Ju + (K(u)P NS,

As L(u) is a nilpotent and hence triangulable [11, Theorem 3.5]) section, therefore
every root space S, acts nilpotently on S (by Jacobson’s theorem on nil Lie sets).
This would imply the nilpotency of S, a contradiction. Since R acts faithfully on
S, there are 3 F-independent roots on S.

3) Let = € ker o be any root rector. We may assume that «, 3,y are independent
roots on S. According to Proposition 1.1, a(z) = f(z) = y(x) = 0. Then u(z) =0
holds for all p € {(a, 3,7), whence x acts nilpotently on L(a, 3,7). Thus ker o acts
nilpotently as well.

4) As in 2), let Ry denote the 2-dimensional torus Ry = R N S,. There is
Kk € {a, B,7) satisfying k(Rp) = 0, k # 0. Choose roots 81,62 F-independent on
Ro. We observe that S/rad S = H(2;1;®(7))"), and hence o (L(61,62)) is of type
H(2;1;®(7))™ as well. Consequently, &;(Ls,) # 0, 62(Ls,) # 0 ([14, (VIL3)]).
Now k satisfies

k(L Su) = k(Ro) = 0.
“w
As in 1), decompose
K=5+K(\), A(Rp) =0,

and observe that, due to the preceding result, it remains to prove that x(K;y) =0
for all i € GF(p). If A\ =0, i.e., K = S+ ¢(CL(T)), then r(K;5) = 0, since every
root vanishes on Cp(T). Otherwise we have k = s\ for some s € F, and hence
K(K;x) = 0 as well. O
Lemma 6.4. Suppose that L(«, 3,7) satisfies case 4) of Theorem 6.1. Then

1) dim R =3,

2) K=5+4Ck(R).

Proof. As TR(S) = 3, R intersects the p-envelope S, in Der S in a 3-dimensional
torus [17, (1.5)], i.e., dim R = 3 and R C Sp,. The latter implies K = S+Ck(R). O



CLASSIFICATION OF SIMPLE MODULAR LIE ALGEBRAS: VI. 2613

With v = a Theorem 6.1 also covers the case of 2-sections. According to Lem-
mas 6.3 and 6.4, only cases 1) and 2) are possible then. Lemmas 6.2 and 6.4 in
combination with Theorem 5.6 and the results of [14, VII] enable us to deal with
cases 2) and 4) of Theorem 6.1. The following lemma will help us to overcome the
difficulties arising from cases 1) and 3).

Lemma 6.5. Leta,f €T, v,6 € (o, ), and V C Ly_s a subspace such that
a) B(La) #0,
b) Q= {u e T | u([ViLs]) # 0} #0.
Then there is a root k € I' such that
H([‘/a L5]) 7& 07 (OZ - K/)([Vu Lﬁ]) 7& 07 ﬁ([La—fm LH]) # 0.
Let o : L(a,8,6) + T — K + R and S be as in Theorem 6.1. The following are
true.
1) Lw, La—w, [V,Ls] and L, (if p € (o, B,£) and p([La—x,Ly]) # 0) are con-
tained in (), L(c, B,r)™.
2) Ky, Ko—s, a([V, Lg]) are nonzero subspaces contained in S.
3) L(a, B,k) does not satisfy case 1) of Theorem 6.1. It satisfies case 2) of
Theorem 6.1 if and only if k € {«, ).
4) 8=,ao K™.

Proof. The simplicity of L implies (by Schue’s Lemma)
Lao= Y [La—pu Lyl
a—p, €N

Since L(«) acts triangulably, every root is linear on L,. Thus there is x € I" such
that

Ii([‘/’ Lé]) 7é 0, (a - 5)([‘/7 Lﬁ]) 75 0, ﬁ([La—m LN]) 7é 0.
1) Suppose inductively (for p € (o, 3, k) and pi([La—x, Li]) # 0) that
L, La—r, [V, Ls], Ly C L(ev, B,5)™.

Note that v — &, § have to be independent, since by assumption L(y — 8,6)(") acts
non-nilpotently. Thus v — 8 or ¢ is of the form ia + j3 with j # 0. Consequently

(=) ([La—n>Lu]) #0  or  &([La—n, L)) # 0.

By Proposition 1.2 we see that L,_s C L(a, 8,x)™) or Ls C L(a, B, k)™ +),
Thus [V, Ls] C L(a, 3, k)™ Y in either case. The same reasoning then yields

L, Loy C L, B, H)(n+l) and L, C L(a, j, H)(n+l).

In particular, L(«, 3, k) is nonsolvable.

2) If [V, Ls] is contained in ker o, then we may conclude as above that [V, L,] C
Nyso(ker o)™ = (0), a contradiction. Similarly, we obtain (L) # 0, 0(La—x) #
0.

3) We have already mentioned that L(c, 3, k) is nonsolvable. Suppose L(«, (3, k)
satisfies case 2) of Theorem 6.1. Then K = S = H(2;1;®(7))") and dim R = 2
(Lemma 6.2). Since 0 # o([V, Ls]) C [Ky—_s, K5, then v and 6 are independent
roots on K, and hence span the roots lattice. As k is a root on K, we obtain
K € (7,0) = (a, B).
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If kK € (a,f), then L(a, 3, k) is a 2-section. Hence R is 2-dimensional and
TR(L(«, B,k)) < 2. According to Lemma 6.6, L(«, 3, k) cannot be as in case
3) of Theorem 6.1. It cannot be as in case 4) of Theorem 6.1, since otherwise
TR(L(«a, B,k)) = 3.

4) If we are in case 2) of Theorem 6.1, apply Theorem 6.2(1). Suppose that
L(a, B, k) satisfies case 3) or case 4). In both cases we have S = 1, ., K™, as
K/S is solvable (Lemmas 6.3 and 6.4).

We are now going to determine solvable sections of L.
Proposition 6.6. Fvery solvable section L(aq, ... ,a:) acts triangulably on L.

Proof. Since

Lo, ... 70<t)(1) = Z [LvaLé]

v,0€(an,... ;)

and U se(ay,... oLy Ls] is a Lie set, it is sufficient to prove that every 2-section
L(a, B) acts triangulably on L.
If v(Ls) = 0 for all y,6 € (o, B), then every Ls acts nilpotently on L(«, 3) and
hence L(«, 3) is a nilpotent section. Consequently it acts triangulably on L.
Otherwise we may assume 3(Ly) # 0. If L(a, 3)(!) does not act nilpotently on
L, then there are 7,6 € (a, 3) such that [L,_s, Ls] acts non-nilpotently on L. Note
that v and 6 are independent, in particular # 0. Put

Q:={p el | u([Ly-s,Ls]) # 0}

The present assumption yields Q # (). Choose a root  according to Lemma 6.5.
This lemma yields the following results.

a) L(a, 3, k) is not solvable.

b) If this section satisfies case 2) of Theorem 6.1 then we have x € (a, §) and
o (L(a, B,k)) = o (L(«, ) is solvable, a contradiction.

¢) Suppose L(«, 3, k) satisfies case 3) of Theorem 6.1. Note that according to
Lemma 6.5, (iav + j8) ([La—n, Lx]) = B ([La-x, Lk]) # 0 if j # 0. Therefore
Liatjp C Npso L, B, )™ and hence

Kiotjp = 0(Liatjs) CS VYV j#0.

If v € GF(p)a then, as v, é are independent, 6 ¢ GF(p)a, and the above shows
that K,_s, K5 C S.

If v ¢ GF(p)a then v = ia+j3 for some j # 0, and the above shows that K, C S.
Since according to Lemma 6.5(2) Ky, Ko—y, [Ky—s, Ks] C S and v([Ky, Ka—x]) #
0, Lemma 1.2 yields

(K-, sl = (0d([K o Kami])) (15, K5]) € S( ).

In either case we obtain [K,_s, K5] C S(a, 8)(V).
Recall that S = H(2;1;®(7))) @ A(1;1). As TR(S) = 2, R intersects the
p-envelope S, in Der S in a 2-dimensional torus Ry. Let
7:S+ Ry — Der H(2;1; ®(r)))

denote the canonical homomorphism. 7(Ry) acts on m(S) faithfully as a 2-dimen-
sional torus, and 7 (S(a,3)) is solvable due to the general assumption. Then
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7 (S(, B)) can only be a l-section with respect to m(Ryp), and as all 1-sections
in H(2;1;®(7))") are abelian ([14, (VIL3)]), we obtain

S(a, B) C kerm = H(2;L;(7)) M @ A(1;1) ().

Then S(a, 8)M) acts nilpotently on K. Since s is a root on K, this yields the
contradiction x ([Ly—s, Ls]) = 0.

d) We end up with case 4) of Theorem 6.1. Then Lemma 6.4 yields K =
S+ Ck(R), and we obtain that

K(a,5) c S(a,)V+ Y KW
ne(a,pB)
Recall that S satisfies (A;3). Then Theorem 5.6 shows that, as S(«, 8) is a solvable
section, S(a, 3) is abelian. Therefore K (v, 3)(!) acts nilpotently on K. Since in the
present case there are 3 independent roots on S, we obtain p (K(a, ﬁ)(l) N K,\) =0
for all u € (o, B, k), A € {, B). This again contradicts the choice of . O

It has turned out during the classification work that, whenever a Lie-type the-
orem like the preceding proposition is proved, we are able to classify a further big
family of simple Lie algebras. Accordingly, Proposition 6.6 is a key result.

Proposition 6.7. Every root vector of L with respect to T acts non-nilpotently on
L. In particular, Cr(T) = (0).

Proof. Put N, :={zx € L, | k(z) =0V k € T'} for all p € I'. We shall prove that
N :=)" N, is an ideal of L.

Clearly L(x)") C N holds for all 4 € T.

If L(a, B) is a solvable 2-section, then Proposition 6.6 yields

[Na, Lg] € L(e, B)Y  N.

Next suppose that «, § are independent roots and that L(«, () is a nonsolvable
2-section. Suppose that [Ny, Lg] ¢ N. Note that 2-sections are described by case
2) of Theorem 6.1. Thus we have o (L(«, 3)) = H(2;1; ®(7))). No root vector in
this algebra acts nilpotently ([14, VIIL.3]). Therefore

B(La)#0,  a(Lp) #0.

The assumption [No, Lg] ¢ N means Q := {u € I' | u([Nq, Lg]) # 0} is nonvoid.
Thus Lemma 6.5 applies. There is a root s such that

’f([NOHLﬁ]) #0, (a— k) ([NaaLB]) # 0, ﬁ([La—an]) # 0.

Lemma 6.5 yields the following:

a) L(a, B, k) is not solvable.

b) Suppose that L(«, 3, k) satisfies case 2) of Theorem 6.1. Then k € (a, 3).
Since in H(2;1; ®(7)™) no root vector acts nilpotently, we conclude that o(N,) =
(0) and o ([Na, Lg]) = (0), contradicting Lemma 6.5(2).

¢) Suppose that L(«, 3, k) satisfies case 3) of Theorem 6.1. Lemma 6.5 implies
that o(Lg) C ,>0 K™ = S. Recalling that a(Lg) # 0, we see that o(N,) C S
as well.

Consider the homomorphism

718 — 8/radS = H(2;1; (1) V.
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As in the proof of Proposition 6.6, let Ry C R denote the 2-dimensional torus in
the p-envelope of S. Ry acts on 7(S) faithfully. mo (N, ) is contained in a root space
with respect to Rg. Recall that no root vector of H(2;1;®(7))) acts nilpotently.
Thus 7o (N,) = (0). We conclude that

o0(Ng) CradS, o ([Na,Lg]) =[0(Na),0(Lg)] C radS.

Hence o ([N, Lg]) acts nilpotently on S. Since Sy, # 0 (Lemma 6.5(2)), this yields
the contradiction & ([Ny, Lg]) = 0.

d) Suppose that L(«, 3, k) satisfies case 4) of Theorem 6.1. According to Lemma
6.4 we have K = S + Ck(R), whence 0(Ny),0(Lg) C S. Now S satisfies (A;3).
Then Theorem 5.6 shows that o(N,,) vanishes. Consequently, [N, Lg] C kero. As
k is a root on K (Lemma 6.5(2)), this yields x ([N, Lg]) = 0, contradicting the
choice of .

As a consequence, N is an ideal of L. Hence N = (0), and therefore for any root
vector u € L, there exists 8 € T such that S(u) # 0. Thus u acts non-nilpotently
on L. In particular CL(T) C N = (0) (cf. Theorem 1.5). O

Corollary 6.8. FEvery solvable section is abelian, and every nonsolvable 2-section
has core H(2;1; ®(7))M).

Proof. This corollary is a direct consequence of Propositions 6.6 and 6.7, and The-
orem 1.5. 0

Corollary 6.9. 1) 0 ¢ T.
2) TU{0} is an elementary p-group of rank TR(L).
3) There exists k > 0 such that

dimL, =k Vel

Proof. 1) 0 ¢ T (Proposition 6.7).

2) Let a, B € T, a+ 0 # 0. In order to prove that a+3 € T we make the following
introductory remark. If L(k, ) is solvable then it is abelian (Corollary 6.8). Hence
we have k(L)) = 0. Otherwise the remark following Lemma 6.4 shows o (L(k, \)) =
H(2;1;®(7))M). Then all ik+j\ # 0 are roots and u(Ly) # 0 for all u € (x, A)\ (0).
Thus the following implications are true:

k(L)) #0 <= ML) # 0= (k,\) C T U{0}.

If B(Ly) # 0 the preceding remark shows that « + 8 € T'. Thus suppose 3(Ly) =
0, a(Lg) = 0. This implies that L(«, 3) is abelian.

Suppose a, 3 are dependent. Since L, does not annihilate L, there is a non-
abelian 2-section L(a,~). The introductory remark yields that GF(p)*a C I". In
particular, a + 8 € T. _

Suppose that «, are independent. The subalgebra Zuer > iso Lﬂ[p]l of the
p-envelope L, of L is closed under [p]-th powers and hence coincides with Ly, In
particular, this subalgebra contains the torus 7' of maximal toral rank. S_ince a+p0
is a nonzero linear form on 7', there is v € I' such that (o + ﬂ)(LLf]L) # 0 for
some ¢ > 0. By symmetry we may assume a(LV[”]I) # 0, which by definition
means «(L,) # 0. Consider the section L(a, 3,7). v is independent of «, 3, since
otherwise L(a, 8,v) = L(a, 8) would be abelian, contrary to the choice of . Hence
we have the following setting:

a, 3,7 are independent,
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L(a, ) is abelian,
L(a, B,7) is nonabelian and hence nonsolvable,
(L) 20, (La) 20, (a+B)(L,)#0.
a) Suppose L(«q, 3,~) satisfies case 2) of Theorem 6.1. Since L(c, ) is nonabelian
it is nonsolvable, and hence

o (L(a, B,7)) = o (L(a,7)).

Assume that for some j # 0 and some ¢ the linear combination y := ia + j0 is a
root. In the present case o(L,) = 0 holds, and hence o (L(u,7)) cannot be of Block
type. Thus L(u,y) is solvable, whence it is abelian.

In particular, setting j = 1, i = 0, we observe that 8(L,) = 0.

Next suppose that some p = ia + 55 (4, j # 0) is a root. Then (ia + j5)(L) =
ia(Ly) # 0, whence L(u,y) is nonabelian. This contradicts the preceding remark
and hence shows that no linear form ia + j3 (i, # 0) is a root.

As L, does not centralize L, the set Q := {\ € I' | A(L,) # 0} is nonvoid. The
simplicity of L ensures the existence of § € Q such that [Ls, Lg—s] # (0). Then
L(6, ) is nonabelian, proving 3(Ls) # 0. The introductory remark yields 5 —
8, 2(8—06) eT.

Since 3(Ly) = 0 we have (8 —6)(La) = 6(Ls) # 0, showing that o+ (8—6), a+
2(8—06) eT.

If (a+ B —06)(Ls) # 0, then we obtain o+ 8= (a+ § — ) + 6 € I, contrary to
the above.

If (a+ 08 —6)(Ls) =0, then (8 —6)(Ls) = —a(Ls) # 0. As above, we obtain
the contradiction oo+ 28 = (o + 2(8 — 8)) + 26 € T'. Thus L(a, 8,7) cannot satisfy
case 2) of Theorem 6.1.

b) Suppose L(a, 3,7) satisfies case 3) of Theorem 6.1. With the notations of
Lemma 6.3 let « € (a, 3,7) denote the linear form which vanishes on (J, K.

First we consider the case that x is a root. By asssumption no 2-section K (x, )
is of Block type, since otherwise x(K,) # 0. Hence K(k,u) is solvable. Then
L(k, p) is solvable as well. Thus it is abelian. We obtain that K centralizes K,
contradicting the fact that K 4+ R is semisimple.

Thus « is not a root. Since there are 3 independent roots on K, some

is a root. We observe that (L) = ia(L,), p(La) = j¥(La). As a(Ly) # 0 and
v(Ly) # 0, the introductory remark (applied several times) shows that

{re + sa+tvy | r st e GF(p), (s,t) # (0,0)}

is contained in I'.

Since a4+ 3 does not vanish on L., o+ 3 is contained in this set. Thus a+3 € I'.

c¢) Suppose L(a,f3,) satisfies case 4) of Theorem 6.1. Then the socle S of
o (L(a, B,7)) satisfies (A;3). Now Theorem 5.6 shows that o + 3 is a root.

3) Put Q:={p el | dimL, is minimal }, and I := 3 .o L,. We prove that
I is an ideal of L. Take any u € Q and o € T'. If u(Ly) # 0, then there is z € L,
with u(x) # 0, and this element acts invertibly on ZiGGF(p) L,+ia. Consequently,
dimL,4o =dim L, and p + o € €.

If u(La) =0 then L(o, p) is abelian, whence [L,,, Lo] = (0). |
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7. THE CLASSIFICATION

As a result of the above deliberations we may embed the Lie algebras under
consideration into more convenient algebras. To that end we consider a finite
dimensional vector space M and a finite subgroup G in M*, the dual space of M.
Put M, :=kera = {m € M | a(m) = 0} for all @ € G and let V(M,G) be the
graded space

V(M,G):= ) M,.
neG
For the sake of clarity we write the p-part of V(M,G) as {(m,p) | m € M,} =
(M, ). Together with the product

[(mv a)v (mlv 6)] = (a(m’)m - ﬂ(m)m/a o+ 6)7

V(M,G) becomes a Lie algebra.
For any root vector x € L, let x, € T denote the semisimple part of x in L.

Theorem 7.1. Let L be a simple Lie algebra satisfying (A;TR(L)) and let L, be
a semisimple p-envelope of L. Let T denote a torus of L, of dimension TR(L), T’
the set of roots of T on L and G = T'U {0} the GF(p)-vector space spanned by T .
The mapping

v:L — V(T,G),
T — (—xs,a) VQ?ELQ,

constitutes an injective Lie algebra homomorphism.

Proof. 1) Every root space L, is abelian (Corollary 6.8). We therefore have for
arbitrary z,y € L,,
(r+y)s =25 + Ys
[21, (2.3)]. Thus ¥ is linear on every root space and hence extends to a linear
mapping on L.
2) In order to prove that ¥ is a Lie homomorphism we take € L, y € Lg and
show that

(5) v([z,y]) = —a(y)y(x) + B(z)v(y)

for all roots v, which satisfy v(x) # 0. Once (5) is established, the definition of an
extended root (namely v(x) = y(x;)) yields that the element

z:=[z,y]s + a(y)zs — Bla)ys €T

is annihilated by all v € T’ with y(z) # 0. As Q := {u € T | p(z) # 0} is
nonvoid (Proposition 6.7), the simplicity of L implies that all roots vanish on z.
Consequently, z centralizes L and hence L,. As L, was chosen semisimple, this
gives the desired result.

We will now prove (5). Take v € I', y(z) # 0. The condition on v means that
L(a, ) is nonsolvable (Corollary 6.8).

(a) If L(a, B) is solvable, then according to Corollary 6.8

[z,y] =0, a(y)=0, B(z)=0.

Thus (5) is trivially satisfied in this case.

(b) From now on we assume that L(a, 3) is nonsolvable. Suppose that L(a, 3, 7)
satisfies case 2) of Theorem 6.1. The 2-sections L(a, §) and L(«,y) are not solvable.
In the present case there is only one nonsolvable 2-section. Hence v is dependent
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on «, 3. As ker o acts nilpotently on L(a, 3), it is sufficient to prove (5) in K =
o(L(a, B)) = H(2;1,®(7))"). We have shown in [14, (VIL.3)] that there is a basis
of root vectors u, € K, and a biadditive skewsymmetric form f such that

[U‘)\vuu] = f()‘v N)uk-ﬂu VAupel.
Consequently,

(ad[ua, up])?(uy) = (ad f(e, B)uatp)” (uy)
f(av B)Z)f(a =+ ﬂa 7)pu’>’
= (f(OZ,ﬁ)f(a,’Y) + f(a7ﬁ)f(/8a ’V))pu%

(adua)’(uy) = fla,7) uy,
(adug)’(uy) = [f(B,7) uy,
(adua)P(us) = flo,B) ug,
(adup)P(ua) = f(B, ) uq.

The result on extended roots (Proposition 1.1) shows that

V([a,ugl) = fla, B)f(e,y) + fe, B)F(B,7),

’V(ua) = f(O[,’}/),
Y(us) = f(B),
/B(ua) - f(avﬁ) = _f(67a) = —Oé(’LLﬁ)

This is the result.

(c) Suppose that L(«, 3,) satisfies case 3) of Theorem 6.1. As ker ¢ is nilpotent,
it is sufficient to prove (5) in K. According to Lemma 6.3, there is x € T which
vanishes on Uu K,,. Each root of K is contained in («, 3, k). Put v = ia+ j8+ kk.
As (5) is linear in vy and x vanishes everywhere, it is enough to prove (5) for ia+ j3
instead of 7. This has been done in the former case.

(d) Suppose that L(«, 3, ) satisfies case 4) of Theorem 6.1. As in the former case
it is sufficient to check (5) in K (which according to Lemma 6.4 and Proposition 6.7
coincides with S). Theorem 5.6 applies and yields the result.

3) To prove injectivity of ¥, take Zuer z,, € ker ¥. By definition of ¥ we have
x,, € ker ¥ for all . Therefore x,, is [p]-nilpotent and consequently acts nilpotently
on L. Proposition 6.7 yields z,, = 0 for all x1, and therefore x = 0. O

We now consider L = @, cr(My, ;1) as a homogeneous subalgebra of V(T G).
Put

M = ZMH’ m:=dim M, and Lg:= {Z(uﬂ,,u) | Zuu = 0}.

Corollary 6.9 in combination with Theorem 7.1 yields that dim M, = k is indepen-
dent of p.

Lemma 7.2. 1) Ly is a subalgebra of L.
2) L/Lo = M via o(3 (uu, 1)) = 32 up.

3) Lo acts on M via
O (ua,A) v =" Aw)ua.
A A
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Proof. 1) Suppose Y u, = > v, = 0. Then
[Z(UM A Z(”w w) = Z (AMva)ux = plun)v, A+ p).

A o A
The result follows from the observation that
Z (Mop)ur — plur)vy) = Z )\(Z V) Uy — Z u(z ux)v, = 0.
Al A w w A

2) is obvious.
3) For >, (ux,\) € Lo, (v, 1) € L the multiplication in L yields

D ux A ()] = DA )un, A+ ) = D ((un)vy, A+ p)

A A A
= Z()\(’UM)U)\,)\—I—M) (mod Ly).
A
The definition of ¢ gives the result. O
Lemma 7.3. For all k,\,u € I’ the following are true.
1) k(M) =0.
2) Suppose A(M,;) # 0. Then
a') M)\ 7& Mn;'
b) k(M) £ 0% o € N\ (i)
C) M, Nker A = M, N My = My Nkerk;
d) M, C M, + My for all p € (k,\) NT;
e) if K, A\, i are F-independent on M, + My, then M,, C M, + M.

Proof. 1) follows from the fact that x(L,) =0V k €T

2) (a) follows as A(M)) =0, A(M,,) # 0.

(b) There is € L, satisfying A(z) # 0. Then L(k,\) is nonabelian. Hence
there is y € L, with x(y) # 0. Thus x(M,) # 0.

(¢) According to (b) we have k(Mx_,) # 0. Choose v € My_, with x(v) = 1.
Then, for every w € M,; Nker X one has (as (A — k)(w) = 0)

(w, A) = [(w, k), (v, A — K)] € (M, A).
Thus we have M, Nker A C M,, N My # M,. A dimension argument proves that
M, Nker A\ = M, N M. Note that according to (b) k(M) # 0. Interchanging x
and A, we obtain the remaining assertion.

(d) Since L(k,\) is of Block type, it is generated as an algebra by L, + L.
The definition of the multiplication in V(7', G) then means that M, is contained in
M, + M.

(e) Suppose u(M,; N My) = 0. According to (a) and (c¢) we have

M, = (M, N M)) & Fe,, Mew) =1,
M)\Z(MKQM)\)EBFB)\, Ii(e)\)z .

As Kk, A\, i vanish on M, N My, these linear forms are F-dependent on M, + M.
This contradiction shows that u(M, N My) # 0.
Since p(My) # 0 and p(M)y) # 0, we may apply (c¢) for various cases to obtain

M, Nkerk = M, N M, = M, N ker ,
M, Nker A = M) N M, = My Nker p.
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Next suppose that M, Nkerx = M, Nker A\. This assumption yields
M.n M, =M\NM, C (kerx)n (ker X) N (ker p).
As
dim (M, + My)/M,, N M,
< dim (M, /M, N M,) + dim (Mx/MxnN M,) <2,

the linear forms k, A\, 4 are F-linearly dependent on M, + M), a contradiction.
Hence
M, Nkerk # M, Nker A,

whence

M, C M, Nkerx+ M, Nker \ = M, Nker u+ My Nkerp C M, + M.

Proposition 7.4. Assume dim M, > 1 for all p € I'. Then
M,=MnNkerp Vpel.
Proof. Let a € T be arbitrary. Then « # 0 (Corollary 6.9) and there is 8 € T' such
that L(a, 8) has core H(2;1;®(7))") (Theorem 1.5). In this case
a(Mg) #0,  B(Ma) # 0.
Set
Q:={pel|apf p are F — independent on M, + Mz}.
(a) Suppose = 0. Then
(My + Mg) N (ker o) N (ker B) = (M, + Mg) N (ker &) N (ker 3) N (ker p)
for all 4 € T'. Consequently,
Myn(ker3) C (Mq+ Mg)n (kera) N (ker B)
= (Mo + Mg) N () (kerp) € TN () (ker ) = (0).
n€eT n€er

This implies dim M, = 1, contradicting our assumption.
(b) Suppose Q # 0. If v €  then Lemma 7.3(e) gives M., C My+Mpg. Moreover,

the simplicity of L implies
L=Y Lu+ Y [Lxn L
nEQ A pEQ
Thus for v ¢ Q we have L, = EA77—>\GQ[L>\7L’Y—>\]' Then
Myc Y (My+M, ) C My+ Mg
Ay—AeQ
by Lemma 7.3(2.d,e).
(¢) As a consequence of the above,
M =Y M, =M+ Mj.
yel
Thus Lemma 7.3(2.c) yields
MNkerao= (Mg + Mg) Nkeraw = My + MgNkerao = M,. O
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We are now able to prove the classification results we are striving for. Let L
be a simple Lie algebra satisfying (A; k). The assumption k& = 1 implies that L
as a l-section is solvable, a contradiction. If k = 2 then L = H(2;1;®(1))®") is
of Hamiltonian type (Theorem 1.5(3)). We are now mainly interested in the case
k> 3.

Theorem 7.5. Let L be a simple Lie algebra satisfying (A; k). Suppose that dim L,
>2 for all w € T'. Then L is of Cartan type. More precisely,

L= Smn @), 3<m<k=>) n.
i=1
Proof. Let L, denote a semisimple p-envelope of L and T' C L, a torus of maximal
dimension (= k). Note that dim L, = dim M,, = (dim M) —1 (by Proposition 7.4).
Set m := dim M > 3. By definition, M C T and hence m < k. The semisimplicity
of L, implies that there are roots ay, ... , &, such that

m
MnN ﬂ ker a;; = (0).

i=1
Choose a basis ¢1,... ,¢n € M dual to a1,...,a,. The action of Ly on M has
been described in Lemma 7.2. With respect to the basis (q1, ... ,gm) the following
elements of Lo represent the respective matrices (for i # j):

(i, 205) — (@i, 5) : Eij,
(@ — gj, i + ) — (@i, 5) + (qi, i)+ By — Ejj.

Next we compute traces. For x = 3_ (uyu, ) € Lo we have 37 u, = 0. Express u,
in terms of the o, q; as

Up = Z%‘(uu)%’-
Then "
(6) 0= p(uy) = ZO‘J' (up)p(gy)-

On the other hand,
vgi =y (@), =Y plai)ay(u)g;,

Iz H.J
and hence (6) yields

trace adL/LO T = Z Z w(qi)oi(uy) = 0.

i=1 pel’
Let (L;);>—1 denote the standard filtration defined by Lo:
L_,:=1L, Li+1 = {J? e L; | [L,J?] C LZ} (Z > 0)
Thus it is proved that Lo/L1 = ady;r, Lo = sl(m). We state as a consequence
that L/Lg is an irreducible Lo-module.

Note that there are exactly p¥ — 1 roots each of dimension m — 1 (Corollary 6.9
and Proposition 7.4). Thus

dim L = (m — 1)(p* — 1),
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By definition L;/Ls embeds into Hom(L/Lg, Lo/L1), and hence
dim Ly = dim L — (dim L/Lo+dim Lo/Ly + dim Ly /L)
> (m—-1)"—1)— (m+ (m*—1) +m(m? - 1)) > 0.

Therefore the recognition theorem applies and shows that L = S(m;n; )1 is of
Cartan type.
The associated graded algebra satisfies the compatibility condition

S(m;n)M c gr L € S(m;n).
Then (cf. [21, (4.3.7)])
(m—=1)(p=" ~1) < (m - 1)(p" - 1),

whence S n; < k. On the other hand, S(m;n; ¥)(M) is a subalgebra of W (m;n),
and hence

k=TR(L) < TRW(min)) =Y ni.
According to [26] there are 3 isomorphism types of special algebras (see also §5).

(a) S(m;n): The p-envelope is given by

m n;—1 N
S(m;n)M + Z Z FDY"
i=1 ji=1
(cf. [6]). If L= S(m;n)") then
dim L,/L = (ni—1) <k,
i=1

and hence T'N L # (0). This contradicts Proposition 6.7.
(b) S(m;n; ®(¢))V. Following the computations in [26] one obtains that this
algebra is given by

S(mim ®(0) = (B € Wimim) | B( ()0 \ day) = 0},
r=0 Jj=1
Set E; := Dy — :zrgpne_l):z:tDt for t # £. It is easy to check that
E; € S(m;n; ®(0))M and B = DP" — 4, D,.

Also

Ha:z(-pni_l)Dt, x¢Dy — x¢Dy € S(m;n; ®(0)) Vi #£L.

it
Note that D} " = 0 when considered as a derivation on A(m;n). We now con-

sider the p-envelope L, of L = S(m;n; ®(¢))V) in Der A(m;n), and conclude
from the above observation that 2211 Fax;D; C L. Then also

STFE[[="" YDy < S(min &(e) ™.
JAC i
Consider the associated graded algebra gr L. The compatibility condition
S(m;n)M cgr L € S(m;n)
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gives
gr LD S(m;n)M + ZFH&;EPM_DDJ-.
it it
From ([21, (4.3.7)]) we conclude that
dim L > dim S(m;n)® + (m —1) = (m — 1)p>= ™.

As dim L = (m — 1)(p= ™ — 1) we end up with a contradiction.

Thus the only possible case is the one claimed. O
We now turn to the case that dim L, =1 for all p el

Lemma 7.6. Let L(a,3,7) be a 3-section as in case 3) or 4) of Theorem 6.1.
Then there is a basis (uy)uer of root vectors and a skewsymmetric biadditive form
f:(@Tu{0}) x (u{0}) — F such that

[ux, uu] = fON, wury, Vo,pel.

Proof. (a)Let L(a, 3, 7) be as in case 3) of Theorem 6.1, and let S = H (2;1; (7))
® A(1;1) be the socle of the T-semisimple quotient K. Lemma 6.3 states that there
is k such that k(K ) = 0 for all p € T'. Then L(, ) is not Hamiltonian and hence
abelian (Corollary 6.8). Thus

[Lx,L,) = (0) if k, A\, u are GF(p)-dependent.

Suppose that &, A\, u are not GF(p)-dependent. The image R of T intersects the
p-envelope S, in a 2-dimensional torus Ry, and Ck (Ry) = K (k). Then Cx(Ry) C
C(K) = (0). Hence S, being a minimal ideal of K 4+ R, is R-simple. Therefore
([14, (IV.3)]) shows that R is conjugate to Ro @ F @& FId®(1 + )0, where Ry is
a maximal 2-dimensional torus in the p-envelope of H(2;1;®(7))"). According to
[14, (VIL3)] S has an eigenvector basis (e) ® (14 2)%), where (ey) is an eigenvector
basis of H(2;1;®(7))™") and the multiplication is given by a biadditive form g:
[exs el = g(As p)ensp-
Now all root spaces are 1-dimensional. Therefore
rad(L(e, 5,7) +T) C Y Lin+T,
i€EGF(p)
and L(A, p) is mapped isomorphically onto S(A, ). We may now assume that
Listjuthn = Feintju @ (1+z)k
and multiplication is given by
[eintin @ (L+ )", cinrjn ® (1+2)"]
= (i = '5)g(\ e irinns agnn @ (1+ )P

Set
F(r,A) = fr, ) =0, F(A ) = g(A ).
(b) Let L(c,8,7) be as in case 4) of Theorem 6.1. Since Cp(T) = (0) and
dim L, = 1V pu, we have L(a, 3,7) = S = H(2;(2,1); ®(1))!). Proposition 5.4
yields the result. O
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Lemma 7.7. Let o, 3,7 € T, and let v, € L, (for p = o, B,7,6 + ) be root
vectors satisfying

a(vg) = —P(va) #0,

a(v,) = —y(va) £0.
Then

V(vg) = =B(vy).
If in addition a(vg4~) = —(B+ 7)va # 0, then
[vg, 9] = (v5)vp+~-

Proof. Suppose that «, 3, are GF(p)-independent.

1) The 3-section L(c, 3,) contains two different nonabelian 2-sections L(«, ),
L(a, 7). Then these 2-sections are nonsolvable. Hence the T-semisimple quotient
of L(«, 3,7) is as in cases 3) or 4) of Theorem 6.1. The preceding lemma shows
that there is a basis (u,) of L(a, 3,v) and a form f such that

[uua UK] = f(u, “)uu—i—ﬁ Vo, k€ <aa ﬂa7>-
Find s, € F'\ {0} with v, = s,u, (@ =, 5,7, + ). Then

[vﬂa UK] = Sﬂf(U7 K;)U;{.hu fOI' K€ <O[767 7>a
and the eigenvalue of (ad v, )P occurring here is
E(vp)? = (suf (. 5))".
Due to our assumption, for 4 = (§,~ we obtain
S}Lf(,ua Oé) = Oé(’Uﬂ) = _:U“(UOC) = —Saf(Oé, ,U) = Saf(,ua Oé) 7é O

Consequently s, = sg = sy =: s, and hence

V(vp) = sf(8,7) = =sf (v, B) = =B(v4).
2) If a(vg4y) = —(B 4+ 7)(va) # 0, then the above computations show that
884~y = 8o = s and
[vg,vy] = 52[“5, Uy] = 52f(57’7)uﬁ+'y = 7(v8)vB+~-
If «, 3,7y are GF(p)-dependent, then the 2-section L(a, 3,7) is nonabelian. Then
L(a, B,7) = H(2;1;®(7))M). Now proceed as in the former case. O

We are now ready to prove the second (and final) classification theorem.

Theorem 7.8. Let L be a simple Lie algebra satisfying (A;k) for some k > 2.
Suppose that dim L, =1 for all p € I'. Then there is a skewsymmetric biadditive
form f: (CU{0}) x (T U{0}) — F and an eigenvector basis (u,)uer satisfying
L, = Fu, and

[up, urn] = fp, Nupgr forall \,pel.
Thus L = L(T'U{0},0, f)") is a BLOCK algebra.

Proof. 1) Take a € I" arbitrary and set
Q:={pel | u(la)# 0} #0.
Fix uq € Lo\{0}. For p € Q we choose u, € L, with
1(ua) = —a(uy).
Note that p(uq) # 0.
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2) If k € Q, then Lemma 7.7 yields

() = —(u).
Consider any x € Q. As L is simple and Q # 0, we have
Le= Y [LuLeyl
Hk— e
Let p, A be roots such that u, \,x — p, k — A € Q and
[LN" LN—N] - L,l17 [L>\7 LH—)\] = L:‘i'
(Recall that since dim L, = 1 this just means [L,, Ly—,] # (0), [Lx, Lx—x] # (0).)
Lemma 7.7 with 8 = u, v = X yields
p(ux) = —A(uy).
Similarly, we obtain
AMun—x) = —(5=A)(ur) = —r(ua),
plaes) = —(r— N)(u).
Next consider the 3-section L(k, A\, pt). As L(k, \), L(k, ) are nonabelian, they are
of Hamiltonian type. Then there is u, € L, satisfying p(u,) = —r(u,) # 0. We
also obtain k(uy) # 0, Mu,) # 0. If u(uy) # 0, we obtain from Lemma 7.7 with
a = p that
Mug) = —r(uy).
If p(ur) =0, then A(u,) =0 and
K(up) = (5= A)(up) = —p(us—x) # 0.
Again applying Lemma 7.7 (with a = p, 6 =K,y =k —X) we get 0 # (k—A)(uy) =
—k(ug—n), and (with e =k — X, B =X, v =K)
Mug) = —r(uy).
Thus u, is defined independently of the choice of u € 2 by the condition
() = —r(uy)
for any arbitrary g € Q, p(L,) # 0. Thus we have defined nonzero eigenvectors u,,

for all p €T
3) For \, x € T set

fO ) == p(un), (0, p) = f(A,0):=0.
By definition f is additive in the second argument. We have to prove that
[U)\,’UJ#] = f(>\a :U“)uA-'rlL \V/ A?:u € I

From this it will immediately follow that f is skewsymmetric.
Take A\, € T arbitrary. If L(\, p) is abelian, then we are done. Otherwise
w(ur) #0, p(urty) # 0. There is p € Q with

P(uu) # 0,

since otherwise y(u,) = 0 for all v € T', contradicting Proposition 6.7. As p > 5,
the set p + GF'(p)p contains an element (which we again call p) satisfying

pe Qv p(uﬂ) 7é 07 p(U)\) 7é 07 p(u)\-i-ﬂ) 7é 0.
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Thus we have

p(ur) = =A(up) # 0, pluu) = —p(uy) # 0, plurty) = —(A+ pu, # 0.

The second part of Lemma 7.7 yields the desired result. O
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