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THE CLASSIFICATION OF THE SIMPLE MODULAR

LIE ALGEBRAS: VI. SOLVING THE FINAL CASE

H. STRADE

Abstract. We investigate the structure of simple Lie algebras L over an al-
gebraically closed field of characteristic p > 7. Let T denote a torus in the
p-envelope of L in DerL of maximal dimension. We classify all L for which
every 1-section with respect to every such torus T is solvable. This settles the
remaining case of the classification of these algebras.

This paper is the last of a series of notes which are concerned with the prob-
lem of classifying the simple finite dimensional Lie algebras over an algebraically
closed field of characteristic p > 7. Earlier notes have provided the preparatory
material and the solution of three cases out of four. Here we will solve the re-
maining case. Our procedure is as follows. We define the concept of an absolute
toral rank TR(K,L) of a subalgebra K of a Lie algebra L [11] and consider tori
T in a p-envelope Lp of a simple, not necessarily restricted Lie algebra L having
maximal absolute toral rank TR(T, Lp) in Lp. These tori correspond to tori of
maximal dimension in the restricted simple algebras. We then consider sections
L(α1, . . . , αt) of L with respect to such a torus of maximal absolute toral rank.
The 1-sections have been described in [11]. In [12] the possible isomorphism classes
of the 2-sections have been determined. The list occurring there is exactly that of
[3, (9.1.1)] (which is no surprise, since it was our goal in [12] to make the ideas of
[3] work in general). In the case of restricted algebras Block and Wilson reduced
this list considerably by taking into account the restrictedness of the algebras in
question.

In the general situation there are four cases to be distinguished, as far as methods
and results are concerned. These cases are

A) Every 1-section is solvable.
B) Every 1-section is solvable or has core sl(2). There are nonsolvable 1-sections.

C) There exists a nonclassical root. No 2-section has core H
(
2; 1; Φ(τ)

)(1)
.

D) There exist a nonclassical root and a 2-section with core H
(
2; 1; Φ(τ)

)(1)
.

The Lie algebras of classical type are exactly those of case B) [17], the algebras
occurring in case C) are of Cartan type [18], and in case D) only algebras of Hamil-
tonian type occur [19]. By using these and other earlier results we show first that
every simple Lie algebra over an algebraically closed field of characteristic p > 7
is classical, or of Cartan type, or every 1-section with respect to every torus of
maximal toral rank is solvable. In this note we treat the latter type algebras. For
this it is crucial to determine those which have absolute toral rank 3. In a first step
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we reduce the determination of simple algebras L of this type to the determination
of those in which additionally there is a bijection of Cartan subalgebras (CSA) of L
and maximal tori of dimension 2 in a semisimple p-envelope Lp. The latter algebras
are classified by arguments given already in [3]. Namely, we follow the lines of that
paper and indicate what kind of changes (which will be shown to be of major impor-
tance only in section 8.10) are necessary to obtain that L is of Cartan type. Using
this information, we then determine L completely. There are only two isomorphism
classes of simple algebras of toral rank 3 in which every 1-section with respect to
every such torus is solvable, namely H(2; (2, 1); Φ(τ))(1) and S(3; 1; Φ(τ))(1). We
also normalize the tori of maximal toral rank in the p-envelope of these algebras
(§5). Using this information, we are able to prove that the algebras in question
of arbitrary toral rank are Block algebras of type L(G, 0, f) or special algebras
S(m;n; Φ(τ))(1).

The results of this note complete the proof of the result announced in [22].
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1. Preliminaries

For the sake of completeness we shall recall the main definitions and results from
preceding papers. We consider in this note solely finite dimensional Lie algebras
over an algebraically closed field F of characteristic p > 7. For all presupposed
definitions and all facts stated without proofs and other references we refer to [21]
and [3].

Let G be a subalgebra of a Lie algebra L. Consider any p-envelope (Lp, [p], i) of
L and let Gp denote the restricted subalgebra of Lp generated by i(G). Then

TR(G,L) := max{dimT | T is a torus of (Gp + C(Lp))/C(Lp)}
is called the (absolute) toral rank of G in L.
G is said to act triangulably on a G-module V , if G(1) acts nilpotently on V .

We consider L contained in a p-envelope Lp. Then we have L
(1)
p ⊂ L, whence

L is an ideal of Lp and Lp acts on L. In particular, if T denotes a torus in Lp, L
decomposes into root spaces with respect to T ,

L =
∑
α∈Γ

Lα(T ) , Γ ⊂ T ∗.
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Definition 1 ([3], [12]). Let L be a Lie algebra and T a torus in some p-envelope
Lp. A root α 6= 0 (with respect to T ) is called proper, if there is i 6= 0 such that
α([Liα, L−iα]) = 0. A torus T is called optimal, if it has maximal absolute toral
rank in Lp and if among all these tori the number of proper roots with respect to
T is maximal.

If T is an optimal torus, then all roots are proper ([12, (5.3)]) and CLp(T ) acts
triangulably ([12, (3.1)]). Enlarging T by the maximal torus of the center of Lp,
we may assume that T is optimal and maximal.

We shall use the notation H := CL(T ). In [17, p. 587] we extended the notion of
a root: Let κ, µ be roots and x ∈ Lµ. Then x decomposes in Lp into a semisimple
part xs and a [p]-nilpotent part xn, x = xs+xn. The semisimple part xs is contained
in the [p]-subalgebra generated by x[p]. Hence it is contained in T . Thus one can
extend κ to x by setting κ(x) := κ(xs). We denote by Γ(L, T ) = Γ the set of all
(extended) roots including 0.

For convenience we introduce the following notation: for α1, . . . , αk ∈ T ∗ put

〈α1, . . . , αk〉 :=
∑

1≤i≤k
GF (p)αi.

A subalgebra G is said to be a k-section with respect to T , if there are GF (p)-
independent roots α1, . . . , αk such that G =

∑
α∈〈α1,...,αk〉 Lα. For k-sections

generated by α1, . . . , αk we use the notation

L(α1, . . . , αk) :=
∑

α∈〈α1,...,αk〉
Lα.

Proposition 1.1 ([17]). Let T denote a maximal torus or a torus of maximal ab-
solute toral rank in some p-envelope Lp of a Lie algebra L, and Γ the set of extended
roots on S :=

⋃
µ∈Γ Lµ ∪ CLp(T ).

1) For α, β ∈ Γ and x ∈ Lα, the space Lβ,α :=
∑

i∈GF (p) Lβ+iα is invariant

under adx. adx has the unique eigenvalue β(x) on this space. Thus if β(x) =
0 then adx acts nilpotently on Lβ,α. If β(x) 6= 0 then adx acts invertibly on
Lβ,α.

2) If α, µ ∈ Γ and x ∈ Lα is an element satisfying µ(x) 6= 0, then [Lµ, x] = Lµ+α

and dimLµ+α = dimLµ.
3) If α ∈ Γ and x ∈ Lα is an element satisfying µ(x) = 0 for all µ ∈ Γ, then

adx is a nilpotent endomorphism.
4) If α ∈ Γ is a root such that [Lα, L−α] acts nilpotently on L, then every root

µ is linear on Lα. 2

We obtain as an easy consequence

Lemma 1.2. Let T denote a maximal torus or a torus of maximal absolute toral
rank in some p-envelope Lp of a Lie algebra L, and Γ the set of extended roots on
S :=

⋃
µ∈Γ

Lµ ∪ CLp (T ). Suppose that I is a T -invariant ideal of L, and κ, µ ∈ Γ

with κ (Iµ) 6= 0. Then Lκ ⊂ I.

Proof. Proposition 1.1(2) shows that for x ∈ Iµ with κ (x) 6= 0 one has

Lκ = [Lκ−µ, x] ⊂ I.
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Denote by A(m; 1) := F [X1, . . . , Xm]/(Xp
1 , . . . , X

p
m) the truncated polynomial

ring and by W (m; 1) := DerA(m; 1) the m-th Jacobson-Witt algebra. A(m; 1)
has nilpotent ideals

A(m; 1)(k) :=
∑

a1+···+am≥k

(∏
xaii
)
A(m; 1).

Let G be any Lie algebra and (S′i)1≤i≤t the family of all minimal ideals of the
semisimple quotient G/ rad G. These ideals form a direct sum S′ =

⊕
i S

′
i ⊂

G/ rad G, which is called the socle of G/ rad G. According to R.E. Block’s the-
orem each S′i is of the form S′i = Si ⊗A(mi; 1), where every Si is a simple algebra.
We call S =

⊕
i Si the core of G. [25] and [17, (1.8)] show that the only pos-

sible cores of 1-sections L (α) with respect to a torus of maximal toral rank are
(0), sl(2),W (1; 1), H(2; 1)(2). We call α respectively solvable, classical, Witt, or
Hamiltonian (cf. [3]).

Under some circumstances the socle of a semisimple Lie algebra is semisimple in
its own right. As a slight generalization of [18, (1.14)] we prove

Lemma 1.3. Let G be a Lie algebra, U =
⊕

Si⊗A (mi; 1) the direct sum of some
minimal ideals of G, where every Si is a simple algebra. Let M denote a nilpotent
subalgebra of

∑
(DerSi)⊗A(mi; 1) normalizing adU G, and V the Fitting-0-space

of M on adU G. If [V, (adU U) ∩ V ] acts nilpotently on U but (adU U) ∩ V does
not, then mi = 0 for all i.

Proof. Put

Ii := Si ⊗A(mi; 1)(1), I =
∑

Ii,

and assume I 6= {0}. Observe that adU G ⊂ ∑
(DerSi) ⊗ A(mi; 1) + V , as∑

(DerSi)⊗A (mi; 1) is an ideal in DerU . Since
∑

(DerSi)⊗A(mi; 1) normalizes
I, the space J :=

∑
j≥0 V j (I) is an ideal of G which is contained in U . In ad-

dition, J ∩ (Si ⊗ A (mi; 1)) contains the maximal ideal Ii of Si ⊗ A (mi; 1). Since
the latter is a minimal ideal of G, we obtain Si ⊗ A (mi; 1) ⊂ J for all i, i.e.,
J = U =

∑
Si ⊗A (mi; 1).

Now M acts on every Ii. Decompose U =
∑

Uµ and Ii =
∑

Ii ∩ Uµ into root
spaces with respect to M . We obtain

U0 = J0 =
∑
i

∑
j≥0

V j (Ii ∩ U0) ⊂
∑
i

Ii ∩ U0 + V (U0).

By assumption, adU (V (U0)) = [V, (adU U) ∩ V ] consists of nilpotent transforma-
tions. The same is true for every adU (Ii ∩U0), whence (adU U)∩V = adU U0 acts
nilpotently on U . This contradiction yields I = 0 and mi = 0 for all i.

We need some specific information about the algebra H(2; 1; Φ (τ))(1). To derive
this we refer to [16] and the presentation of H(2; 1; Φ (τ))(1) given there.

Let A(2; 1) = F [x, y], xp = yp = 0, denote the truncated polynomial ring in two
generators, and define a distinguished element Λ := 1 − xp−1 yp−1. Then A(2; 1)
carries a Lie algebra structure via

{f, g} = ((∂1 f)(∂2 g)− (∂1 g)(∂2 f))Λ with ∂1 = ∂/∂x, ∂2 = ∂/∂y.

The algebra (A(2; 1), { }) is isomorphic to H(2; 1; Φ (τ)), as it is defined in [3] (cf.
[14, Theorems VII.1 and VII.2] ).
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We have (A(2; 1), { })(1) ∩ F 1 = (0), and (A(2; 1), { })(1) is a simple Lie al-
gebra of dimension p2 − 1. For every f ∈ (A(2; 1), { }) the mapping {f, ?} is
a derivation of the truncated polynomial ring, and so there is a homomorphism
DΦ(τ) : (A(2; 1), { }) →W (2; 1), DΦ (τ) (f) = {f, ?}. DΦ(τ) (f) is given by

DΦ(τ) (f) = Λ ∂1(f) ∂2 − Λ ∂2(f) ∂1.

Obviously, ker DΦ(τ) = F 1. Therefore DΦ (τ) is injective on (A(2; 1), { })(1). We
abbreviate for the moment H := (A(2, 1), { }).
Proposition 1.4.

1) DerH(2; 1; Φ (τ))(1) ∼= DΦ (τ) (H)⊕ F xp−1 ∂2 ⊕ F yp−1 ∂1.

2) DerH(2; 1; Φ (τ))(1) is a minimal p-envelope of H(2; 1; Φ (τ))(1).
3) H(2; 1; Φ (τ))(1) has no subalgebra of codimension 1, and DΦ (τ) (H) ∩

W (2; 1)(0) is the only subalgebra of codimension 2.

4) DΦ (τ) (H) ∩W (2; 1)(0) is a restricted subalgebra of DerH(2; 1; Φ (τ))(1).
5) F (x∂1 − y∂2) = F DΦ(τ) (xy) is a 1-dimensional maximal torus of

DerH(2; 1; Φ (τ))(1).

Every maximal torus of dimension 1 is conjugate under an automorphism of
DerH(2; 1; Φ (τ))(1) to this torus.

Proof. 1) follows from [16], Proposition 1.1(1).
2) [16, (1.1.(2))] yields that DerH (2; 1; Φ (τ))(1) is a p-envelope. Since it is

centerless, it is a minimal p-envelope.
3) follows from [16, (1.4.(1))].
4) is straightforward.
5) We have

DΦ(τ) (xy) = (1− xp−1 yp−1)(y∂2 − x∂1) = −(x∂1 − y∂2).

This is a toral element. As

CDer H(2;1;Φ (τ))(1) (F (x∂1 − y∂2))

= span
({DΦ(τ) (xi yi) | 0 < i < p− 1} ∪ {DΦ(τ) (Λ)})

+F xp−1 ∂2 + F yp−1 ∂1

= F DΦ (τ) (xy)

+
(

span
({DΦ(τ) (xi yi) | 1 < i < p− 1} ∪ {DΦ(τ) (Λ)})

+F xp−1 ∂2 + F yp−1 ∂1

)
acts triangulably and the latter space acts nilpotenly, F (x∂1 − y∂2) is a maximal
torus.

We are now going to prove that every 1-dimensional torus is conjugate to this
torus. Let T = F t denote any maximal 1-dimensional torus and t a toral element.
Set N i := span {xk yl | k + l ≥ i}, N := N1.

We are going to construct suitable generators for F [x, y].
Since ad t acts semisimply, and all eigenvalues lie in GF (p), there are elements

u1, u2 ∈ N with the following properties:

(i) t (ui) = si (δi + ui), si ∈ GF (p), δi ∈ {0, 1},
(ii) u1, u2 are linearly independent (modN2).
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As a consequence, u1, u2 are generators for F [x, y].
Suppose that s1 δ1 6= 0. If δ2 6= 0 then choose k ∈ GF (p) with s1 k = s2 and set

u′2 := (u2 + 1)− (u1 + 1)k ∈ N.
Then

u′2 ≡ u2 − k u1 (modN2),

t (u′2) = s2 (u2 + 1)− k s1 (u1 + 1)k = s2 u
′
2.

Therefore we may assume δ2 = 0.
It is well-known that for generators u1, u2

d := {u1, u2} 6≡ 0 (modN).

Thus d is invertible in F [x, y], and the inverse is a nonzero multiple of dp−1. Since
t is a derivation with respect to { , }, we have

t (d) = t ({u1, , u2}) = {t (u1), u2}+ {u1, t (u2)}
= s1 {1 + u1, u2}+ s2 {u1, u2} = (s1 + s2) {u1, u2} = (s1 + s2) d.

Put

u′′2 := u2 d
p−1 ∈ N.

Then

u′′2 ∈ F u2 +N2, u′′2 6∈ N2,

t (u′′2) = t (u2) d
p−1 − u2 d

p−2 t (d) = (s2 − (s1 + s2))u
′′
2 = −s1 u′′2 .

Thus we may assume s2 = −s1 and t (d) = 0.
Write d =

∑
i,j

βij (1 + u1)
i u2

j . Then

0 = t (d) = s1
∑
i,j

(i − j)βij (1 + u1)
i u2

j .

Consequently there are γi := βi,i with

d =

p−1∑
i=0

γi (1 + u1)
i u2

i, γ0 6= 0.

By adjusting u2 we may assume γ0 = 1. Put

v0 := (1 + u1)u2 ≡ u2 (modN2).

Then t (v0) = 0 and

{u1, v0} = {u1, (1 + u1)u2} = (1 + u1) {u1, u2} ≡ 1 (modN).

Having for k < p− 1 inductively constructed vk with the properties

vk ≡ u2 (modN2), t (vk) = 0,

{u1, vk} = (1 + u1)(1 + λk vk
k + terms in Nk+1)

for a suitable λk ∈ F , we put

vk+1 := vk − (k + 1)−1 λk vk
k+1

and obtain

{u1, vk+1} = (1 + u1)(1 + f)



CLASSIFICATION OF SIMPLE MODULAR LIE ALGEBRAS: VI. 2559

with f ∈ Nk+1. Moreover, t (f) = 0, and therefore, writing f as a polynomial in
u1 and vk+1, we see that it is a polynomial in vk+1 only. By induction there is
v = vp−1 and α ∈ F such that

v ≡ u2 (modN2), t (v) = 0,

{u1, v} = (1 + u1)(1 + αvp−1).

As 1 6∈ (A (2; 1), { , })(1) and {u1, v (1 + u1)
p−1} = (1 + α vp−1), we obtain α 6= 0.

Put r := (adu1)
p. It is easily checked that

r (u1) = 0,

r (v) = −α (1 + α vp−1),

rp (v) = −αp (−α)(1 + αvp−1).

Thus rp = −αp r 6= 0 is a semisimple derivation. Moreover,

(ad v)p(u1) = (−1)p(1 + u1)(1 + αvp−1)p = −(1 + u1),

(ad v)p(v) = 0.

Thus t = −s1 (ad v)p, r 6∈ F t, [r, t] = 0, whence T is not a maximal torus. This
contradiction shows that s1 δ1 = 0.

By symmetry we have s1 δ1 = s2 δ2 = 0. Now if si = 0 then we may (by
definition!) assume that δi = 0. Thus there are generators u1, u2 such that δ1 =
δ2 = 0. Repeating an earlier argument, we may replace u2 by u2 d

p−1 to obtain
s2 = −s1 ∈ GF (p). By an adjustment of t we obtain s1 = 1.

Therefore there are generators u1, u2 ∈ N satisfying

t (u1) = u1, t (u2) = −u2,

{u1, u2} ≡ 1 (modN).

Suppose for k < p− 1 we have constructed inductively an element u1,k satisfying

u1,k ≡ u1 (modN2), t (u1,k) = u1,k,

{u1,k, u2} = 1 + λk u1,k
k u2

k + terms in N2k+1

for a suitable λk ∈ F . We put

u1,k+1 := u1,k − (k + 1)−1 λk u1,k
k+1u2

k

and obtain
{u1,k+1, u2} = (1 + f)

with f ∈ N2k+1. Moreover t (f) = 0 and therefore, writing f as a polynomial in
u1,k+1 and u2, we see that it is a polynomial in u1,k+1u2 only. By induction there
are u ∈ N and α ∈ F\{0} such that

u ≡ u1 (modN2), t (u) = u,

{u, u2} = 1 + αup−1 up−1
2 .

Choose δ ∈ F with δ−p+1 = α. The mapping

ui uj2 7→ δi+j−1 xi yj

establishes an automorphism Ψ of (A(2; 1), { , }) ([10]). This extends to an auto-
morphism of DerH(2; 1; Φ (τ))(1), which maps t onto t̃ = Ψ ◦ t ◦Ψ−1. Then

t̃ (xi yj) = Ψ (t (δ1−i−j ui uj2))

= (i − j) δ1−i−j Ψ (ui uj2) = (i − j)xi yj.

Thus t is conjugate to x∂x − y∂y.
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Definition 2. A Lie algebra L is said to have property (A;m) if

a) TR (L) = m,
b) for every torus T in some p-envelope Lp of L with TR (T, Lp) = m and every

root α with respect to T the 1-section Lp(α) is solvable.

Note that, if L has property (A;m) then every torus of maximal dimension
is optimal. 1-sections and 2-sections of an algebra satisfying (A;m) have been
determined in [17, (2.6)]:

Theorem 1.5. Let L be a simple Lie algebra over an algebraically closed field of
characteristic p > 7. Assume that all 1-sections of L with respect to an optimal
torus T are solvable. Then:

1) CL (T ) acts nilpotently on L.
2) Every 1-section is nilpotent and acts triangulably on L.
3) Every 2-section either has core H(2; 1; Φ (τ))(1) (then the absolute toral rank

of this 2-section is 2) or is solvable (then the absolute toral rank is ≤ 1).
4) There is a 2-section with core H(2; 1; Φ (τ))(1).
5) Every 1-section which does not act nilpotently on L is contained in a 2-section

with core H(2; 1; Φ (τ))(1).

The main mean result of [3] is a list of restricted semisimple algebras of toral
rank 2 having some additional properties. We need a slight generalization of this
result.

Theorem 1.6. Let A be a semisimple Lie algebra over an algebraically closed field
F of characteristic p > 7. Assume that TR (A) ≤ 2. If A has a triangulable CSA
H then A is one of the following:

1) A = (0);
2) A ∈ {sl(2),W (1; 1)};
3) S1⊕S2 ⊂ A ⊂ (DerS1)

(1)⊕ (DerS2)
(1), S1, S2 ∈ {sl(2), W (1; 1), H(2; 1)(2)};

4) H(2; 1)(2) ⊂ A ⊂ DerH(2; 1)(2);
5) S⊗A(m; 1) ⊂ A ⊂ Der

(
S⊗A(m; 1)

)
, S ∈ {sl(2),W (1; 1), H(2; 1)(2)}, m 6= 0;

6) S ⊂ A ⊂ DerS,
S ∈ {W (1; 2), H(2; (2, 1))(2), H(2; 1; Φ(τ))(1), H(2; 1; ∆)};

7) A = S +H, S ∈ {A2, C2, G2,W (2; 1), S(3; 1)(1), H(4; 1)(2), K(3; 1)}.
Proof. If TR(H,A) = 0 then A = H is nilpotent, i.e., A = (0). Suppose that
TR (H,A) = 1. Then A has a minimal ideal S such that S ⊂ A ⊂ DerS and
S ∈ {sl(2),W (1;n), H(2;n; Ψ)(2)} ([25]) . Since TR(S) ≤ TR(A) = 2 we have
S ∈ {sl(2),W (1; 1),W (1; 2), H(2; 1)(2), H(2; (2, 1))(2), H(2; 1; Φ (τ))(1), H(2; 1; ∆)}.
These algebras are listed in the theorem.

Suppose that TR (H,A) = 2. Let Ap denote a semisimple p-envelope of A, and T
the maximal torus contained in the p-envelope of H . Then dim T = TR (H,A) = 2,
and hence T is a maximal torus in Ap. Since A is semisimple, it can be described
as

S =

r⊕
i=1

Si ⊗A (mi; 1) ⊂ A ⊂
r∑
i=1

Der(Si ⊗A (mi; 1)),
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where Si are simple algebras. Since none of these is nilpotent, we obtain

r ≤
r∑
i=1

TR (Si) ≤ TR (A) = 2.

Hence either r = 2, TR (Si) = 1, or else r = 1, TR (S) ≤ 2. Let Sp denote the
p-envelope of S in Ap. If r = 2 or r = 1 and TR (S) = 2, then [17, (1.2.(5))] yields
T ⊂ Sp ⊂

∑
(DerSi)⊗A(mi; 1).

In case r = 2 we now proceed as in [3] to obtain

S1 ⊕ S2 ⊂ A ⊂ (DerS1)
(1) ⊕ (DerS2)

(1), Si ∈ {sl(2),W (1; 1), H(2; 1)(2)}.
In case r = 1, TR (S) = 2 we refer to the classification of these algebras ([12])

and obtain the result as well.
In case r = 1, TR (S) = 1, T ⊂ (DerS) ⊗ A(m; 1) we have S ∈ {sl(2), W (1; 1),

H(2; 1)(2)}. The kernel of the mapping

ψ : (DerS)⊗A(m; 1) → (DerS)⊗A(m; 1)/(DerS)⊗A(m; 1)(1) ∼= DerS

is p-nilpotent. Hence ψ maps T injectively into DerS:

S + ψ(T ) ⊂ DerS.

As TR(S) = 1 we have S 6= DerS. Thus S = H(2; 1)(2), and S ∩ψ(T ) 6= (0). Then
CS⊗A(m;1)(T ) acts non-nilpotently. Lemma 1.3 applies with M := T and yields
m = 0.

In case r = 1, TR(S) = 1, T 6⊂ (DerS) ⊗ A(m; 1) we have m 6= 0. All these
algebras are listed in the theorem.

We need some detailed information about the switching of tori. Let L denote a
simple Lie algebra, Lp a semisimple p-envelope of L and T a maximal torus in Lp.
We may switch T by use of Winter’s exponential map ([27]): Take a nonzero root
α ∈ T ∗ and x ∈ Lα. Define an abelian subalgebra of Lp by Ex(T ) := {t−α (t)x | t ∈
T }. Choose a toral element t0 ∈ T with α (t0) = 1. The p-envelope of Ex(T ) is
described as

Ex(T )p = T ∩ kerα+ F (t0 − x) +
∑
i≥1

F x[p]i .

Note that α vanishes on V :=
∑

i≥1 F x
[p]i , since T is a maximal torus and x ∈ Lα.

Thus the semisimple elements of the [p]-invariant space V are contained in T∩kerα.
Let

u := t0 − x+
∑
i≥1

γi x
[p]i

denote the semisimple part of t0−x. Then u[p]−u ∈ V ∩T ⊂ T∩kerα. Consequently,

T ∩ kerα+ Fu =: ex(T )

is the unique maximal torus of Ex(T )p. Its dimension is given by

dim ex(T ) = dim T.

Next let z ∈ CL(ex(T )). As T ∩kerα ⊂ ex(T ), one has z = h+
∑

i6=0 viα, viα ∈ Liα,

h ∈ CL(T ). Then

0 = [h+
∑
i6=0

viα, t0 − x+
∑
j>0

γj x
[p]j ] ≡ −

∑
i viα (modL (α)(1)),
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proving viα ∈ L (α)(1) for all i. Thus

CL (ex(T )) ⊂ CL(T ) + L (α)(1).

If T is a torus of maximal dimension then ex(T ) has maximal dimension as well.
In this case tori T, T ′ are called conjugate under Winter’s exponentials if T is
transformed into T ′ by a finite number of Winter’s exponentials. This definition
establishes an equivalence relation on the set of tori of Lp of maximal dimension.

Proposition 1.7. Let L be a simple Lie algebra over an algebraically closed field of
characteristic p > 7. Then L is classical, or of Cartan type, or satisfies (A;TR (L)).

Proof. Let Lp denote a semisimple p-envelope of L and T ⊂ Lp a torus of maximal
dimension (i.e., dim T = TR(L)). We refer to the proof of the fact that every
optimal torus has only proper roots ([12, (5.3)]). We have stated there that the
proof of [3, (10.4.1)] applies to L without any changes. The reason for this is that
the proof only needs knowledge about the possible 2-sections with respect to an
optimal torus. The list used in the proof of that result in [3] is the same as we have
in the general case [17]. In the proof of the theorem in [3] a little bit more has been
shown than stated, namely, that every torus of maximal dimension is conjugate
under Winter’s exponentials to an optimal torus. Thus there is an optimal torus
T ′ ⊂ Lp conjugate to T . Let T = T1, . . . , Tl = T ′ denote a sequence of maximal tori
where Ti−1 is obtained by switching Ti. If there is a nonsolvable root with respect
to T ′ then earlier results ([17], [18], [19]) show that L is classical or of Cartan type.
Otherwise, due to Theorem 1.5 CL(T ′) acts nilpotently on L and every 1-section
is nilpotent. Therefore CL(T ′) + L(α)(1) acts nilpotently on L for every root α
with respect to T ′ (by Theorem 1.5(2) and the Engel-Jacobson theorem). The
reasoning preceding this proposition implies that CL(Tl−1) acts nilpotently on L as
well. Then every root with respect to Tl−1 is solvable, and hence Tl−1 is optimal
as well. By induction, T has only solvable roots. Consequently, L is classical, or of
Cartan type, or every torus of maximal dimension has only solvable roots.

2. Structural features of simple Lie algebras satisfying (A; 3)

We consider Lie algebras satisfying (A; 3), and in them maximal tori of dimension
2.

Proposition 2.1. Let L be simple satisfying (A; 3), and let Lp be a semisimple
p-envelope of L. Then Lp contains maximal tori of dimension 2.

Proof. Let T denote a 3-dimensional torus in Lp. Theorem 1.5 ensures that there

is a 2-section L(α, β) with core H(2; 1; Φ(τ))(1). Choose a toral element t ∈ T ∩
ker α∩ker β. Next we refer to Proposition 1.4. Observe that, as DerH(2; 1; Φ(τ))(1)

is a p-envelope of H(2; 1; Φ(τ))(1), there is a homomorphism from Lp(α, β) onto

DerH(2; 1; Φ(τ))(1). Choose a 1-dimensional maximal torus F r contained in
DerH(2; 1; Φ(τ))(1) and lift this to a 1-dimensional torus Fr in Lp(α, β). Then
[t, r] = 0, and hence Fr ⊕ Ft is a torus.

Suppose that Fr⊕Ft is not a maximal torus in Lp, i.e., there is a 3-dimensional
torus R which contains F r ⊕ F t. As L(α, β) = CL(t), L(α, β) is a 2-section even
with respect to R. Since L(α, β)/ rad L(α, β) contains a subalgebra isomorphic to
H(2; 1; Φ(τ))(1), then L(α, β) has toral rank 2. Hence R is contained in L(α, β)p +
F t, where L(α, β)p is the p-envelope of L(α, β) in Lp ([17, (1.5.(2))]). Consequently,
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R stabilizes rad L(α, β) and R acts on H(2; 1; Φ(τ))(1) as a 2-dimensional torus.
This, however, contradicts the fact that F r is a 1-dimensional maximal torus.

Theorem 2.2. Let L be simple satisfying (A; 3). Suppose U is a 2-dimensional
maximal torus in some semisimple p-envelope of L, and let L(α) be a 1-section
with respect to U . Then either L(α) is solvable, or else

1) rad L(α) is U -invariant,
2) there is an algebra S ∈ {sl(2),W (1; 1), H(2; 1)(2), H(2; 1; Φ(τ))(1)} such that

S ⊂ L(α)/ rad L(α) ⊂ (DerS)(1).

Moreover, the action of U on L(α)/ radL(α) gives rise to a homomorphism of U
into DerS, and U := adS U is a 1-dimensional maximal torus of the p-envelope
Sp of S in DerS.

Proof. If CL(U) acts nilpotently on L(α), then (as U is a maximal torus) the
extended root α vanishes on

⋃
i∈GF (p) Liα. In this case L(α) is nilpotent.

Thus assume that H := CL(U) acts non-nilpotently on L(α). Then there is h ∈
H with α(h) 6= 0. We obtain that H is a CSA of L(α) and that for every t ∈ U there

is an element
∑

γi h
[p]i ∈ U , γi ∈ F , such that t0 := t −∑ γi h

[p]i ∈ (ker α) ∩ U .
Then [t0, L(α)] = (0). Consequently, radL(α) is invariant under U . [11, (3.5)]
yields that H acts triangulably on L. Let π : U + L(α) → (U + L(α))/ radL(α)
denote the canonical homomorphism.

If α(π(h)) = 0 then

π
(∑
i6=0

Liα

)
= π

([∑
i6=0

Liα, h
])

=
[∑
i6=0

π(Liα), π(h)
]

=
∑
i6=0

i α (π(h))π(Liα) = (0).

In this case
∑

i6=0 Liα ⊂ ker π, whence L(α) is solvable.
Otherwise,

0 6= TR(π(H), π(L(α))) ≤ TR(H,L(α)) ≤ TR(U,Lp(α)) = 1.

In that case π(L(α)) contains the triangulable CSA π(H) of absolute toral rank 1
in π(L(α)).

Let S =
⊕

Si denote the socle of π(L(α)), where
⊕

Si is the sum of all minimal
ideals. Every Si =

⊕
j Si∩π(Ljα) is cyclicly graded. Since Si is not solvable, then

Si∩π(H) acts non-nilpotently [12, (1.5)]. Since π(H) acts triangulably, Lemma 1.3
shows that every Si is a simple algebra. It also follows that TR(Si∩π(H), Si) 6= 0.
As TR(π(H), π(L(α))) = 1, this implies that S = S1 is simple, and S ∩ π(H) is a
CSA of S. The classification of these algebras ([25]) yields

S ∈ {sl(2),W (1;n), H(2;n; Ψ)(2)}.
Next we observe that

0 6= TR(S) ≤ TR(L(α)) ≤ TR(L)− 1 = 2.

If TR(S) = 1, then S ∈ {sl(2),W (1; 1), H(2; 1)(2)}.
Suppose TR(S) = 2. Let t 6= 0 denote any fixed element of U ∩ (ker α). Let

R denote a 2-dimensional torus in the p-envelope of S in Lp(α)/ rad Lp(α). [12,
(1.2)] gives rise to a torus T ⊂ Lp(α) which is mapped under the homomorphism
Lp(α) → Lp(α)/ rad Lp(α) onto R and which commutes with t. Thus T + F t is a
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torus of Lp of dimension 3. Now L satisfies (A; 3). Then CL(T + F t) = CL(α)(T )
acts nilpotently on L. ThereforeCS(R) acts nilpotenly on S, which shows that every
root on S with respect to R is solvable. Theorem 1.5 yields S ∼= H(2; 1; Φ(τ))(1).

In the cases S ∼= sl(2) or ∼= W (1; 1) we have DerS ∼= S ∼= (DerS)(1). To deal
with the case S ∼= H(2; 1)(2) we recall, that α(S ∩ π(H)) 6= 0. Thus π(L(α)) =
S + π(H) ∩ (ker α) ⊂ DerS. This is only true if π(L(α)) ⊂ H(2; 1) = (DerS)(1).
In case S = H(2; 1; Φ(τ))(1) the derivation algebra DerH(2; 1; Φ(τ))(1) is linearly
spanned by H(2; 1; Φ(τ))(1) and a 2-dimensional torus R. If π(L(α)) 6= S then
R ∩ π(L(α)) 6= (0). But then there is a 3-dimensional torus T in Lp such that
CL(T ) acts nonnilpotently on L. This contradicts Theorem 1.5. Therefore we have
π(L(α)) = S = (DerS)(1).

Finally, we observe that π(U) acts on π(L(α))(2) = S. Thus the restriction
U = adS π(U) is a torus in DerS. Choose a toral element r in the p-envelope
of π(H) ∩ S in Sp with α(r) = 1. Since π(U) ∩ (ker α) centralizes S, we have

U = adS Fr. Suppose that Fr is not a maximal torus in Sp. As above, U then
would be contained in a 3-dimensional torus of Lp, contradicting the maximality of
U .

With respect to a 2-dimensional maximal torus we now have an additional type
of 1-section: there are solvable, classical, Hamiltonian 1-sections (S ∼= H(2; 1)(2)),
and those for which S is a Block algebra

S ∼= H(2; 1; Φ(τ))(1) ∼= L (G, 0, f)(1) with |G| = p2.

We will in the following refer to the latter as Block 1-sections and call the corre-
sponding roots Block roots.

Corollary 2.3. Let L be simple satisfying (A; 3). Let U be a 2-dimensional maxi-
mal torus in Lp, α an improper root and x ∈ Lα. Then ex(U) is a 2-dimensional
maximal torus.

Proof. Suppose, first, that α is a Block root. Then the core of L(α) is isomorphic to
H(2; 1; Φ(τ))(1), and U acts on H(2; 1; Φ(τ))(1) as a 1-dimensional maximal torus
of DerH(2; 1; Φ(τ))(1) (cf. Theorem 2.2). Proposition 1.4 shows that it acts as
DΦ(τ)(xy). Therefore α is a proper root, showing that this case is impossible.

Suppose now that ex(U) is contained in a 3-dimensional torus R. Let t ∈ U be a
toral element which spans U ∩ (ker α). Then F t ⊂ ex(U) ⊂ R, and L(α) = CL(t)
is a 2-section with respect to R. Theorem 1.5 yields, as α is not a Block root,
that L(α) is solvable. Then L(α) is a proper root, a contradiction.

Theorem 2.4. Let L be simple satisfying (A; 3), and let Lp be a semisimple p-

envelope of L. Then either L is of Cartan type H(2;n; Ψ)(2), or every maximal
2-dimensional torus U ⊂ Lp has the property that CL(U) is a CSA of L and U is
contained in the p-envelope of CL(U) in Lp.

Proof. Let U be a maximal 2-dimensional torus in Lp. The maximality of U ensures
that CL (U) is nilpotent.

Suppose that there is a root α vanishing on CL(U). Then the 1-section L(α) is
nilpotent as well. Let β denote any root independent of α and give L the grading
Li =

∑
j∈GF (p) Ljα+iβ . Then L0 = L(α) does not act nilpotently on L, since

otherwise L would be solvable. Consequently, β(
⋃
i Liα) 6= 0, and L(α) is a CSA of
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absolute toral rank 1 in L. The classification of these algebras shows (as L 6∼= sl(2))
that L is of Cartan type W (1;n) or H(2;n; Ψ)(2).

Next we assume that no root vanishes on CL(U). Then CL(U) is a CSA of L.
If the p-envelope M of CL(U) in Lp does not contain U , then the unique maximal
torus of M is properly contained in U , and hence has dimension 1. In that case,
CL(U) has absolute toral rank 1 in L and, as above, L is of Cartan type W (1;n)
or H(2;n; Ψ)(2).

It has been proved in [14, (V.2), (V.3), (V.4)] that every maximal torus R in
a semisimple p-envelope W (1;n)p of W (1;n) has the property that CW (1;n) (R)
acts non-nilpotently. Thus Theorem 1.5(1) shows that no algebra of type W (1;n)
satisfies (A;3).

Next we are going to derive a lower bound for dim L.

Lemma 2.5. Suppose B is a restricted solvable Lie algebra and R is a maximal
torus of B of toral rank 2. Let M denote a B-module with representation ρ. Assume
that there are roots β, γ with respect to R, such that γ 6∈ GF (p)β and ρ([Bγ , Bβ−γ ])
contains non-nilpotent transformations. Then there is λ 6∈ GF (p)β and xλ ∈ Bλ

with ρ(xλ)
p−1 6= 0.

Proof. (1) Suppose in a first step that B contains a R-invariant nilpotent subalgebra
K such that

K =
∑

µ6∈GF (p)β Kµ +
∑

λ,µ6∈GF (p)β [Kλ, Kµ],

ρ(K(1)) contains a non-nilpotent transformation.

As K is nilpotent, there is a member N := Kn of the descending central series such
that

ρ(
[
[N,K], K]) consists of nilpotent transformations,

ρ([N,K]) contains a non-nilpotent transformation.

Decompose N =
⊕
Nµ with respect to R. We may assume that ρ(xµ)p−1 = 0 for

all xµ ∈ Nµ, µ 6∈ GF (p)β, because otherwise the lemma is true.
For yλ ∈ Kλ, xµ ∈ Nµ, µ 6∈ GF (p)β one has (cf. [21, (5.7.1)])

0 = [ρ(yλ), . . . , [ρ(yλ)︸ ︷︷ ︸
(p−1) times

, ρ(xµ)p−1] . . . ]

≡ (p− 1)!ρ([yλ, xµ])p−1
(

mod[[N,K], K]U(K)
)
.

Note that [[N,K], K]U(K) is an ideal of U(K). The choice of N ensures that

ρ
(
[[N,K], K]U(K)

)
consists of nilpotent transformations only. Thus ρ([yλ, xµ]) is

nilpotent for all roots λ, and all µ 6∈ GF (p)β.
Next suppose λ, µ ∈ GF (p)β. The assumption on K yields

yλ ∈
∑

κ 6∈GF (p)β

[Kκ, Kλ−κ].

Hence
[yλ, xµ] ∈

∑
κ 6∈GF (p)β

[
[Kκ, xµ], Kλ−κ

] ⊂ [[N,K]K].

Thus ρ([yλ, xµ]) is nilpotent.
If λ 6∈ GF (p)β, µ ∈ GF (p)β, then [yλ, xµ] ∈ Nλ+µ with λ + µ 6∈ GF (p)β. The

above assumption yields that ρ([yλ, xµ]) is a nilpotent transformation.
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These results show, as ρ
(
[[N,K], K]

)
consists of nilpotent transformations, that

ρ([yλ, xµ]) is nilpotent in any case. From this one concludes, by Jacobson’s theorem
on nil Lie sets, that [N,K] acts nilpotently, a contradiction.

(2) We are now going to construct a subalgebra K satisfying the assumptions
of (1). Since R is maximal, we have the notion of extended roots available. Then
β([Bµ, Biβ−µ]) = 0 for all i 6= 0. If there were i 6= 0 and µ 6∈ GF (p)β with
µ([Bµ, Biβ−µ]) 6= 0, then, as

(iβ − µ)([Bµ, Biβ−µ]) = −µ ([Bµ, Biβ−µ]) 6= 0,

an application of Proposition 1.1 and induction would yield that Bµ, Biβ−µ ⊂ B(n)

for all n. This would contradict the solvability of B. As TR(R,B) = 2 and hence
the root lattice is spanned by β and µ, this implies

κ([Bµ, Biβ−µ]) = 0 ∀ µ 6∈ GF (p)β, ∀ i ∈ GF (p)\(0), ∀ κ.
If there is µ 6∈ GF (p)β such that ρ([Bµ, B−µ]) contains a non-nilpotent transfor-
mation, then we set

K :=
∑
i6=0

Biµ +
∑
i6=0

[Biµ, B−iµ].

As B is solvable, then K is nilpotent. This is the result.
Thus we may assume that ρ([Bµ, B−µ]) consists of nilpotent transformations

only. Set

K :=
∑

µ6∈GF (p)β

Bµ +
∑

λ,µ6∈GF (p)β

[Bλ, Bµ].

We observe that Kiβ =
∑

µ6∈GF (p)β [Biβ−µ, Bµ]. According to the above we may

assume that
⋃
µ6∈GF (p)β [Biβ−µ, Bµ] consists of ad-nilpotent elements. We clearly

also may assume that ρ is faithful, and ρ(xµ)p−1 = 0 for all µ 6∈ GF (p)β, xµ ∈
Kµ. Then ρ

(
(adxµ)p(B)

)
= [ρ(xµ)p, ρ(B)] = (0), whence (ad xµ)p(B) = (0) and

(adxµ)p = 0. Similarly we obtain (adh)p
r

= 0 for all h ∈ ⋃µ6∈GF (p)β [Kµ, K−µ]
(for r sufficently big). Thus we have proved that⋃

i6=0;µ6∈GF (p)β

[Kiβ−µ, K−µ] ∪
⋃

µ6∈GF (p)β

Kµ ∪
⋃

µ6∈GF (p)β

[Kµ, K−µ]

consists of ad-nilpotent elements. Then K is an R-invariant nilpotent subalgebra
of K (by the Engel-Jacobson theorem). Since by our assumption ρ([Kγ , Kβ−γ ]) ⊂
ρ(K(1)) does not consist of nilpotent transformations only, this final case is impos-
sible.

Lemma 2.6 ([3]). Let L be a restricted Lie algebra, T a maximal torus with
TR(T, L) = 2, and L =

∑
µ∈Γ Lµ the root space decomposition with respect to

T . Suppose that there are α, β ∈ Γ \ (0), x ∈ Lα, y ∈ Lβ with α(y) 6= 0, β(x) 6= 0.
Then every faithful L-module V has at least p2 − 1 weights. In particular, if L has
a subalgebra isomorphic to H(2; 1; Φ(τ))(1), then dim V ≥ p2 − 1.

Proof. Decompose V =
⊕

µ∈∆ Vµ into weight spaces with respect to the abelian
algebra T . Write x = xs+xn, y = ys+yn with xs, ys ∈ T the semisimple parts and
xn, yn the [p]-nilpotent parts of x and y. Then α(ys) 6= 0, β(ys) = 0, α(xs) = 0,
β(xs) 6= 0. Thus T = F xs ⊕ F ys.
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The faithfulness of V implies x.V 6= (0), y.V 6= (0). Thus there are weights
γ, δ ∈ ∆ such that γ + α, δ + β ∈ ∆. Since not both γ, γ + α vanish on ys, there
is µ ∈ ∆ with µ(y) 6= 0. Then Vµ+jβ 6= (0) for all j ∈ GF (p). Next, there is
at most one index j0 such that (µ + j0β)(x) = 0. Therefore µ + jβ + iα ∈ ∆
for all j 6= j0 and all i ∈ GF (p). Again there is at most one index i0 such that
(µ + i0α)(y) = 0. Then Vµ+iα+j0β = [y, Vµ+iα+(j0−1)β ] 6= (0) for i 6= i0. Thus
{µ+ iα+ jβ | (i, j) 6= (i0, j0)} ⊂ ∆.

Suppose L contains a subalgebra G isomorphic to H(2; 1; Φ(τ))(1). Since G is
simple and V is faithful, there is a factor W of a composition series of V as a
G-module which is not annihilated by G. Then W is a faithful G-module. The
lemma applies to the p-envelope of G and W .

We are going to apply this lemma in the following way. Suppose L is simple
and satisfies (A; 3). Let T ⊂ Lp be a maximal torus with TR(T, Lp) = 3. Assume

that L(α, β) is a 2-section with respect to T with core H(2; 1; Φ(τ))(1). Let π :
L(α, β) → L(α, β)/ radL(α, β) be the canonical homomorphism. Then

π(L(α, β))(1) ∼= H(2; 1; Φ(τ))(1),

and T acts on H(2; 1; Φ(τ))(1) as a 2-dimensional torus. The 2-dimensional tori
in DerH(2; 1; Φ(τ))(1) are well-known ([14, Theorem VII.3]). They are conjugate
to F (1 + x)∂1 ⊕ F (1 + y)∂2. Therefore all root spaces are 1-dimensional and all
root vectors act non-nilpotently. Thus, lifting this information to L(α, β), we find
x ∈ Lα, y ∈ Lβ with α(y) 6= 0, β(x) 6= 0. Now one can apply the lemma to the
restricted algebra Lp(α, β) and the torus T .

Theorem 2.7. Suppose that L is simple and satisfies (A; 3). Let V be a nontrivial
L-module. Then

dim V ≥ p3 − p.

Proof. Consider L as a subalgebra of gl(V ), and let Lp denote the p-envelope of L
in gl(V ). Let T ⊂ Lp be a maximal torus with TR(T, Lp) = 3, and L =

⊕
µ∈Γ Lµ

the root space decomposition with respect to T . Let ∆ denote the set of weights on
V with respect to T . We may assume that V is irreducible. Then for any weight
κ ∈ ∆ we have

∆ ⊂ κ+ 〈Γ〉.
Due to Theorem 1.5 there is a 2-section L(α, β) with core H(2; 1; Φ(τ))(1).

Suppose that there are κ ∈ ∆ and γ ∈ Γ \ 〈α, β〉 such that, for all i ∈ GF (p),
there exist λ ∈ ∆ ∩ (κ+ iγ + 〈α, β〉) and µ ∈ 〈α, β〉\(0) satisfying λ(Lµ) 6= 0.

Then we consider the L(α, β)-modules Vi :=
∑

j,k∈GF (p) Vκ+iγ+jα+kβ . Since

there is a weight λ on Vi satisfying λ(Lµ) 6= 0, this is a nontrivial module. Due to
Lemma 2.6 we have dim Vi ≥ (p2 − 1), which gives the assertion. Thus we have to
construct a weight κ and a root γ 6∈ 〈α, β〉 with these properties. Set

Ω := {µ ∈ T ∗ |µ (Lβ) 6= 0}.
As L(α, β) has core H(2; 1; Φ(τ))(1), one concludes that α(Lβ) 6= 0, whence α ∈ Ω.

(a) Suppose that there is a root γ ∈ Ω\〈α, β〉 such that Lγ acts non-nilpotently on

L. Theorem 1.5(5) shows that there is a 2-section L(γ, λ) with coreH(2; 1; Φ(τ))(1).
Then {iγ + jλ | (i, j) 6= (0, 0)} ⊂ Γ, and since Γ ⊂ 〈α, β, γ〉 we may, replacing λ
by λ+ iγ if necessary, adjust λ so that λ ∈ 〈α, β〉\(0). For any δ ∈ ∆ consider the
L(γ, λ)-module V(δ) :=

∑
i,j∈GF (p) Vδ+iγ+jλ with corresponding representation ρδ.
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If ρδ(L(γ, λ)) were solvable for all δ ∈ ∆, then for some k ∈ N L(γ, λ)(k) would act
trivially on V . As L(γ, λ)(k) 6= (0) for all k, and L is simple, this would imply that
V is a trivial L-module, a contradiction. Thus there is κ ∈ ∆ such that ρκ(L(γ, λ))
has core H(2; 1; Φ (τ))(1). Now Lemma 2.6 applies to the p-envelope of ρκ(L(γ, λ))
and V(κ). It proves that∣∣∣(κ+GF (p)γ +GF (p)λ

)
∩∆

∣∣∣ ≥ p2 − 1.

In particular,∣∣∣(κ+ iγ +GF (p)λ
)
∩∆

∣∣∣ ≥ (p2 − 1)− (p− 1)p = p− 1 > 6

for every i ∈ GF (p). If any of these sets (for any fixed i) were to vanish on⋃
µ∈〈α,β〉\(0) Lµ, then λ would vanish on this set as well, contradicting the fact that

λ ∈ 〈α, β〉 and L(α, β) has core H(2; 1; Φ(τ))(1). In this case γ has the required
properties. We therefore may assume that Lγ acts nilpotently on L for all γ ∈
Ω\〈α, β〉.

(b) Since L is simple, we have by Schue’s Lemma

Γ ⊂ Ω ∪ (Ω + Ω),

proving that Ω 6⊂ 〈α, β〉. Fix γ ∈ Ω\〈α, β〉. Then Γ ⊂ 〈α, β, γ〉. Let λ = iα+jβ+kγ,
k 6= 0, be any root with λ 6∈ 〈α, β〉, and assume that Lλ acts non-nilpotently. Then
there is µ ∈ Γ such that L(λ, µ) has core H(2; 1; Φ(τ))(1) (by Theorem 1.5.(5)). In
particular, all iλ + jµ, (i, j) 6= (0, 0), are roots, and no root space corresponding
to these roots acts nilpotently on L. As k 6= 0 we may, replacing µ by µ − lλ if
necessary, adjust µ so that µ ∈ 〈α, β〉. Now (λ+GF (p)µ)∩〈α, β〉 = ∅. As all Lλ+iµ

act non-nilpotently, the present assumption yields (λ+GF (p)µ) ∩ (Ω\〈α, β〉) = ∅.
Thus

(λ+GF (p)µ) ∩ Ω = ∅.
Therefore we have by definition λ(Lβ) = µ(Lβ) = 0. As µ ∈ 〈α, β〉 \ (0) and

L(α, β) has core H(2; 1; Φ (τ))(1), this implies β = rµ for some r 6= 0. However,
since L(λ, µ) has core H(2; 1; Φ(τ))(1) we have λ(Lrµ) 6= (0), a contradiction. As
a consequence we may assume that for every root λ ∈ Γ\〈α, β〉 the root space Lλ
acts nilpotently on L.

(c) As in (a), there is a weight κ ∈ ∆ such that |(κ+GF (p)α+GF (p)β)∩∆| ≥
p2 − 1. Replacing κ by κ+ α or κ+ 2α if necessary, we may assume

κ ∈ ∆ ∩ Ω.

As κ(Lβ) 6= 0, the simplicity of L ensures the existence of a root µ ∈ Γ\〈α, β〉 such
that

κ([Lµ, Lβ−µ]) 6= 0.

Set B equal to the p-envelope of L(β, µ) + T in Lp. Since by assumption of this

case (c) Lµ acts nilpotently on L, L(β, µ) cannot have core H(2; 1; Φ (τ))(1). So
Theorem 1.5.(3) yields that L (β, µ) is solvable. Then B is solvable as well. Now B
acts on the space V(κ) :=

∑
i,j∈GF (p) Vκ+iβ+jµ. Denote the representation by ρκ.

By choice of κ, clearly [Lµ, Lβ−µ] = [Bµ, Bβ−µ] acts non-nilpotently on V(κ). Now
Lemma 2.5 yields the existence of γ ∈ 〈β, µ〉, γ 6∈ GF (p)β, and xγ ∈ Lγ such that
ρκ(xγ)

p−1 6= 0.
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Note that γ 6∈ 〈α, β〉, since otherwise L(α, β) = L(γ, β) = L(µ, β) would be
solvable, a contradiction. Also, µ = rβ + sγ with s 6= 0. If γ([Lµ, Lβ−µ]) 6= 0, then
µ([Lµ, Lβ−µ]) 6= 0 and (β − µ)([Lµ, Lβ−µ]) 6= 0. Proposition 1.1 would imply that

Lµ, Lβ−µ ⊂
⋂
n L(β, µ)(n) = (0), a contradiction.

Now find δ ∈ κ + GF (p)β + GF (p)µ and a weight vector vδ ∈ Vδ such that
ρκ(xγ)

p−1(vδ) 6= 0. Then δ +GF (p)γ ⊂ ∆.
Note that δ is of the form δ = κ+iβ+jγ, and so δ([Lµ, Lβ−µ]) = κ([Lµ, Lβ−µ]) 6=

0. Consequently,

(δ + iγ)(Lβ) 6= 0 ∀ i ∈ GF (p).

This proves the theorem.

We will now work step by step through §5 and §6 of [3]. We adopt the numbering
of that article and refer to it by boldface numbers.

Let S be a Lie algebra, T a maximal torus in some p-envelope Sp of S such

that H := CS(T ) acts triangulably on S. Let H̃ denote the p-envelope of H in Sp.

Observe that under these hypotheses T + H̃ decomposes as

T + H̃ = T + I,

where I is an ideal of T + H̃ (containing H̃(1) ⊂ H(1)), which acts nilpotently on
S. Put

A := S + H̃ + T.

5.1 remains valid if the word ”restricted” is deleted everywhere.
5.2. We are interested in the algebras S which occur as semisimple quotients of

1-sections in Theorem 2.2: In the situation of that theorem let T denote the image
of U ⊂ Lp(α) in DerS. Observe that, with the above definitions

S ⊂ L(α)/ radL(α) ⊂ A ⊂ DerS.

For S ∈ {sl(2),W (1; 1), H(2; 1)(2)} we have the result of Lemma 5.2.1. A simi-
lar statement is needed for the remaining case of Theorem 2.2, namely that S =
H(2; 1; Φ(τ))(1).

Lemma 2.8. Suppose that

H(2; 1; Φ(τ))(1) ⊂ A ⊂ DerH(2; 1; Φ(τ))(1).

Let T ⊂ A denote a maximal 1-dimensional torus of DerH(2; 1; Φ(τ))(1). Then
T is conjugate under an automorphism of DerH(2; 1; Φ(τ))(1) to F (x∂1 − y∂2).
Define α ∈ T ∗ by α(x∂1 − y∂2) = 1. Then Kα(A) has basis

{DΦ(τ)(x
i+1 yi) | 2 ≤ i ≤ p− 2} ∪ {DΦ(τ)(y

p−1)},
so dim Aα/Kα(A) = 2, K−α(A) has basis

{DΦ(τ)(x
i yi+1) | 2 ≤ i ≤ p− 2} ∪ {DΦ(τ)(x

p−1)},
so dim A−α/K−α(A) = 2, K2α(A) has basis

{DΦ(τ)(x
i+2 yi) | 1 ≤ i ≤ p− 3} ∪ {DΦ(τ)(x y

p−1), DΦ(τ)(y
p−2)},

so dim A2α/K2α(A) = 1, K−2α(A) has basis

{DΦ(τ)(x
i yi+2) | 1 ≤ i ≤ p− 3} ∪ {DΦ(τ)(x

p−1 y), DΦ(τ)(x
p−2)},

so dim A−2α/K−2α(A) = 1, and Kiα(A) = Aiα if i 6= 0,±1,±2. Finally, T ⊂
[A, [A, I]].
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Proof. Proposition 1.4 shows that T has the asserted property. The remaining
statements are proved as in Lemma 5.2.1 (d).

5.3. We now consider the following
Setting 1:

(a) L denotes a simple Lie algebra, Lp is a semisimple p-envelope of L, T denotes

a fixed maximal torus of dimension 2, H := CL (T ) and H̃ is the p-envelope

of H in Lp. Set A := L+ H̃.

(b) Assume that T ⊂ H̃.
(c) Assume that every 1-section A(α) with respect to T fulfils the assertions of

Theorem 2.2.

It seems that the hypothesis (5.7.1) in [3] might not be quite weak enough to
yield step (12) of Lemma 7.6.1, since in that step it seems unclear whether (in the
notation of that lemma) the torus T of Q has maximal dimension in Q. However,
appearently it is sufficient to know that the 1-sections are classical, Witt, Hamilton-
ian, or Block to obtain all the results of section 5. This condition is now granted
by assumption (c) of “Setting 1”.

Lemma 2.9. Under the assumption of “Setting 1” the following are true.

1) H̃ acts triangulably on L.

2) H̃ = T ⊕ I, where I is an ideal of H̃ which contains H̃(1) and acts nilpotently
on L.

3) If α, β ∈ T ∗ are GF (p)-independent roots, then the extended roots are F -
independent on H.

Proof. The CSA H of L acts triangulably on L. Then H̃(1) = H(1) acts nilpotently
as well. Since Lp is semisimple, every element of H̃(1) is [p]-nilpotent. Let I be the

p-radical of H̃ . Due to “Setting 1” T is a maximal torus of H̃ . Thus H̃ = T ⊕ I.
This proves 1), 2).

Suppose α, β are F -linearly dependent on H . By definition of an extended root
this means that there are t1, t2 ∈ F (not both 0), such that for all h = hs+hn ∈ H ,
hs ∈ T , hn ∈ I

t1α(hs) = t2β(hs).

Due to (b) of “Setting 1” α, β are F -dependent on T . Now let (u1, u2) be a basis

of T consisting of toral elements. As α(ui) = α(u
[p]
i ) = α(ui)

p, β(ui) = β(ui)
p, we

have α(ui), β(ui) ∈ GF (p) for i = 1, 2. Then the above equation has a nontrivial
solution with t1, t2 ∈ GF (p). Thus α, β are GF (p)-dependent on T .

Lemma 5.3.1 remains valid under the assumption of “Setting 1”. In fact no
changes in the proof are necessary.

Definition 5.3.2 has to become extended by a further case. As before we say
that γ is a Block root if H(2; 1; Φ(τ))(1) ⊂ L[γ] ⊂ DerH(2; 1; Φ(τ))(1).

Lemma 5.3.3 is substituted by Theorem 2.2. In the following we only have to
take care of the additional possibility of a root being of Block type.

Lemma 5.3.4 (completed): Under the assumption of “Setting 1” the cases (a)
- (f) of [3, (5.3.4)] occur and the respective statements are true, or (g) γ is a
Block root, there is a surjective homomorphism Ψγ of A(γ) to a subalgebra of
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DerH(2; 1; Φ(τ))(1) containing H(2; 1; Φ(τ))(1) such that Ψγ(T ) = F (x∂1 − y∂2),
and there is some j 6= 0 such that for i 6= 0

dim Aiγ/Kiγ (A) =

 2 if i = ±j,
1 if i = ±2j,
0 if i 6= ±j,±2j.

In particular, every Block root is proper.

Proof. The statements are proved by the respective arguments of [3, (5.3.4)] and
Lemma 2.8.

Lemma 5.3.6 (completed). Under the assumption of “Setting 1” the cases (a), (b)
of [3, (5.3.6)] occur and the respective statements are true, or (c) if α is Block,
A(α) contains a unique compositionally classical subalgebra of codimension 2 and
no such subalgebra of codimension 1.

Proof. The proof of [3, (5.3.6)] for cases (a) and (b) remains unchanged if A and
T are taken as above. Suppose α is of Block type, and let M denote a com-
positionally classical subalgebra of codimension ≤ 2 in A(α). Then Ψα(M) is a
compositionally classical subalgebra of A[α]. Now [16, (1.4.(1))] shows that

Ψα(M) ∩H(2; 1; Φ(τ))(1) = H(2; 1; Φ(τ))(1) ∩W (2; 1)(0).

Thus DΦ(τ)(x), DΦ(τ)(y) are linearly independent modulo Ψα(M). Then Ψα(M) =

A[α] ∩W (2; 1)(0), and M = Ψ−1
α (A[α] ∩W (2; 1)(0)).

5.4. Under the assumption of “Setting 1” no changes are needed in Lemma
5.4.1, while the next lemma only needs the obvious changes:

Lemma 5.4.2 (completed). Let γ 6= 0. Then

dim RKγ/Rγ ≤ dim Aγ/Kγ .

In particular, if Aγ = Kγ then RKγ = Rγ and if γ is non-Hamiltonian and non-
Block then dim RKγ/Rγ ≤ 1. 2

5.5. Let B be a restricted Lie algebra and let e be a derivation of B satis-
fying ep = e. Define α ∈ (Fe)∗ by α (e) = 1. Let B =

∑
i∈GF (p) Biα be the

decomposition of B with respect to the torus Fe. Assume

B(1) ∩B0 = F z + J,

where z is central in B and not [p]-nilpotent, and J is an ideal of B(1)∩B0 in which
every element is [p]-nilpotent. Let Riα (Fe+B) := {x ∈ Biα | [x,B−iα] ⊂ J} and
ni = dim Biα/Riα (Fe+B).

Proposition 5.5.1. Let B and e as above. Let W 6= (0) be a restricted B-module
with zW = W . Then

(a) dim W ≥ pm, where m = max {[(ni + 1)/2] | i 6= 0},
(b) if W is an (Fe+B)-module and

∑
i6=0 ni > 2, then dim W ≥ p2.

Proof. The proof for (a) in [3, (5.5.1)] works without changes in our case, since not
the decomposition of B0 but only that of B(1) ∩B0 is needed.

In order to prove (b) we may as in the course of [3, (5.5.1)] assume that

• W is an irreducible (Fe+B)-module of dimension p,
• there are i 6= 0 and x ∈ Biα such that xp−1W 6= (0).
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Then W has p weights, and each weight space is 1-dimensional. But then B
(1)
0 acts

trivially on W , which means that we have a decomposition B0 = Fz + J ′, where
J ′W = (0). Now the arguments of [3, (5.5.1)(b)] yield the result.

Proposition 5.5.2. Under the assumption of “Setting 1”, for any root γ 6= 0∑
i6=0

dim Kiγ/RKiγ ≤ 2, dim Kγ/RKγ ≤ 1.

Also, dim Kγ/RKγ = 1 if and only if dim K−γ/RK−γ = 1.

Proof. For 0 6= γ ∈ Γ set nγ := dim Kγ/RKγ. Choose α ∈ Γ so that nα is maximal.
Since Lp is semisimple, there is some γ ∈ Γ such that γ 6∈ GF (p)α. Then by Schue’s
Lemma we have

H ⊂
∑

γ∈Γ, γ 6∈GF (p)α

[Aγ , A−γ ] ⊂ L(1)
p ∩CA(T ) ⊂ CL(T ) = H.

Since H acts triangulably on L, α is linear on H (and α(H) 6= 0 due to Lemma 2.9),
and hence there exists β ∈ Γ, β 6∈ GF (p)α, such that α([Aβ , A−β ]) 6= 0. Set
W := (

∑
i∈GF (p) Aβ+iα)/(

∑
i∈GF (p) M

α
β+iα). As in [3], we conclude that dim W ≤

p (6 + nα).
There exists t ∈ T such that α(t) = 1, β(t) = 0. Set B′ = ker α+ I+

∑
i6=0 Kiα,

and B the p-envelope of B′ in Lp. Set e = adB t. Proposition 5.5.1 applies and
yields in combination with the arguments given in [3] that

∑
i6=0 niα ≤ 2. The rest

of the proof in [3, (5.5.2)] remains unchanged.

Corollary 5.5.3. Under the assumption of “Setting 1” the following is true:

dim Aγ/Rγ ≤



1 if γ is solvable,
2 if γ is classical,
3 if γ is Witt,
5 if γ is Hamiltonian proper,
7 if γ is Hamiltonian improper,
5 if γ is Block.

Proof. The assertion follows from the completed versions of Lemma 5.3.4, Lemma
5.4.2 and Proposition 5.5.2.

5.6. Under the assumption of “Setting 1” there is only one additional remark
to make, namely that every Block root α is proper (cf. Lemma 5.3.4), and that
Ψα(T ) = F (x∂1 − y∂2) is contained in the compositionally classical subalgebra of
codimension 2 in A[α].

5.7. Under the assumption of “Setting 1” one has to make the obvious change
in Lemma 5.7.1.(a), namely

(a) ... Furthermore, if |ΓK ∩ Zγ| = 4 then γ is Hamiltonian or Block, ...
The proofs of Lemmas 5.7.2 - 5.7.6 only refer to Lemma 5.7.1 and hence remain

valid.
5.8. Only some particular Cartan type Lie algebras are investigated in this

section.
Section 6 is the first section where we switch tori. This is now the place where

we have to specify the algebras even more. It is our goal to prove that the Lie
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algebras L under consideration are of Cartan type. According to Theorem 2.4 we
therefore may impose an additional assumption.

Setting 2:

(a) L denotes a simple Lie algebra satisfying (A; 3), and Lp is a semisimple p-
envelope of L.

(b) Every maximal 2-dimensional torus U ⊂ Lp has the property that CL(U) is a
CSA of L and U is contained in the p-envelope of CL(U) in Lp.

(c) T denotes a fixed maximal torus of dimension 2, H := CL(T ), and H̃ is the
p-envelope of H in Lp.

(d) A := L+ H̃ .

Note that this “Setting 2” covers all previous assumptions. Therefore the results
of section 5 apply here. When going through section 6 of [3] we assume that A
satisfies the “Setting 2”.

Let A0 be a maximal subalgebra of A containing H̃ . Choose a subspace A−1 ⊃
A0 which is stable under ad A0, and define inductively

Ai+1 := {x ∈ Ai | [A−1, x] ⊂ Ai} if i ≥ 0,

A−i−1 := A−i + [A−1, A−i] if i < 0.

We call this the standard filtration of A with respect to A0, A−1. Let G :=⊕
Ai/Ai+1 denote the associated graded Lie algebra.
Lemma 6.1.1 remains valid, if in (c) we replace the word “non-Hamiltonian” by

“non-Hamiltonian and non-Block”.
Unlike in [3], we say in the case under consideration that a 2-dimensional maxi-

mal torus T ′ is an optimal torus, if for every 2-dimensional maximal torus U we
have

n (A, T ′) ≥ n (A,U).

Lemma 6.2.2, Corollary 6.2.3, Lemma 6.3.2 (and their proofs) remain completely
unchanged, while in Lemma 6.3.3 one has to replace the word “non-Hamiltonian”
by “non-Hamiltonian and non-Block”. In Lemma 6.4.1 and Corollary 6.4.2 the
root α is assumed to be nonproper, and hence is non-Block. Everything (including
the proofs) remains unchanged. Again, in the proof of Lemma 6.4.3 one just has
to replace “Hamiltonian” by “Hamiltonian or Block”, while in Lemma 6.4.4 the
root α is assumed to be nonproper. These two lemmas then remain true without
changes.

As a result, section 6 of [3] remains valid if one replaces the assumptions on A and
T there by “Setting 2” and if one makes the obvious changes in the assertions. One
should keep in mind that we are mainly interested in maximal tori of dimension 2.
This leads to a change in the notion of a proper root, namely, all solvable, classical,
Block roots are proper, and a Witt or Hamiltonian root γ is proper if and only if
Aiγ = Riγ for some i 6= 0. Let ΓP be the set of proper roots. Correspondingly, the
definition of an optimal torus is slightly changed.

3. The case radG0 6= (0)

We continue to assume that A fulfils “Setting 2”. We also assume that T is
an optimal torus. Let A0 be a maximal subalgebra of A containing R(A) (i.e., a
“distinguished maximal subalgebra” in the sense of [3]) and

A = A−k ⊃ · · · ⊃ A−1 ⊃ A0 ⊃ A1 ⊃ . . .
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the standard filtration constructed by means of A0 and an irreducible A0-module
A−1/A0. Let G =

∑
i≥−k Gi denote the associated graded algebra. Then T can be

identified with its image in G0.
Throughout this section we assume

rad G0 6= (0),

and work through section 7 of [3]. Lemmas 7.2.7, 7.3.1 and 7.3.3 and their proofs
remain valid in our case, Lemma 7.3.2 and its proof remains valid, if one replaces
the word “non-Hamiltonian” by “non-Hamiltonian and non-Block”. Recalling
that every Block root is proper, we observe that Lemma 7.5.2 and its proof need
no changes.

Proposition 3.1. G0 is one of the following:

1) sl(2)⊕ C(G0);
2) W (1; 1)⊕ C(G0);
3) sl(2)⊕H, the 6-dimensional split extension of sl(2) by a 3-dimensional Heisen-

berg algebra H;
4) W (1; 1) ⊕ A(1; 1), the split extension of W (1; 1) by the restricted W (1; 1)-

module A(1; 1) with zero multiplication;
5) sl(2)⊕A(1; 1), the split extension of sl(2) by the restricted sl(2)-module A(1; 1)

with zero multiplication, where sl(2) is considered as a subalgebra of W (1; 1).

In any case, (0) 6= C(G0) ⊂ T .

Proof. As H̃ = CA(T ) is a triangulable CSA which is contained in R(A) ⊂ A0, it
follows that H := CG0(T ) is a triangulable CSA of G0. Since G0 = A0/A1, we have

TR(H,G0) ≤ TR(H̃, A) = 2.
Suppose that TR(H,G0) = 2. Then there are 2 independent roots α, β with

respect to T on G0. Since radG0 6= (0), there is a nonzero abelian ideal J of
G0. Consider any root vector x ∈ Jµ. Then (adx)p(G0) ⊂ J (1) = (0), and hence
α(x) = β(x) = 0. Since α, β span the root lattice on G, this implies that J acts
nilpotently not only on G0 but on G and hence annihilates G−1. By construction
of the graded algebra G, however, G0 contains no nonzero ideal with this property.
Hence TR(H,G0) = 1, and consequently T ∩ radG0 = Fz 6= (0) is contained in the
center of G0.

As G−1 is an irreducible G0-module, z acts on G−1 as a multiple of the identity.
Therefore G−1 decomposes into root spaces G−1 =

⊕
i∈GF (p) G−1,δ+iα for suitable

roots α, δ, and hence there are at most p roots on G−1. We obtain by Lemma 6.3.3

dim G−1 ≤ 7p < p2 − 3p.

Thus “Assumption B” of [13, p. 704] is fulfilled for G0 and ρ : G0 → gl (G−1).
According to the Corollary of [13, (III.1)] one of the following is true:

a) G0/Fz has a unique minimal ideal S(G0)/Fz, which is a simple algebra,
b) G0 is the 6-dimensional split extension of sl(2) by a 3-dimensional Heisenberg

algebra,
c) G0 has an abelian ideal I 6⊂ C(G0).

To investigate case a) we observe that, as T ∩ C(G0) 6= (0), G0 = G0(α) is a
1-section. Then it is the quotient of A0 ∩ A(α) by a solvable ideal. Thus G0

is the homomorphic image of a subalgebra of a 1-section. Theorem 2.2 implies
that S(G0)/Fz has to be a quotient of a subalgebra of sl(2),W (1; 1), H(2; 1)(2) or
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H(2; 1; Φ (τ))(1). [13, (III.4)] then shows that G0 is of type (1) or (2) of this proposi-
tion or that G0 contains an ideal S such that S/Fz ∈ {H(2; 1)(2), H(2; 1; Φ (τ))(1)}.
Lemma 7.2.7 of [3] in combination with Lemma 6.3.3 excludes the case S/Fz ∼=
H(2; 1)(2), while in the case S/Fz ∼= H(2; 1; Φ (τ))(1) Lemma 2.6 yields the contra-
diction dim G−1 ≥ p2 − 1.

We now consider case c). Suppose G0 is solvable. Then A0 is solvable as well.
Let Q be a maximal subalgebra of L containing A0 ∩L. Since H ⊂ A0 ∩L ⊂ Q, we
have that Q is invariant under H̃ (which is the p-envelope of H in Lp). Hence Q+H̃

is a subalgebra of A, and as A = L + H̃ , one has A0 ⊂ Q + H̃ . The assumption
Q + H̃ = A leads to the contradiction L = Q + H̃ ∩ L = Q + H = Q. Then the
maximality of A0 proves that A0 = Q + H̃. Consequently Q would be solvable.
Thus [9, 24] show that L ∈ {sl(2),W (1;n)}. None of these algebras satisfies (A; 3)
([14]). Thus G0 cannot be solvable. Theorem III.3 of [13] now shows that G0 is as
in 4) or 5).

In all cases the center of G0 is at most 1-dimensional. We have already mentioned
above that dim T ∩ C(G0) = 1. Then (0) 6= C(G0) ⊂ T .

Lemma 3.2. 1) There is a subalgebra K ∈ {sl(2),W (1; 1)} of G0 such that G0 is
the semidirect sum

G0 = K ⊕ radG0,

and

T = (T ∩K)⊕ C(G0).

2) CG0(T ) = T .

Proof. In cases 1) and 2) of Proposition 3.1 we haveG0 = G
(1)
0 ⊕C(G0), C(G0) ⊂ T ,

G
(1)
0

∼= sl(2),W (1; 1). The assertions follow immediately from this.
Case 3): Choose a canonical basis (e, f, h) for the subalgebra isomorphic to sl(2).

Let π : G0 → G0/H ∼= sl(2) denote the canonical homomorphism. If [T,H] = (0)

then H̃ would contain as a subalgebra the inverse image of H, and this subalgebra
acts nontriangulably on L, a contradiction. Therefore π(T ) acts nontrivially on
H/C(G0). Consequently, H/C(G0) is a 2-dimensional nontrivial sl(2)-module,

H = G0,1 ⊕G0,−1 ⊕ C(G0)

and therefore adG0 h has eigenvalues ±2,±1, 0. Since p > 7 and the extension
G0 = sl(2) ⊕ H splits, every x ∈ ⋃i6=0 G0,i satisfies (adG0 x)

3 = 0. Therefore

exp (adx) is an automorphism of G0. Recall that π(T ) 6= (0). It is now easy to see
that there are xj ∈

⋃
i6=0 G0,i such that

∏
j exp (adxj)(T ) = Fh ⊕ C(G0). This

proves the first claim. The second claim is an immediate consequence.
Cases 4) and 5): Note that in these casesG0 isW (1; 1)⊕A(1; 1) or a homogeneous

subalgebra of this. Let t ∈ T \ C(G0) have the property that (adG t)p = adG t.
Write

t = t′ + f, t′ ∈ G0 ∩W (1; 1), f ∈ A(1; 1).

Then by Jacobson’s identity

adG t = (adG t)p = (adG t′)p + adG ((ad t′)p−1(f)) + (adG f)p.(∗)
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As a consequence,

(ad t′ − (ad t′)p)(G0 ∩W (1; 1)) ⊂ G0 ∩W (1; 1) ∩ A(1; 1) = (0),

(ad t′ − (ad t′)p)(A(1; 1)) ⊂ [A(1; 1), A(1; 1)] = (0),

(ad f)p(G0) ⊂ [A(1; 1), A(1; 1)] = (0).

Since G−1 is an irreducible G0-module, we conclude that

adG−1 t
′ − (adG−1 t

′)p, (adG−1 f)p ∈ F IdG−1 .

Also F 1 ⊂ A(1; 1) acts nontrivially on G−1 and centralizes G0. Thus adG−1 F 1 =
F IdG−1 . Hence there is s ∈ F such that

adG−1 t
′ − (adG−1 t

′)p − (adG−1 f)p = adG−1 s 1.

We now conclude from (∗) that

adG−1

(
f − (ad t′)p−1(f) + s 1

)
= adG−1

(
f − (ad t′)p−1(f) + t′

)
−
(

adG−1 t
′
)p
−
(

adG−1 f
)p

= 0.

As adG−1

(
f − (ad t′)p−1(f) + s 1

)
∈ A(1; 1) ⊂ G0 and G−1 is a faithful G0-

module, we obtain f = (ad t′)p−1(f) − s 1. Set g := (ad t′)p−2(f) ∈ A(1; 1). Then
exp (adG0 g) is an inner automorphism of G0, and

exp (adG0 g)(t) = t+ [g, t] = t− [t′, g] ≡ t− f = t′ mod (F 1).

This proves the first claim. The second claim is an immediate consequence.

In the notation of [3] the result 2) means that I(G0) = (0), or equivalently,

I(H̃) ⊂ A1. This proves the analogue of Corollary 7.2.8 of [3].
We fix z ∈ C(G0) such that adG−1 z = − IdG−1 . Define γ, δ ∈ T ∗ by

γ(z) = 0, γ(T ∩K) 6= 0,

δ(z) = −1, δ(T ∩K) = 0.

Set Γi := {µ ∈ Γ ∪ {0} | Gi,µ 6= (0)} and mi(µ) := dimGi,µ. Note that

Γi ⊂ −iδ +GF (p)γ for all i.

We will now determine T and G−1 to some extent. In the following proposition
we will use the notation of 3.1 and 3.2. Recall that G−1 is a faithful irreducible
G0-module of dimension < p2 − 3p.

Proposition 3.3. 1) The ideal of G0 generated by T is G0.
2) T is mapped under an automorphism of G0 in the respective cases of Propo-

sition 3.1 onto
F x∂ ⊕ Fz in cases 2 and 4 ,

F x∂ ⊕ Fz or F (1 + x)∂ ⊕ Fz in case 5.

3) In case 2 of Proposition 3.1 the following are true:

(a) G0 has a subalgebra Q such that
(i) T ⊂ Q,
(ii) dim G0/Q = 1,
(iii) Q(1) acts nilpotently on G,
(iv) there is a root vector w ∈ G−1 with [Q,w] ⊂ Fw.

(b) (i) dim G−1 = p− 1 or p, m−1(µ) = 1 ∀ µ ∈ Γ−1,
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(ii) If dim G−1 = p− 1 then Γ−1 = δ +GF (p)∗ γ,
If dim G−1 = p then Γ−1 = δ +GF (p)γ.

In case 3 of Proposition 3.1 the following is true:

Γ−i = iδ +GF (p)γ and m−i(iδ + jγ) = m−i(iδ)

for all j ∈ GF (p) and i 6≡ 0 mod (p).

In case 4 of Proposition 3.1 the following are true:

(a) [G0 ∩W (1; 1)(0), A(1; 1)] acts nilpotently on G.
(b) G0 has a subalgebra Q such that

(i) T ⊂ Q,
(ii) dim G0/Q = 1,
(iii) Q(1) acts nilpotently on G,
(iv) there is a root vector w ∈ G−1 with [Q,w] ⊂ Fw.

(c) dim G−1 = p and m−i(iδ + jγ) = m−i(iδ), for all j ∈ GF (p) and i 6≡
0 mod (p).

In case 5 of Proposition 3.1 the following are true:

(a) G0 = F x2∂ ⊕ F x∂ ⊕ F∂ ⊕A(1; 1).
(b) [G0 ∩W (1; 1)(0), A(1; 1)] acts nilpotently on G.
(c) If T = F x∂ ⊕ Fz then G0 has a subalgebra Q such that

(i) T ⊂ Q,
(ii) dim G0/Q = 1,
(iii) Q(1) acts nilpotently on G,
(iv) there is a root vector w ∈ G−1 with [Q,w] ⊂ Fw.

(d) If T = F (1 + x)∂ ⊕ Fz, then every eigenvector in A(1; 1) acts invertibly on
G−1.

(e) dim G−1 = p, m−i(iδ + jγ) = m−i(iδ) for all j ∈ GF (p) and i 6≡ 0 mod (p).

Proof. (1) Let J be the ideal ofG0 generated by T . In all casesG0/ radG0 is simple,
and T 6⊂ radG0. Thus G0 = J + radG0. The result follows from Proposition 3.1
and a case-by-case analysis of the ideal structure.

(2) Decompose according to Lemma 3.2:

G0 = K ⊕ rad G0, T = (T ∩K)⊕ Fz.

Due to Lemma 7.5.2(a), γ is a proper root of G. Therefore, in cases 2) and 4)
T ∩ K is conjugate by an inner automorphism to Fx∂. In case 5) we choose a
generator x of A(1; 1) such that x or (1 + x) is an eigenvector with respect to
K ∩ T . Correspondingly, T ∩K coincides with Fx∂ or with F (1 + x)∂.

(3) Case 2): For a description of the irreducible W (1; 1)-modules we refer to [5].
They have dimension p−1 or pk (k > 0). Thus in our case dim G−1 = p−1 or = p.
These modules have the property that W (1; 1)(0) has a common eigenvector and
W (1; 1)(1) acts nilpotently. Set Q := W (1; 1)(0) + Fz. Then T = Fx∂ + Fz ⊂ Q.

Thus (a)(i), (a)(ii), (a)(iv) are satisfied. Since Q(1) ⊂ W (1; 1)(1) acts nilpotently

on G−1 +G0, we have λ(Q
(1)
µ ) = 0 for all λ, µ ∈ Γ. Then Q(1) acts nilpotently on

G.
If dim G−1 = p then G−1 is induced by a 1-dimensional subrepresentation of

W (1; 1)(0). Then all roots δ + iγ occur with multiplicity 1. If dim G−1 = p − 1
then G−1

∼= A(1; 1)/F is the quotient of the p-dimensional module A(1; 1) by the
1-dimensional submodule F . Then all roots δ + iγ, except for one, say i0, occur,
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each with multiplicity 1. Here δ + i0γ is the weight corresponding to the weight
space F . Thus it is the 0 weight. Hence 0 = (δ + i0γ)(T ∩K) = i0γ(T ∩K), i.e.,
i0 = 0.

Case 3): Choose a canonical basis (e, h, f) for K such that T ∩K = Fh. There
is a basis (x, y, z) of the Heisenberg algebra H such that x, y are eigenvectors with

respect to T , x ∈ G0,`γ , y ∈ G0,−`γ . Note that ` 6= 0, since otherwise H̃ would
not act triangulably. If i 6≡ 0 mod (p) then z acts on G−i as −i Id 6= 0. Now every
irreducible factor of a composition series of G−i as a H-module is induced by a
1-dimensional subrepresentation of Fx+ Fz, and hence every root occurs in every
composition factor with multiplicity 1.

Cases 4), 5): It has been proved in [13, (III.2), p. 705] that dim G−1 = p and
that [G0 ∩W (1; 1)(0), A(1; 1)] acts nilpotently on G−1.

In case 4) setQ := W (1; 1)(0)+A(1; 1). Then T = Fx∂+Fz ⊂ Q, dim G0/Q = 1.

As W (1; 1)(1) acts nilpotently on G−1 +G0, so does Q(1). As in case 2), this implies

that Q(1) acts nilpotently on G. Clearly, as Q(1) acts nilpotently on G−1, there is a
common eigenvector for Q. To prove the assertions on the multiplicities we observe
that G0 contains the Heisenberg algebra F∂ ⊕ Fx⊕ F1. The remaining part (c) is
now proved similarly to the analoguous assertion of case 3).

We now consider case 5). The only subalgebra isomorphic to sl(2) containing
Fx∂ is Fx2∂ + Fx∂ + F∂. Now suppose that T = F (1 + x)∂ ⊕ Fz. Then there
is k ∈ N such that G0 = F (1 + x)k+1∂ ⊕ F (1 + x)∂ ⊕ F (1 + x)p−k+1∂ ⊕ A(1; 1).
We then adjust the generating element x of A(1; 1): Set y := (1 + x)p−k − 1. Then
((1+x)∂)(1+ y) = −k(1+x)p−k, whence (1+x)∂ = −k(1+ y)d/dy, (1+x)k+1∂ =
−kd/dy, (1 + x)p−k+1∂ = −k(1 + y)2d/dy. Hence

G0 = Fd/dy ⊕ F (1 + y)d/dy ⊕ F (1 + y)2d/dy.

As the mapping yi 7→ xi defines an automorphism of W (1; 1) +A(1; 1), this proves
(a).

If T = Fx∂ + Fz, then we proceed as in case 4) to prove (c).
Suppose T = F (1 + x)∂ + Fz. The eigenspaces in A(1; 1) are of the form

F (1 + x)k, 0 ≤ k ≤ p − 1. Since x∂ ∈ G0 ∩W (1; 1)(0), part (b) shows that (for

k 6= 0) xk ∈ [G0 ∩W (1; 1)(0), A(1; 1)] acts nilpotently on G−1. Then (1 + x)k acts
invertibly.

To prove (e) we consider the T -invariant Heisenberg algebra F∂ ⊕ Fx ⊕ F1 or
F∂ ⊕ F (1 + x)⊕ F1, respectively, and proceed as in case 3).

Corollary 3.4. A2 6= (0).

Proof. Assume A2 = (0). Theorem 2.7 yields the estimate

p3 − p ≤ dim L ≤ dim A1 + dim G0 + dim A/A0.

By assumption A1 embeds injectively into Hom(G−1, G0); thus

dim A1 ≤ (dim G−1)(dim G0).

According to (6.3.2) and (6.3.3) of [3], A/A0 has at most p2 − p + 6 roots, each
of multiplicity at most 7. Thus

p3 − p ≤ (dim G−1)(dim G0) + dim G0 + 7 (p2 − p+ 6),

dim G−1 ≤ 7p.
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We now check the possibilities of Proposition 3.1. In case 1) we obtain the contra-
diction (as p > 7)

p3 − p ≤ 28p+ 4 + 7 (p2 − p+ 6) = (7p2 + 22p+ 46)− p < 10p2 − p.

Case 3) is treated similarly.
To treat cases 2), 4) and 5) we observe that dim G−1 ≤ p in these cases (see

Proposition 3.3). Thus we obtain the contradiction

p3 − p ≤ p(2p) + 2p+ 7 (p2 − p+ 6) ≤ 10p2 − 5p.

Recall that M(G) is the maximal ideal of G contained in
∑

i≤−2 Gi. This is a

homogeneous ideal. Hence G/M(G) is a graded algebra, and

(G/M(G))i ∼= Gi for i ≥ −1.

Recall that ΓP denotes the set of proper roots. For the definition of ΓE and ΓR see
[3, (5.6.5), (5.6.7)].

Proposition 3.5. 1) G/M(G) contains a unique minimal ideal S. S is a simple
graded subalgebra of G/M(G) satisfying

Si = (G/M(G))i for i ≤ −1.

2) If ΓP (A, T ) ⊂ GF (p)γ, then S0
∼= G0.

3) G1 6= (0), and G0 acts faithfully on G1.

Proof. (1) According to Corollary 3.4 we have A2 6= (0), and hence (G/M(G))2 6=
(0). Due to [23] G/M(G) contains a unique minimal ideal V , which is graded
by the grading of G/M(G). Moreover, by [23] (G/M(G))−1 = V−1, and hence
V1 ⊃ [(G/M(G))2, V−1] 6= (0). Therefore we are in the nondegenerate case of [23].
There is a simple graded algebra S and m ≥ 0 such that

Si ⊗A(m; 1) = Vi = V ∩ (G/M(G))i ∀ i,
and

Vi = (G/M(G))i for i ≤ −1.

Suppose that m ≥ 1. Then G0 contains an ideal isomorphic to V0 = S0 ⊗A(m; 1).
The application of Proposition 3.1 in combination with a dimension argument yields
first, that m = 1 and dim S0 ≤ 2, and then that V0 is solvable of dimension
≥ p. This can only happen in cases 4) and 5) with m = 1, dim S0 = 1. From
Proposition 3.3 we conclude that dim G−1 = p. Then dim S−1 = 1, whence

[S−1 ⊗A(1; 1), S−1 ⊗A(1; 1)] = [S−1, S−1]⊗A(1; 1) = (0).

Hence
(
(G/M(G))−1

)(1)

= (0). As G−1 by definition generates
∑

i<0 Gi, we

obtain G−2 ⊂M(G).
As
∑

i6=0 Vi + [V−1, (G/M(G))1] is an ideal of G/M(G) and V is minimal, we
have

[V−1, (G/M(G))1] = V0
∼= A(1; 1).

In particular, there is a root τ ∈ Γ−1 such that F 1 = [V−1,τ , (G/M(G))1,−τ ].
Then we have τ([G−1,τ , G1,−τ ]) 6= (0). According to Lemma 7.5.2 this forces τ ∈
ΓP (A, T ). Lemma 6.1.1(c) shows that |Γ− ∩GF (p)τ | ≤ 6. Due to Proposition 3.3
we have G−i = (0) or iτ ∈ Γ−i for every i satisfying 0 < i < p. Thus G−7 = (0).
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Suppose that A = A−1. Then Lemma 7.3.1 shows that [G−1, G1] = G0, con-
tradicting the fact that [V−1, (G/M(G))1] ⊂ V0 6= (G/M(G))0 in the present cases.
Thus A 6= A−1. Then the proof of Lemma 7.6.1(1) (which works in our case with-
out changes) yields that Gp−1 6= (0), while we have shown above that G−7 = (0).
This contradiction proves the assertion.

(2) If T ⊂ S0, then Proposition 3.3(1) yields the assertion. Thus, assume T 6⊂ S0.
Since S is simple, we have [S−1, S1] = S0 ([21, (3.3.6)]). Choose τ ∈ Γ−1 such that
[S−1,τ , S1,−τ ] 6= (0). Due to the present assumption Lemma 7.5.2 shows that

(0) 6= T ∩ S0 = [S−1,τ , S1,−τ ] = ker τ.

Hence M :=
∑

i∈GF (p) Siτ is a nilpotent subalgebra of S which is selfnormalizing,

as µ(T ∩ S0) 6= (0) for all µ 6∈ GF (p)τ . Thus M is a CSA of S which acts
nontriangulably on S. As S is simple, this cannot happen.

(3) As A2 6= (0) we have G1 6= (0). Set J := {x ∈ G0 | [x,G1] = (0)} and
suppose J 6= (0). Then, as z acts invertibly on G1, z 6∈ J . As J 6= (0) is an ideal of
G0, G0 is necessarily of case 1) or 2) in Proposition 3.1 and J = K is isomorphic
to sl(2) or W (1; 1) in the respective cases. Since K annihilates G1, we conclude
that G1 ⊂ G−δ. According to the first part of this proposition there is an ideal S
of G/M(G), which is simple as an algebra. The above yields

S1 ⊂ S−δ, S0 = [S−1, S1].

Since S1 is a trivial K-module, S0 is the sum of copies of the irreducible K-module
(G/M(G))−1 = S−1. In the present cases this is only possible if S0 = K. But then
δ(T ∩S0) = 0. Consequently

∑
i∈GF (p) Siδ is a CSA of S which is not triangulable.

This contradiction shows J = (0).

Lemma 7.4.1 is improved:

Lemma 3.6. Suppose that G−i+1 6= (0), G−i = (0) for some i, 2 ≤ i ≤ p+1
2 . Then

1) M(G) = (0),
2) |Γ−i+1| ≤ 4,
3) G0 = sl(2)⊕ Fz.

The proof is done in steps.
(1) Claim: Let λ ∈ Γ−j , j > 0, and 0 6= w ∈ G−j,λ. Then there is w′ ∈ Gj,−λ

such that [w,w′] 6= 0.

Proof. Let c ∈ A−j,λ satisfy w = c+ A−j+1. As c 6∈ A0 and A0 is a distinguished
maximal subalgebra, we have c 6∈ Rλ, and hence there exists d ∈ A−λ with [c, d] 6∈ I.
Note that λ is of the form λ = jδ + kγ. Therefore −λ = −jδ − kγ ∈ ⋃` Γ`,

where ` ≡ j mod (p). As G p+1
2

= (0) and hence 0 < j < p+1
2 , we obtain that

d ∈ ⋃`≡j, `>0 A` = Aj ⊂ A0. As [c, d] acts non-nilpotently, we have d 6∈ Aj+1. Put

w′ := d+Aj+1.

If M(G) 6= (0) then we have M(G) ∩ G−i+1 6= (0). The preceding step shows
that this is impossible. Thus M(G) = (0).

(2) Claim: Let λ ∈ Γ−j , j > 0, and 0 6= w ∈ G−j,λ. Then for all but at
most 1 + |Γ−2j | roots τ ∈ Γ−j we have G−j,τ ⊂ [w,G0]. Consequently, |Γ−j | ≤
1 + |Γ−2j |+ |Γ0|.
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Proof. Choose w′ ∈ Gj,−λ according to step (1). For any τ ∈ Γ−j with τ([w,w′]) 6=
0 and every e ∈ G−j,τ we have

e ∈ F [[w,w′], e] ⊂ F [w, [w′, e]] + F [w′, [w, e]] ⊂ [w,G0] + F [w′, [w, e]].

Now let τ ∈ Γ−j be a root with τ([w,w′]) = 0. Put τ =: −jδ+ lγ. If γ([w,w′]) = 0
then δ([w,w′]) = 0 and [w,w′] = 0, contradicting the choice of w′. Thus γ([w,w′)] 6=
0, and hence there is at most one root τ with this property. Thus the only possible
exceptions are those τ for which τ([w,w′]) = 0 or τ + λ ∈ Γ−2j . Clearly, [w,G0] ⊂∑

µ∈Γ0
G−j,µ+λ.

We now prove the lemma:
If G0 is as in case 1) of Proposition 3.1 then set j = i − 1, whence 2j > i − 1,

i.e., Γ−2j = ∅. Step (2) yields |Γ−i+1| ≤ 1 + |Γ0| ≤ 4.
In cases 2) and 4) of Proposition 3.1 the subalgebra Q mentioned in Proposi-

tion 3.3 contains T and has a common eigenvector w in every G−j . Set j = i − 1.
Then G−i+1,τ ⊂ [w,G0] + G−i+1,τ0 for suitable τ0. Set G0 = Q + F ∂ to ob-
tain [w,G0] = [w,Q] + F [w, ∂], and hence [w,G0] carries only 2 roots. Thus
|Γ−i+1| ≤ 3 < p − 1. Since G−1 is a faithful irreducible G0-module, it has at
least p − 1 roots. Thus i ≥ 3. Next set j = i − 2 and observe that 2j ≥ i − 1.
Thus we obtain similarly |Γ−i+2| ≤ 3 < p−1. In the present cases this implies that

G−i+1 and G−i+2 are trivial as G
(1)
0 -modules. Then, however, the trivial module

G−i+1 is as a quotient of G−1 ⊗ G−i+2 isomorphic to a sum of copies of G−1 as

G
(1)
0 -modules. This is only possible if G−i+1 = (0), a contradiction.
In case 3) we choose an arbitrary root vector w and obtain as in case 1) that

|Γ−i+1| ≤ 1 + |Γ0| ≤ 6 < p, contradicting Proposition 3.3.
Thus suppose that G0 is as in case 5) of Proposition 3.1. As M(G) = (0),

Proposition 3.5 yields the existence a simple Lie algebra S, which is an ideal of
G, such that Si = Gi for i < 0. Lemma 7.3.1 shows that S0 = [S−1, G1] =
[G−1, G1] = G0. The simplicity of S implies that S−i+1 is an irreducible S0-module
([21, (3.3.5)]). Set Q := Fx2∂ + Fx∂ + A(1; 1) and recall (Proposition 3.3) that
Q(1) acts nilpotently on G−1, hence nilpotently on

∑
i<0 Gi. Let w ∈ G−i+1 be an

eigenvector with respect to Q. We have, as [w,G−j ] = (0) for j > 0,

[(adG1)
i−1(w), G−i+1] ⊂

i−1∑
j=0

(adG1)
j([w, (adG1)

i−1−j(G−i+1)])

⊂
i−1∑
j=0

(adG1)
j([w,G−j ]) ⊂ [w,G0] ⊂ F w + F [∂, w].

On the other hand, G−i+1 is an irreducible G0-module [21, (3.3.5)], and as z ∈
A(1; 1) acts as (−i + 1) Id 6= 0 then {(ad∂)k(w), k = 0, . . . , p − 1} is a linearly
independent set. We proved above that this set is mapped under (adG1)

i−1 (w) ⊂
G0 into F w+F [∂, w]. In the present case 5) this is only possible if (adG1)

i−1 (w) ⊂
A(1; 1). Since the space on the right hand side is invariant under G0 and G−i+1 =
S−i+1 is G0-irreducible, this implies

(adG1)
i−1 (G−i+1) ⊂ A(1; 1).

Next set U−1 := (adG1)
i−2(G−i+1) ⊂ G−1. Then the above deliberations show

that[U−1, G1] ⊂ A(1; 1) 6= G0. According to an earlier remark this yields U−1 6=
G−1. As G−1 is G0-irreducible, we conclude that U−1 = (0).
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Choose root vectors u ∈ G−1,λ, u
′ ∈ G1,−λ such that γ([u, u′]) 6= 0 (which is

possible since [G−1, G1] = G0) and set

M := F u⊕ F u′ ⊕ F [u, u′].

If λ([u, u′]) = 0, then M is a Heisenberg algebra. Since Γ−i+1 = (i− 1)δ+GF (p)γ,
there is a root µ ∈ Γ−i+1 with µ([u, u′]) 6= 0. The representation theory of the
Heisenberg algebra shows that

(ad u′)p−1(G−i+1,µ) 6= (0),

which contradicts the preceding result.
Thus M ∼= sl(2). Adjust u, u′ so that[

[u, u′], u
]

= 2u,
[
[u, u′], u′

]
= −2u′.

By construction, γ ([u, u′]) 6= 0. Thus [u, u′] has p different eigenvalues on G−i+1.
The representation theory of sl(2) shows that (adu′)p−1(G−i+1) 6= (0). This con-
tradiction settles case 5) of Proposition 3.1. 2

We will now prove an analogue of Lemma 7.6.1 of [3].

Lemma 7.6.1 (revisited). There are i < 0, i 6≡ 0 mod (p), and j ∈ GF (p) such
that

mi(−iδ) 6= mi(−iδ + jγ).

Proof. Suppose on the contrary that

mi(−iδ) = mi(−iδ + jγ) ∀ i 6≡ 0, ∀ j ∈ GF (p).

The preceding lemma shows that G− p+1
2

6= (0). Thus GF (p)∗τ ⊂ ΓR for every

τ 6∈ GF (p)γ, hence τ 6∈ ΓP . We obtain

γ ∈ ΓP ⊂ GF (p)γ.

Proposition 3.5(2) then applies and shows that G/M(G) has a minimal ideal S,
which is simple in its own right and S0

∼= G0,

S �G/M(G), Si = (G/M(G))i for i < 0, S0
∼= G0.(∗)

The simplicity of S enforces [S−1, S1] = S0
∼= G0, and hence T is naturally em-

bedded in [S−1, S1]. Choose η ∈ Γ−1, such that γ([S−1,η, S1,−η]) 6= 0. Since
η 6∈ GF (p)γ is improper, then Lemma 7.5.2(b) shows that η([S−1,η, S1,−η]) = 0.
Thus there are x ∈ S−1,η, y ∈ S1,−η such that

γ([x, y]) = 1, η([x, y]) = 0.

Observe that H := Fx⊕ Fy ⊕ F [x, y] is a Heisenberg algebra.
Next suppose that G−p−1 6= (0). Then, according to the present assumption,

G−p−1,η+jγ 6= (0) for 1 ≤ j ≤ p − 1. Since (η + jγ)([x, y]) = jγ([x, y]) 6= 0 for
j 6= 0, the representation theory of the Heisenberg algebra yields that the H-module
generated by G−p−1,η+jγ must have nonzero intersection with G−p,jγ + G−2p,jγ .
So m−(jγ) 6= 0 for all j 6= 0. Since γ is proper this cannot happen. Consequently,

G−p−1 = (0).

An analogous argument yields the estimate

dim G−1,η+jγ ≤ dim G−p,jγ + dim G0,jγ .



CLASSIFICATION OF SIMPLE MODULAR LIE ALGEBRAS: VI. 2583

Since m−(jγ) 6= 0 only for at most 6 values of j, we have

dim G−p,j0γ = 0 for some j0 6= 0.

In the cases 1) and 2) of Proposition 3.1 we have dim G0,jγ ≤ 1 for all j 6= 0.
Consequently, dim G−1,η+j0γ ≤ 1. The general assumption of this lemma then
shows that

dim G−1,τ = 1 ∀ τ ∈ Γ−1

in these cases. For all other cases Proposition 3.3 yields the same equality. As
G−p−1 = (0) we have Aτ ⊂ A−1, and then the above implies

dim Aτ/A0 ∩ Aτ = 1 ∀ τ ∈ Γ−1.

Corollary 6.4.2(d) shows that all τ ∈ Γ−1 are non-Hamiltonian and non-Block,
and (7.5.2(c)) then gives us

Gτ = Kτ (G) ∀ τ ∈ Γ−1.

We are now going to apply earlier results to the simple algebra S. We have
Sτ = Kτ (S), and hence by definition RKτ (S) = Rτ (S) for τ ∈ Γ−1. Thus
[S−1,τ , S1,−τ ] 6= (0) implies τ ∈ ΓE(S, T ). As T is embedded in [S−1, S1], then
|Γ−1 ∩ ΓE(S, T )| ≥ 2. Note that (S, T ) fulfils “Setting 1”, and therefore Lemma
5.7.5 applies (although it is not clear whether or not T is a torus of maximal di-
mension in a semisimple p-envelope of S). As a consequence, ∆P (S, T ) 6= ∆ \ (0).
This result contradicts Lemma 7.5.2(a).

The proof of Lemma 7.7.1 works without changes. We even have simplifications,
since we may assume that G− p+1

2
6= (0) and we know already that G/M(G) has a

minimal ideal which is simple in its own right.
Thus in the case of this section we have

G0 = sl(2)⊕ Fz, G1 6= (0), G0 acts faithfully on G1.

A.A. Premet pointed out to me that in [3] presumably a wrong version of the
recognition theorem for graded algebras has been used. Namely, some restricted
Cartan type Lie algebras with the grading reverse to the standard grading satisfy
all the assumptions of the recognition theorem for graded algebras ([3, Theorem
1.2.1]). So the statement in the conclusion that the Cartan type Lie algebras have
standard grading seems to be incorrect.

The only proof which I know for the recognition theorem for filtered algebras
needs the assumption that the associated graded algebra (if it is of Cartan type)
carries the standard grading. In order to acchieve a complete proof of the classi-
fication it appearently is necessary not only in this note but also in [3] to ensure
that the gradings of the Cartan type Lie algebras are standard.

Let (e, f, h) denote an sl(2)-triple in G0, so that (e, f, h, z) is a basis of G0. Define
a p-mapping onG0 by e[p] = 0, h[p] = h, f [p] = 0, z[p] = z. The definition of z earlier
in this section yields adG−1(z

[p]) = adG−1(z) = adG−1(z)
p. With this definition G0

becomes a restricted Lie algebra which is the direct sum of the restricted ideals

G
(1)
0 and C(G0).
One defines G′ to be the algebra generated by

∑
i≤1 Gi, and N(G) := M(G′).

Clearly, N(G) is a nilpotent ideal of G′.

Lemma 3.7. Let A be as in section 7 of [3] or as in section 3 of this note. Then
the following are true.
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1) G0 acts restrictedly on G−1.
2) N(G) = (0).
3) G is classical or a Cartan type Lie algebra with standard grading.

Proof. (1) If A is as in section 7 of [3] then A is restricted, and hence G0 acts
restrictedly on G−1.

Suppose A is as in section 3 of this note. Let ρi : G0 → gl(Gi) denote the
representation of G0 on Gi given by the multiplication in G. Let χ denote the
character of the representation ρ−1, i.e., ρ−1(u)

p − ρ−1(u
[p]) = χ(u)p IdG−1 for all

u ∈ G0. Note that the G0-module G−i is, for i > 0, the homomorphic image of⊗i
G−1 (as G−i = [G−1, . . . [G−1, G−1] . . . ]) and hence every ρ−i has the character

iχ (although in general it is not irreducible). According to Lemma 7.6.1(revisited)
there are i < 0, i 6≡ 0 mod (p), and j ∈ GF (p) such that mi(−iδ) 6= mi(−iδ + jγ).
Then iχ |

G
(1)
0

= 0. As χ(z) = 0, this gives χ = 0. Therefore G−1 is a restricted

G0-module.
We now have proved all conditions, so Kac’ recognition theorem on graded Lie

algebras (cf. [3, (1.2.1)]) applies to Q := G′/N(G). Thus Q is isomorphic as a
graded algebra to some W (2;n), K(3;n), or H(2;n)(2) + F (x1D1 + x2D2) ⊂ Q ⊂
DerH(2;n)(2), or Q is classical. Here the grading of the Cartan type Lie algebras is
the standard or the reverse to the standard grading, while for the classical algebras
the grading is the standard grading defined by a set of simple roots.

Suppose first that Q is not classical. Then Q contains a graded subalgebra
Q̃ ∈ {W (2; 1), K(3; 1), H(2; 1)(2) +F (x1∂1 +x2∂2)} in such a way that Q−1 +Q0 +

Q1 ⊂ Q̃. The arguments in [3, p. 206] show that N(G)i/N(G)i+1 is a trivial module

for Q̃(1). Let V be the inverse image of Q̃(1) in G′. Then [V,N(G)i] ⊂ N(G)i+1 for
all i, and hence [ ⋂

n≥1

V (n), N(G)
]

= (0).

Note that G
(n)
0 = G

(1)
0

∼= sl(2) for all n > 1, and [G−1, G
(1)
0 ] = G−1. Also,

in the cases under consideration we have [Q̃
(1)
0 , Q̃1] = Q̃1. As G0 + G1 maps

under the homorphism G′ → G′/N(G) isomorphically onto Q̃0 + Q̃1, this means

[G
(1)
0 , G1] = G1. Then G−1, G1 ⊂

⋂
n≥1 V (n), and the above proves

[G−1, N(G)] = (0),
[
[G−1, G1], N(G)

]
= (0).

If Q̃ ∈ {W (2; 1), K(3; 1)}, then T ⊂ [G−1, G1]. Thus N(G) ⊂ CG(T ) ⊂ ∑i≥0Gi,

whence N(G) = (0).

Next suppose Q̃ ∼= H(2; 1)(2) + F (x1∂1 + x2∂2). Then [G−1, G1] = G
(1)
0 , and

there are independent roots α, β ∈ Γ−1, such that −α,−β ∈ Γ1, [G−1,α, G1,−α] =

T ∩G(1)
0 , [G−1,β, G1,−β ] = T ∩G(1)

0 , α(T ∩G(1)
0 ) 6= 0, β(T ∩G(1)

0 ) 6= 0. Lemma 7.5.2
implies that α, β are proper roots. Thus

∑
i<0 |Γi| ≤ p2−1− (2p−2)+12< p2−7.

Since T is mapped onto Fx1∂1 +Fx2∂2 under the mapping G′ → G′/N(G), it is

easy to check that all root spaces (except the 0-root space) of Q̃ are 1-dimensional
with respect to T . So if the grading of Q is the reverse of the standard grading,
then

∑
i<0 |Γi| ≥

∑
i<0 dim Q̃i = p2− 7. As this contradicts the previous estimate,

the grading of Q is the standard grading. Thus we have Q−2 = (0). This means
G−2 ⊂ N(G), whence G−3 = [G−1, G−2] ⊂ [G−1, N(G)] = (0). Therefore Lemma
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7.3.1 applies and yields [G−1, G1] = G0. But then T ⊂ G0 acts trivially on N(G),
which is only possible if N(G) ⊂∑i≥0 Gi. Consequently, N(G) = (0).

Suppose Q is classical. The arguments in [3] give the result.
(3) We now have proved that the recognition theorem for graded algebras applies

to G. Thus G is isomorphic as a graded algebra to some W (2;n), K(3;n), or
H(2;n)(2)+F (x1D1+x2D2) ⊂ G ⊂ DerH(2;n)(2) with the standard or the reverse
to the standard grading, or G is classical.

Suppose G is of Cartan type with the grading reverse to the standard grading.
Note that T is the 2-dimensional torus in G0 (which also in this grading is the
canonical 0-component of G). If G ∼= W (2;n), or G ∼= K(3;n), or H(2;n)(2) +
F (x1D1 + x2D2) ⊂ G ⊂ DerH(2;n)(2) with n 6= 1, then it is immediate that∑

i<0Gi carries more than p2 − p + 6 roots. If H(2; 1)(2) + F (x1D1 + x2D2) ⊂
G ⊂ DerH(2; 1)(2), then we derive the same conclusion by arguments given already
in (2). As this contradicts the choice of A0, the grading of G is the standard
grading.

The arguments given on page 227/228 of [3] now apply to A if A is as in case
(h) of Theorem 4.1.1 and if G satisfies (9.3.1) or (9.3.2). As to the Lie algebras
considered in this note, we are now able to prove that the case of this section will
not occur at all.

Theorem 3.8. Let L be simple satisfying (A; 3), and let Lp be a semisimple p-
envelope of L. Suppose that every maximal 2-dimensional torus U ⊂ Lp has the

property that CL(U) is a CSA of L and U is contained in the p-envelope C̃L(U) of
CL(U) in Lp.

Let T denote a maximal 2-dimensional torus having maximal number of proper
roots, and H := CL(T ). Put A := L + H̃, and let A0 denote a maximal subalgebra
of A which contains R(A). Then radA0 acts nilpotently on A.

Proof. Suppose that radA0 acts non-nilpotently on A. By assumption A fulfils
“Setting 2”. Moreover, T , A, A0 are as in the preceding deliberations. Consider the
associated graded algebra G. Since radA0 acts non-nilpotently, we have radA0 6⊂
A1, whence radG0 6= (0). Lemmas 7.6.1, 7.7.1, 3.7 prove that the assumptions
of the recognition theorem on filtered algebras are satisfied. Thus L is of classical
or Cartan type. No classical algebra satisfies (A; 3). We also know that L(0)/L(1)

is a nonsolvable subalgebra of sl(2) ⊕ Fz. The recognition theorem then yields
that L is one of W (2;n), H(2;n; Ψ)(2), K(3;n; Ψ)(1) with the canonical filtration.
In particular, T normalizes the unique proper subalgebra of maximal dimension of
these Cartan type algebras.

Consider the algebra W (2;n). This algebra contains the torus

U = Fx1D1 ⊕ Fx2D2.

Suppose U is contained in a 3-dimensional torus R. Then U ⊂ CL(R), whence
CL(R) acts non-nilpotently on L. This contradicts Theorem 1.5(1). Thus U is a
maximal torus. It is straightforward to check that

CW (2;n)(Fx1D1)/ radCW (2;n)(Fx1D1) ∼= W (1;n2),

CW (2;n)(Fx2D2)/ radCW (2;n)(Fx2D2) ∼= W (1;n1).

Theorem 2.2 now implies n1 = n2 = 1. Then L ∼= W (2; 1) has toral rank 2, a
contradiction.
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Consider the algebra H(2;n; Ψ)(2). Since T normalizes H(2;n; Ψ)(2)(0), we have,
up to conjugacy,

T = F (x1D1 + E1)⊕ F (x2D2 + E2), Ei ∈W (2;n)(1).

We now consider the associated graded algebra gr (L + T ). By definition L satis-
fies the compatibility condition H(2;n)(2) ⊂ gr L ⊂ H(2;n). Thus H(2;n)(2) ⊂
gr (L+ T ). Also, the above description of T shows that T is mapped as a torus on
gr L onto Fx1D1 ⊕ Fx2D2. Then gr (L+ T ) contains the 1-section

FD1 +

pn1−1∑
i=1

F (x
(i)
1 D1 − x

(i−1)
1 x2D2) + T.

The semisimple quotient of this 1-section is isomorphic to W (1;n1). Lifting this in-
formation to L, we obtain that there is a 1-section L(α1) such that L(α1)/ radL(α1)∼= W (1;n1). As above, we conclude n1 = n2 = 1. The algebras H(2; 1; Ψ)(2) have
toral rank ≤ 2, as they are contained in W (2; 1).

We finally consider the algebra K(3;n; Ψ)(1). Since m + 3 6≡ 0 mod (p) for
m = 3, the algebra K(3;n) is simple. The compatibility condition K(3;n)(1) ⊂
gr K(3;n; Ψ)(1) ⊂ K(3;n) shows that K(3;n; Ψ) = K(3;n). The description of
this algebra given in [21, §4] uses the following Lie product on the divided power
ring A(3;n):

〈x(a), x(b)〉 :=
((

a+b−ε1−ε2
a−ε1

)− (a+b−ε1−ε2a−ε2
))
x(a+b−ε1−ε2)

+
(
(b1 + b2 + 2b3 − 2)

(
a+b−ε3

b

)− (a1 + a2 + 2a3 − 2)
(
a+b−ε3)

a

))
x(a+b−ε3).

In particular,
〈x1x2, x

(a)〉 = (a2 − a1)x
(a),

〈x3, x
(a)〉 = (a1 + a2 + 2a3 − 2)x(a).

Then U := Fx1x2 ⊕ Fx3 is a 2-dimensional torus which is contained in K(3;n).
As above, U is a maximal torus. Theorem 2.2 provides a list of possibilities for the
1-sections with respect to such a torus. We now compute 1-sections of K(3;n) with
respect to U . Let α, β denote the roots defined by

α(x1x2) = 1, α(x3) = 0, β(x1x2) = 0, β(x3) = 1.

Then
K(3;n)(β) = span {x(a) | a1 − a2 ≡ 0 mod (p)}.

It is easy to check that

K(3;n)(β)/ rad
(
K(3;n)(β)

) ∼= W (1;n3).

Thus Theorem 2.2 yields n3 = 1. Next,

K(3;n)(α− β) = span {x(a) | a2 + a3 ≡ 1 mod (p)}.
It can be checked that

K(3;n)(α− β)/ rad
(
K(3;n)(α− β)

) ∼= W (1;n1).

Thus n1 = 1. Similarly

K(3;n)(−α− β)/ rad
(
K(3;n)(−α− β)

) ∼= W (1;n2)

whence n2 = 1. Therefore L = K(3; 1) is restricted. Then every torus of Lp is
contained in L, contradicting Theorem 1.5(1).
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4. The case rad G0 = (0)

Throughout this section we assume that A satisfies “Setting 2” and T is an op-
timal torus. In contrast to [3] we now assume that A0 is a distinguished subalgebra
associated with T of maximal dimension, and not just a distinguished maximal
subalgebra. We do not see how section 8.10 of [3] could otherwise be salvaged. Let

A = A−k ⊃ . . . ⊃ A0 ⊃ . . .

be a standard filtration. Let G =
∑

Gi be the associated graded algebra. In this

section we assume that G0 is semisimple. Let G̃0 denote the p-envelope of G0 in
DerG0.

Proposition 4.1. 1) G̃0 is semisimple, T is naturally embedded in G̃0, and TR(G0)
= 2.

2) The action of G0 on G−1 extends to a faithful restricted representation of G̃0.

3) CG̃0
(T ) is a CSA of G̃0 which acts triangulably on G.

Proof. 1) Since rad G̃0 ⊃ [rad G̃0, adG0] = ad
(
(rad G̃0)(G0)

)
is solvable, the ideal

(rad G̃0)(G0) of G0 is solvable. According to the assumption of this section this

means (rad G̃0)(G0) = (0). As a subset of DerG0, now rad G̃0 coincides with (0).

As T ∩A1 = (0) there are embeddings T ↪→ G0 ↪→ adG0 G0 ⊂ G̃0. Consequently,

2 = dim T ≤ TR(G0) ≤ TR(A0) ≤ TR(L) = 3.

Suppose that TR(G0) = 3. Let R ⊂ G̃0 denote a 3-dimensional torus of G̃0. Then
there is a 3-dimensional torus U in the p-envelope of A0 in Lp which is mapped
onto R [17, (1.1)]. As L satisfies (A; 3), then CL(U) acts nilpotently on L, and
every 1-section L(µ) with respect to U acts triangulably on L (Theorem 1.5). Set
M := (A0 ∩ L + A1)/A1 ⊂ G0. The above arguments imply that every 1-section
M(µ) with respect to R acts triangulably on G. Observe that adG0 M generates

G̃0 as a restricted algebra, and hence TR(M) = 3.
Let

S =

r⊕
i=1

Si ⊗A(mi; 1)

denote the socle of M , and Ri the image of R in Der
(
Si ⊗ A(mi; 1)

)
under the

obvious homomorphisms. [17, (2.4)] applies with K := Si ⊗ A(mi; 1), T := Ri,
and proves that every Si ⊗ A(mi; 1) has a 2-section with core H(2; 1; Φ(τ))(1).

Consequently, TR(Si) = TR(Si ⊗A(mi; 1)) ≥ TR
(
H
(
2; 1; Φ(τ)

)(1))
= 2, and

3 = TR(M) ≥
r∑
i=1

TR(Si ⊗A(mi; 1)) ≥ 2r,

whence r = 1.
Let Sp denote the p-envelope of S in DerG0. [12, (1.3.(5))] yields for I := S,

T := R the estimate dim R ∩ Sp ≥ TR(S). As TR(S) ≥ dim R ∩ Sp by definition
we obtain

2 ≤ dim R ∩ Sp = TR(S) ≤ 3.
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Suppose TR(S) = 2. As dim R ∩ Sp = 2 and S is an ideal in M , there is a root α
(possibly α = 0) with M = S+M(α) and α(R∩Sp) = 0. Note that the p-envelope

M̃ of M in G̃0 is of the form

M̃ = span {x[p]i | x ∈
⋃
µ∈Γ

Mµ, i ≥ 0}

= Sp + span {x[p]i | x ∈
⋃

j∈GF (p)

Mjα, i ≥ 0}.

Therefore

CM̃ (R) = CSp(R) + span {x[p]i | x ∈
⋃

j∈GF (p)∗
Mjα, i > 0}

+ span {x[p]i | x ∈ CM (R), i ≥ 0}.
α vanishes on CM (R) since CM (R) as a subalgebra of the image of CL(U) acts nilpo-
tently, and α vanishes on R ∩ Sp as we have mentioned above. Now CM̃ (R)(1) ⊂(∑

µ∈ΓM(µ)(1)
)
∩CM (R) acts nilpotently on M (since every 1-section acts trian-

gulably) and hence every root is linear on CM̃ (R). Then α vanishes on CM̃ (R),
proving α(R) = 0 and α = 0. Consequently, M = S + CM (R), and hence
R ⊂ ⋂

n≥0(S + CM (R))[p]
n

= Sp, which implies TR(M) = TR(S) = 2. This is
a contradiction.

Thus we have TR(S) = 3 and R ⊂ Sp. Therefore S1 ⊗ F is simple and satisfies
(A; 3). Theorem 2.7 shows that dim G−1 ≥ p3 − p. On the other hand, G−1 has
at most p2 − p+ 6 roots with respect to T , each of multiplicity ≤ 7 < p. This is a
contradiction.

2) We consider A ⊂ Lp ⊂ Der A. Let N denote the p-envelope of A0 in Lp. Since

A0 and N respect the filtration, a homomorphic image N of N is a p-envelope of G0

in Der G. The p-mapping on N is defined by the p-mapping on N . By construction
N acts restrictedly on G−1.

Note that, since C(G̃0) = (0), G̃0 is a minimal p-envelope of G0. According to
[21, (2.5.8)] there exist an injective homomorphism

ϕ : G̃0 → N, ϕ(adG0 x) = adG x ∀ x ∈ G0,

and an ideal J of N with J ⊂ C(N), such that N = ϕ(G̃0)⊕ J .
Since J centralizes G0, and G−1 is an irreducible G0-module, we have that

every element of J acts as a multiple of the identity. Now if there is x ∈ J with
adG−1 x = IdG−1, then N has a 3-dimensional torus R such that R ∩ C(N) 6= (0).

Similarly to what we proved in 1), we obtain G̃0 = Sp, where S = S1 ⊗ A(m; 1)

and S1
∼= H(2; 1; Φ(τ))(1) and the original torus T acts on S as a 2-dimensional

torus. But then G−1 has p2 − 1 roots with respect to T (Lemma 2.6). This is a

contradiction. Thus J acts trivially on G−1. Since G̃0 is centerless, the isomorphism

G̃0
∼= N/J is necessarily an isomorphism of restricted algebras. Therefore the action

of G̃0 on G−1 is restricted.

Let K denote an ideal of G̃0 which annihilates G−1. Since G0 acts faithfully on

G−1 and [K,G0] ⊂ K ∩ G̃0
(1) ⊂ K ∩ G0, we have that [K,G0] = (0). As G̃0 is

considered as a subalgebra of DerG0, this means K = (0).
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3) As T is a maximal torus of G̃0, the centralizer CG̃0
(T ) is nilpotent. This

nilpotent algebra acts on every root space G−1,µ. The dimensions of these root
spaces are bounded by 7 < p. Therefore every irreducible factor of G−1,µ as a

CG̃0
(T )-module is 1-dimensional. Consequently, CG̃0

(T )(1) acts nilpotently on G−1.

Observe that T ⊂ G̃0 acts faithfully on G−1. Therefore the roots on G−1 span the
full root lattice on G. As a result, µ(CG̃0

(T )(1)) = 0 for all roots µ. This proves
the proposition.

Lemma 4.2. No 1-section G̃0(µ) with respect to T is of Hamiltonian type.

Proof. Suppose that G̃0(µ) is of Hamiltonian type. For arbitrary β ∈ Γ−1 let∑
i∈GF (p)

G−1,β+iµ = V0 ⊃ V1 ⊃ · · · ⊃ Vt ⊃ (0)

denote a composition series as a G̃0(µ)-module. Let V i := Vi/Vi+1 denote the

simple quotient modules and ρi : G̃0(µ) → gl(V i) the associated representations.

Note that V i is a restricted G̃0(µ)-module. Moreover, as all root spaces G−1,γ have
dimension ≤ 7 < p, then

dim V i ≤ 7p < p2 − 2.

Since G̃0(µ) acts faithfully on G−1 and G̃0(µ) is not solvable, there is a choice of β

and i such that M := ρi(G̃0(µ)) is nonsolvable, and hence is of Hamiltonian type.

Recall that CG̃0(µ)(T ) = CG̃0
(T ) is a CSA of toral rank 1 in G̃0(µ) which acts

triangulably on G−1. Thus the assumptions of [13, section III] are satisfied. The
result of [13, (III.3)] shows that M cannot have an ideal I 6⊂ C(M). Then [13, (III,
Corollary to Theorem 1)] yields that

⋂
M (n)/C(

⋂
M (n)) is simple. By assumption

M is Hamiltonian. Then H(2; 1)(2) ⊂ M/C(M) ⊂ H(2; 1). If C(M) 6= (0) then
C(M) = F IdG−1 , and [3, (7.2.7)] shows that there is a root space V i,γ of dimension

> 7, which is impossible. If C(M) = (0) then V i is a restricted nontrivialH(2; 1)(2)-
module of dimension < p2 − 2. Such modules do not exist ([8]).

We are now going to apply arguments of section 8 of [3].

Proposition 4.3. G̃0 is one of the following:

1) classical semisimple of rank 2;
2) sl(2)⊕W (1; 1), W (1; 1)⊕W (1; 1);
3) there are S ∈ {sl(2), W (1; 1)} and β ∈ Γ0 such that

S ⊗A(1; 1) ⊂ G̃0 ⊂ Der(S ⊗A(1; 1)),

T 6⊂ S ⊗A(1; 1),

G̃0 = S ⊗A(1; 1) + G̃0(β).

Proof. Due to Proposition 4.1, G̃0 is one of the algebras listed in Theorem 1.6. In
addition, G̃0 acts faithfully and restrictedly on G−1, and G−1 has at most p2−p+6
different root spaces with respect to T , each of which has dimension at most 7.

Cases 1), 2): As TR(G̃0) = 2, these algebras do not occur.

Case 3): If S1
∼= S2

∼= sl(2), then G̃0 is classical. According to Lemma 4.2,
neither S1 nor S2 is Hamiltonian.

Case 4) is excluded by [3, (8.4)].
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Case 5): The arguments of [3, (8.10.2)] apply in the present case and yield that
m = 1, S ∈ {sl(2), W (1; 1)}. Then T ∩ (S ⊗ A(1; 1)) is nonzero, since otherwise
S⊗A(1; 1) would be solvable, and T 6⊂ S⊗A(1; 1) since TR(S⊗A(1; 1)) = TR(S) =

1. Take a root β satisfying β(T ∩
(
S⊗A(1; 1)

)
) = 0. We are now in the third case

of this proposition.
Case 6): S ∼= W (1; 2): Since at least one root is proper and dim T = 2, then

section V of [14] shows that T ∩ W (1; 2) is 1-dimensional and restricted. The
arguments of [3, (8.8)] (which in fact do not need the assumption that every 2-
dimensional torus is standard) exclude this case.
S ∼= H(2; (2, 1))(2): [3, (10.1.1)] shows that there is a Hamiltonian 1-section,

which is impossible.
S ∼= H(2; 1; Φ(τ))(1) is excluded by Lemma 2.6.
S ∼= H(2; 1; ∆): [3, (2.1.7)] yields H(2; 1; ∆)p = DerH(2; 1; ∆) = H(2; 1; ∆) ⊕

F (x1∂1 +x2∂2). Since dim DerH(2; 1; ∆)/H(2; 1; ∆) = 1 we have T ∩H(2; 1; ∆) 6=
(0). If T ⊂ H(2; 1; ∆), then, as (xi∂i)

p = xi∂i, DerH(2; 1; ∆) would contain a
3-dimensional torus. As DerH(2; 1; ∆) ⊂ W (2; 1), this is impossible. Again the
arguments of [3, (8.8), (8.9)] show that this algebra does not occur.

Case 7): The arguments of [3] given in the third paragraph of page 228 show
that this case cannot occur.

Lemma 4.4. G1 6= (0).

Proof. According to Proposition 4.3 we have in cases 1) and 2) dim G0 ≤ p2 and

in case 3) G0 ⊂ Der(S ⊗ A(1; 1)) =
(
S ⊗ A(1; 1)

)
⊕
(
F Id⊗W (1; 1)

)
(as S ∈

{sl(2), W (1; 1)}). Then dim G0 ≤ p2 + p holds, while Theorem 2.7 yields the
estimate dim L ≥ p3 − p. As

∑
i<0Gi has at most p2 − p + 6 root spaces each of

dimension at most 7, we obtain

dim A1 ≥ (p3 − p)− 7(p2 − p+ 6)− (p2 + p) ≥ (p− 9)p2.

We now turn to the proof that case 3 of Proposition 4.3 is impossible. The
following theorem describes the modules of semisimple Lie algebras.

Theorem 4.5 (cf. [20, (2.4)]). Let M be a semisimple restricted Lie algebra and I
a minimal nonabelian ideal of M . Suppose that W is a finite dimensional restricted
irreducible M -module with representation ρ and assume that ρ(I) 6= (0). Then there
are a simple algebra S, m ∈ N, and a S-module U with representation ρ : U → gl(U)
such that

1. I ∼= S ⊗A(m; 1) under an algebra isomorphism ψ1,
2. W ∼= U ⊗A(m; 1) under a vector space isomorphism ψ2,

3. ψ2

((
(ρ ◦ ψ−1

1 )(y ⊗ f)
)(
ψ−1

2 (u ⊗ g)
))

= ρ(y)(u) ⊗ fg for all y ∈ S, u ∈ U ,

f, g ∈ A(m; 1).

Moreover, ψ1 induces via the adI-representation a restricted Lie algebra homomor-

phism ψ̃1 : M →
(
(DerS)⊗A(m; 1)

)
⊕
(
F Id⊗W (m; 1)

)
. Let π2 : M → W (m; 1)

denote the projection into the second summand. Then π2(M) is a transitive subal-
gebra of W (m; 1).
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The action of M on W has the property(
ψ2 ◦ ρ(D) ◦ ψ−1

2

)
(u ⊗ f)

= (Id⊗f)
(
(ψ2 ◦ ρ(D) ◦ ψ−1

2 )(u⊗ 1)
)

+ u⊗ π2(D)(f)

for all D ∈M , u ∈ U , f,∈ A(m; 1). 2

In the proof of Lemma 8.10.3 Block and Wilson show that W ∼= u(G0)⊗u(N)

W̃1, where N =
(
sl(2)⊗A(1; 1) + F Id⊗W (1; 1)

)
∩G0 (in the notation on p. 217

of [3]). They then claim that W is uniquely determined, and from that statement
they derive the form of G−1 as a G0-module. However, this claim might not be

correct, since N might have several nonequivalent faithful irreducible modules W̃1

of dimension 2. This (probably false) claim is heavily used in the proofs of Lemmas
8.10.5 and 8.10.8. So some extra work seems to be necessary. In fact, it seems
that one has to refine the construction. Namely, as was mentioned before, one has
to consider a distinguished subalgebra A0 of maximal dimension.

The preceding theorem clarifies the statement on the G0-module G−1. In order
to salvage the statements in Lemmas 8.10.5 and 8.10.8 we present general results
on Cartan prolongations (cf. [9]) and Spencer cohomology groups.

Proposition 4.6. Let F be an arbitrary field of characteristic p > 0. Consider

V := U ⊗ A(m; 1) as the natural module for a Lie subalgebra M of
(
gl(U) ⊗

A(m; 1)
)
⊕
(
F Id⊗W (m; 1)

)
. Set

π2 :
(
gl(U)⊗A(m; 1)

)
⊕
(
F Id⊗W (m; 1)

)
→
(
gl(U)⊗A(m; 1)

)
⊕
(
F Id⊗W (m; 1)

)/(
gl(U)⊗A(m; 1)

)
∼= W (m; 1)

the canonical homomorphism. Assume dimU > 1.

1. Let ϕ : V →M denote a linear mapping satisfying

ϕ(v)(v′) = ϕ(v′)(v) for all v, v′ ∈ V.
Then

(π2 ◦ ϕ)(u ⊗ f) = f
(
(π2 ◦ ϕ)(u ⊗ 1)

)
for all u ∈ U, f ∈ A(m; 1).

2. Let Λ : V × V →M denote a skewsymmetric bilinear mapping satisfying

Λ(v, v′)(v′′) = Λ(v, v′′)(v′) + Λ(v′′, v′)(v) for all v, v′, v′′ ∈ V.
Then(
(π2 ◦ Λ)(u⊗ f i−1, u′ ⊗ f)

)
(f)

=
(
(i − 2)f i(π2 ◦ Λ)(u⊗ 1, u′ ⊗ 1) + (1− i)f i−1(π2 ◦ Λ)(u⊗ f, u′ ⊗ 1)

+ (2 − i)f i−1(π2 ◦ Λ)(u⊗ 1, u′ ⊗ f)

+ (i − 1)f i−2(π2 ◦ Λ)(u⊗ f, u′ ⊗ f)

+ f(π2 ◦ Λ)(u⊗ f i−1, u′ ⊗ 1)
)
(f)

for all linearly independent pairs u, u′ ∈ U , and all f ∈ A(m; 1).
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Proof. (1) Set ϕ2 := π2 ◦ ϕ. Then ϕ decomposes as ϕ = Fϕ + Id⊗ϕ2, where
Fϕ : U ⊗ A(m; 1) → gl(U) ⊗ A(m; 1) is the associated mapping into the first
summand. Clearly, the following equations are true:

ϕ(u ⊗ f)(u′ ⊗ g) = gFϕ(u⊗ f)(u′ ⊗ 1) + u′ ⊗ ϕ2(u ⊗ f)(g),

ϕ(u ⊗ f)(u′ ⊗ 1) = Fϕ(u⊗ f)(u′ ⊗ 1),

Fϕ(u⊗ 1)(u′ ⊗ 1) = Fϕ(u′ ⊗ 1)(u⊗ 1).

From these equations we deduce

Fϕ(u ⊗ f)(u′ ⊗ g) = gFϕ(u ⊗ f)(u′ ⊗ 1)

= gϕ(u⊗ f)(u′ ⊗ 1) = gϕ(u′ ⊗ 1)(u⊗ f)

= fgFϕ(u′ ⊗ 1)(u⊗ 1) + u⊗ gϕ2(u
′ ⊗ 1)(f)

= fgFϕ(u⊗ 1)(u′ ⊗ 1) + u⊗ gϕ2(u
′ ⊗ 1)(f).

An application of these results yields

ϕ(u ⊗ f)(u′ ⊗ g) = Fϕ(u⊗ f)(u′ ⊗ g) + u′ ⊗ ϕ2(u⊗ f)(g)

= fgFϕ(u⊗ 1)(u′ ⊗ 1) + u⊗ gϕ2(u
′ ⊗ 1)(f)

+ u′ ⊗ ϕ2(u⊗ f)(g).

The left hand side coincides with ϕ(u′⊗ g)(u⊗ f), for which we have the analogous
equation. Comparision of the right hand sides of these two equations yields

u⊗
(
gϕ2(u

′ ⊗ 1)− ϕ2(u
′ ⊗ g)

)
(f) = u′ ⊗

(
fϕ2(u⊗ 1)− ϕ2(u⊗ f)

)
(g).

Since dimU > 1, one may choose u, u′ linearly independent. The result follows.
(2) Set Λ2 := π2 ◦ Λ. Let u, u′, u′′ ∈ U and P, P ′, P ′′ ∈ A(m; 1) be arbitrary.

Then

Λ(u⊗ P, u′ ⊗ P ′)(u′′ ⊗ P ′′)
= Λ(u⊗ P, u′ ⊗ P ′)(u′′ ⊗ 1)P ′′ + u′′ ⊗ Λ2(u⊗ P, u′ ⊗ P ′)(P ′′)
= Λ(u⊗ P, u′′ ⊗ 1)(u′ ⊗ P ′)P ′′ + Λ(u′′ ⊗ 1, u′ ⊗ P ′)(u⊗ P )P ′′

+ u′′ ⊗ Λ2(u ⊗ P, u′ ⊗ P ′)(P ′′)
= Λ(u⊗ P, u′′ ⊗ 1)(u′ ⊗ 1)P ′P ′′ + u′ ⊗ P ′′Λ2(u ⊗ P, u′′ ⊗ 1)(P ′)

+ Λ(u′′ ⊗ 1, u′ ⊗ P ′)(u ⊗ 1)PP ′′ + u⊗ P ′′Λ2(u
′′ ⊗ 1, u′ ⊗ P ′)(P )

+ u′′ ⊗ Λ2(u ⊗ P, u′ ⊗ P ′)(P ′′).
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Taking into account the cyclic symmetry, one obtains

0 = Λ(u⊗ P, u′ ⊗ P ′)(u′′ ⊗ P ′′) + Λ(u′ ⊗ P ′, u′′ ⊗ P ′′)(u ⊗ P )

+ Λ(u′′ ⊗ P ′′, u⊗ P )(u′ ⊗ P ′)

= Λ(u⊗ P, u′′ ⊗ 1)(u′ ⊗ 1)P ′P ′′ + Λ(u′ ⊗ P ′, u⊗ 1)(u′′ ⊗ 1)PP ′′

+ Λ(u′′ ⊗ P ′′, u′ ⊗ 1)(u⊗ 1)PP ′

+ u′ ⊗ P ′′Λ2(u⊗ P, u′′ ⊗ 1)(P ′) + u′′ ⊗ PΛ2(u
′ ⊗ P ′, u⊗ 1)(P ′′)

+ u⊗ P ′Λ2(u
′′ ⊗ P ′′, u′ ⊗ 1)(P )

+ Λ(u′′ ⊗ 1, u′ ⊗ P ′)(u⊗ 1)PP ′′ + Λ(u⊗ 1, u′′ ⊗ P ′′)(u′ ⊗ 1)PP ′

+ Λ(u′ ⊗ 1, u⊗ P )(u′′ ⊗ 1)P ′P ′′

+ u⊗ P ′′Λ2(u
′′ ⊗ 1, u′ ⊗ P ′)(P ) + u′ ⊗ PΛ2(u ⊗ 1, u′′ ⊗ P ′′)(P ′)

+ u′′ ⊗ P ′Λ2(u
′ ⊗ 1, u⊗ P )(P ′′)

+ u′′ ⊗ Λ2(u⊗ P, u′ ⊗ P ′)(P ′′) + u⊗ Λ2(u
′ ⊗ P ′, u′′ ⊗ P ′′)(P )

+ u′ ⊗ Λ2(u
′′ ⊗ P ′′, u⊗ P )(P ′)

= Λ(u′ ⊗ 1, u′′ ⊗ 1)(u⊗ P )P ′P ′′ + Λ(u′′ ⊗ 1, u⊗ 1)(u′ ⊗ P ′)PP ′′

+ Λ(u⊗ 1, u′ ⊗ 1)(u′′ ⊗ P ′′)PP ′

+ u′ ⊗ P ′′Λ2(u⊗ P, u′′ ⊗ 1)(P ′) + u′′ ⊗ PΛ2(u
′ ⊗ P ′, u⊗ 1)(P ′′)

+ u⊗ P ′Λ2(u
′′ ⊗ P ′′, u′ ⊗ 1)(P )

+ u⊗ P ′′Λ2(u
′′ ⊗ 1, u′ ⊗ P ′)(P ) + u′ ⊗ PΛ2(u ⊗ 1, u′′ ⊗ P ′′)(P ′)

+ u′′ ⊗ P ′Λ2(u
′ ⊗ 1, u⊗ P )(P ′′)

+ u′′ ⊗ Λ2(u⊗ P, u′ ⊗ P ′)(P ′′) + u⊗ Λ2(u
′ ⊗ P ′, u′′ ⊗ P ′′)(P )

+ u′ ⊗ Λ2(u
′′ ⊗ P ′′, u⊗ P )(P ′)

= Λ(u′ ⊗ 1, u′′ ⊗ 1)(u⊗ 1)PP ′P ′′ + u⊗ P ′P ′′Λ2(u
′ ⊗ 1, u′′ ⊗ 1)(P )

+ Λ(u′′ ⊗ 1, u⊗ 1)(u′ ⊗ 1)PP ′P ′′ + u′ ⊗ PP ′′Λ2(u
′′ ⊗ 1, u⊗ 1)(P ′)

+ Λ(u⊗ 1, u′ ⊗ 1)(u′′ ⊗ 1)PP ′P ′′ + u′′ ⊗ PP ′Λ2(u ⊗ 1, u′ ⊗ 1)(P ′′)

+ u′ ⊗ P ′′Λ2(u⊗ P, u′′ ⊗ 1)(P ′) + u′′ ⊗ PΛ2(u
′ ⊗ P ′, u⊗ 1)(P ′′)

+ u⊗ P ′Λ2(u
′′ ⊗ P ′′, u′ ⊗ 1)(P )

+ u⊗ P ′′Λ2(u
′′ ⊗ 1, u′ ⊗ P ′)(P ) + u′ ⊗ PΛ2(u ⊗ 1, u′′ ⊗ P ′′)(P ′)

+ u′′ ⊗ P ′Λ2(u
′ ⊗ 1, u⊗ P )(P ′′)

+ u′′ ⊗ Λ2(u⊗ P, u′ ⊗ P ′)(P ′′) + u⊗ Λ2(u
′ ⊗ P ′, u′′ ⊗ P ′′)(P )

+ u′ ⊗ Λ2(u
′′ ⊗ P ′′, u⊗ P )(P ′)

= 0 + u⊗
(
P ′P ′′Λ2(u

′ ⊗ 1, u′′ ⊗ 1) + P ′Λ2(u
′′ ⊗ P ′′, u′ ⊗ 1)

+ P ′′Λ2(u
′′ ⊗ 1, u′ ⊗ P ′) + Λ2(u

′ ⊗ P ′, u′′ ⊗ P ′′)
)
(P )
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+ u′ ⊗
(
PP ′′Λ2(u

′′ ⊗ 1, u⊗ 1) + P ′′Λ2(u ⊗ P, u′′ ⊗ 1)

+ PΛ2(u⊗ 1, u′′ ⊗ P ′′) + Λ2(u
′′ ⊗ P ′′, u⊗ P )

)
(P ′)

+ u′′ ⊗
(
PP ′Λ2(u⊗ 1, u′ ⊗ 1) + PΛ2(u

′ ⊗ P ′, u⊗ 1)

+ P ′Λ2(u
′ ⊗ 1, u⊗ P ) + Λ2(u ⊗ P, u′ ⊗ P ′)

)
(P ′′).

Now set u′′ = u and u, u′ linearly independent, P = P ′ = f , P ′′ = f i−1. Then, as
D(f i−1) = (i− 1)f i−2D(f) for all D ∈W (m; 1),

0 =
(
f iΛ2(u

′ ⊗ 1, u⊗ 1) + fΛ2(u⊗ f i−1, u′ ⊗ 1)

+ f i−1Λ2(u⊗ 1, u′ ⊗ f) + Λ2(u
′ ⊗ f, u⊗ f i−1)

)
(f)

+ (i− 1)f i−2
(
f2Λ2(u⊗ 1, u′ ⊗ 1) + fΛ2(u

′ ⊗ f, u⊗ 1)

+ fΛ2(u
′ ⊗ 1, u⊗ f) + Λ2(u⊗ f, u′ ⊗ f)

)
(f)

=
(
− f iΛ2(u ⊗ 1, u′ ⊗ 1) + fΛ2(u⊗ f i−1, u′ ⊗ 1)

+ f i−1Λ2(u⊗ 1, u′ ⊗ f)− Λ2(u⊗ f i−1, u′ ⊗ f)

+ (i− 1)f iΛ2(u⊗ 1, u′ ⊗ 1)− (i− 1)f i−1Λ2(u ⊗ 1, u′ ⊗ f)

− (i− 1)f i−1Λ2(u⊗ f, u′ ⊗ 1) + (i − 1)f i−2Λ2(u⊗ f, u′ ⊗ f)
)
(f).

This gives the result.

In the following we assume that G is as in section 8 of [3] or as in section 4 of
this note. The arguments in the proofs of Lemmas 8.10.1, 8.10.2, 8.10.4, 8.10.6
need no changes at all. In Lemma 8.10.3 the structure of the G0-module G−1

is now determined by an application of Theorem 4.5. In particular, A is as in
Lemma 8.10.3. If L satisfies (A; 3), then Lemma 4.4 shows that G1 6= (0). So the
arguments presented in the proof of Lemma 8.10.3 apply and yield a proof of the
statements of this lemma; however, we have to keep in mind that G−1 might be
not the canonical G0-module.

Lemma 8.10.5 (revisited). Let A and G be as in Lemma 8.10.3. Suppose

G0/
(
sl(2)⊗A(1; 1)

) ∼= W (1; 1).

Then α2 ∈ ∆P (A, T ) and G−2 = (0). 2

The proof remains unchanged. However, it seems that the proof is not sufficient
for the additional statement “[G−1, G1] ⊂ sl(2)⊗A(1; 1)” in the original version of
the lemma.

Lemma 4.7. Let A and G be as in Lemma 8.10.3. Then T ⊂
(
sl(2)⊗A(1; 1)

)
⊕(

F Id⊗W (1; 1)(0)

)
.
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Proof. 1) Suppose T 6⊂
(
sl(2) ⊗ A(1; 1)

)
⊕
(
F Id⊗W (1; 1)(0)

)
. Lemma 8.10.5

shows that G0/sl(2) ⊗ A(1; 1) 6∼= W (1; 1). Then we are in the situation of Lemma
8.10.6. Hence [G−1, G1] ⊂ sl(2)⊗A(1; 1) and G−2 = (0).

According to Theorem 4.5 we write G−1
∼= U ⊗ A(1; 1), where U is the 2-

dimensional irreducible sl(2)-module.
2) Choose T -invariant vector spaces

V−1 ⊂
∑
j∈Fp

A±α/2+jα2
, V ′

0 ⊂ V0 ⊂
∑
j∈Fp

A±α+jα2 +
∑
j∈Fp

Ajα2

such that

A = V−1 ⊕A0, A0 = V0 ⊕A1, V ′
0 +A1/A1 = sl(2)⊗A(1; 1).

Considering the associated graded Lie algebra G and the root space decomposition
of A, one concludes that

[V−1, V−1] ⊂ A0, [V−1, V0] ⊂ V−1 +A1, [V−1, A1] ⊂ V ′
0 +A1,

and [V ′
0 , V0] ⊂ V ′

0 +A1. Thus

J := A1 + V ′
0 + V−1 + [V−1, V−1]

is a nonzero ideal of A. If A is as in [3] then it satisfies (7.0.1). If L satisfies (A; 3)
then it is ruled by “Setting 2”. In both cases H∩J generates the full torus T under
the p-mapping.

As T 6⊂ sl(2)⊗A(1; 1) we have V ′
0 ∩H 6= H . Thus

[V−1, V−1] 6⊂ V ′
0 .

3) Let σ−1 : G−1 → V−1 denote the linear isomorphism given by the property
σ−1(v) + A0/A0 = v for all v ∈ G−1. The multiplication on A gives rise to a
skewsymmetric bilinear mapping

Λ : G−1 ×G−1 → G0, Λ(v, v′) := [σ−1(v), σ−1(v
′)] +A1.

Since

[Λ(v, v′), v′′] = [[σ−1(v), σ−1(v
′)] +A1, σ−1(v

′′) +A0]

= [[σ−1(v), σ−1(v
′)], σ−1(v

′′)] +A0,

the Jacobi identity on A yields the equation

[Λ(v, v′), v′′] + [Λ(v′, v′′), v] + [Λ(v′′, v), v′] = 0

for all v, v′, v′′ ∈ G−1. So Proposition 4.6(2) applies.

Set π2 :
(
gl(2)⊗A(1; 1)

)
⊕
(
F Id⊗W (1; 1)

)
→W (1; 1), the projection onto the

second summand, and let Λ2 := (π2 ◦ Λ).
4) If Λ2 = 0 then [V−1, V−1] ⊂ V ′

0 , a contradiction. So assume that Λ2 6= 0.
We observe that the isomorphism

W (1; 1) ∼=
(
sl(2)⊗A(1; 1)

)
⊕
(
F Id⊗A(1; 1)

)
/
(
sl(2)⊗A(1; 1)

)
givesW (1; 1) aG0-module structure. The multiplication on A gives rise to a bilinear
mapping

Φ :
( ∑
j∈Fp

A±α/2+jα2

)
×
( ∑
j∈Fp

A±α/2+jα2

)
→ A0.
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Since
(∑

j∈Fp A±α/2+jα2

)
∩A0 ⊂ A1, [A1, A] ⊂ V ′

0+A1, and
[∑

j∈Fp A±α/2+jα2
, V0

]
⊂
(∑

j∈Fp A±α/2+jα2

)
+A1, Φ induces a G0-invariant mapping

Φ̃ : G−1 ×G−1 → G0/
(
sl(2)⊗A(1; 1)

) ∼= W (1; 1).

Note that

Id⊗Φ̃(v, v′) = [σ−1(v), σ−1(v
′)] + (V ′

0 +A1).

Hence Φ̃ = Λ2, and therefore Λ2 is G0-invariant.
We now normalize T . By the initial assumption, sl(2) ⊗ A(1; 1) is T -simple.

According to [14, Theorem IV.3] T is conjugate to(
Fh⊗ 1

)
⊕
(
F Id⊗(1 + x)d/dx

)
.

Set t0 = (1 + x)d/dx.
Next we are going to normalize U . Let ũ ∈ U ⊗A(1; 1) be any eigenvector with

respect to T . Since [t0, (Id⊗(1+x)i)(ũ)] = (Id⊗(1+x)i)([t0, ũ])+i(Id⊗(1+x)i)(ũ)
(cf. Theorem 4.5(3)), there is i ∈ Fp so that (Id⊗(1 + x)i)(ũ) is annihilated by
t0. As Id⊗(1 + x)i acts invertibly on U ⊗ A(1; 1) we have that U ⊗ A(1; 1) ∼=
CU⊗A(1;1)(Ft0)⊗A(1; 1) as (sl(2)⊗A(1; 1)+T )-module. Thus we may assume that

sl(2)⊗A(1; 1) + T =
(
sl(2)⊗A(1; 1)

)
⊕
(
F Id⊗(1 + x)d/dx

)
acts on U ⊗A(1; 1)

by the natural action.
Set f := 1 + x in Proposition 4.6(2) and recall that Λ2 is G0-invariant. As

W (1; 1) is considered as a trivial sl(2)⊗A(1; 1)-module, we have

0 6= Λ2(U ⊗A(1; 1), U ⊗A(1; 1))

= Λ2(U ⊗A(1; 1), [h⊗A(1; 1), U ⊗ 1])

= Λ2([h⊗A(1; 1), U ⊗A(1; 1)], U ⊗ 1)

+ [h⊗A(1; 1),Λ2(U ⊗A(1; 1), U ⊗ 1)]

= Λ2(U ⊗A(1; 1), U ⊗ 1),

and

Λ2(u⊗ (1 + x)i, u′ ⊗ 1) = (i − 2)(1 + x)iΛ2(u⊗ 1, u′ ⊗ 1)

+ (3− 2i)(1 + x)i−1Λ2(u⊗ (1 + x), u′ ⊗ 1)

+ (i− 1)(1 + x)i−2Λ2(u ⊗ (1 + x)2, u′ ⊗ 1)

+ (1 + x)Λ2(u⊗ (1 + x)i−1, u′ ⊗ 1).

Inductively, we obtain

Λ2(u⊗ (1 + x)i, u′ ⊗ 1)

=
(i− 1)(i− 2)

2
(1 + x)iΛ2(u⊗ 1, u′ ⊗ 1)

+ i(2− i)(1 + x)i−1Λ2(u ⊗ (1 + x), u′ ⊗ 1)

+
i(i− 1)

2
(1 + x)i−2Λ2(u ⊗ (1 + x)2, u′ ⊗ 1).

Next choose u, u′ ∈ U such that [h, u] = u, [h, u′] = −u′. Considering eigenvalues,
one finds s0, s1, s2 ∈ F such that

Λ2(u⊗ (1 + x)k, u′ ⊗ 1) = sk(1 + x)k+1d/dx, k = 0, 1, 2.
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Then

Λ2(u⊗ (1 + x)i, u′ ⊗ 1)

=
(s0(i − 1)(i− 2)

2
+ s1i(2− i) +

s2i(i− 1)

2

)
(1 + x)i+1d/dx.

As Λ2 6= 0 by assumption, at least one of s0, s1, s2 has to be nonzero. Then the
above coefficient, considered as a polynomial in i, is a nonzero polynomial of degree
≤ 2. Consequently, it has at most 2 different zeros. We obtain

dim Λ2(G−1, G−1) ≥ p− 2.

ButW (1; 1) contains no proper F (1+x)d/dx-invariant subalgebra of this dimension.

As a result, G0/
(
sl(2) ⊗ A(1; 1)

) ∼= W (1; 1). This contradicts the result men-

tioned in (1).

Lemma 4.8. Let A and G be as in Lemma 8.10.3. Then there is a distinguished
maximal subalgebra A′0(T ) satisfying dimA0(T ) < dimA′0(T ).

Proof. 1) According to Lemmas 8.10.5 and 8.10.6 we have G−2 = (0). According
to Theorem 4.5 and Lemma 8.10.3, set G−1 = U ⊗ A(1; 1), where U ⊗ 1 is an
irreducible 2-dimensional (sl(2)⊗ 1)-module.

2) Choose T -invariant vector spaces

Ṽ ′
−1 ⊂ Ṽ−1 ⊂ V−1 ⊂

∑
j∈Fp

A±α/2+jα2
, V0 ⊂ Ṽ0 ⊂

∑
j∈Fp

A±α+jα2 +
∑
j∈Fp

Ajα2 ,

such that

V−1 +A0/A0 = G−1, Ṽ−1 +A0/A0 = U ⊗ (Fxp−2 + Fxp−1),

Ṽ ′
−1 +A0/A0 = U ⊗ Fxp−1, V0 +A1/A1 = sl(2)⊗A(1; 1),

Ṽ0 +A1/A1 =
(
sl(2)⊗A(1; 1)

)
⊕
(
F Id⊗W (1; 1)(0)

)
.

Considering the associated graded Lie algebra G and the root space decomposition
of A, one concludes that

V−1 ∩A0 ⊂ A1, [V−1, V−1] ⊂ A0, [Ṽ ′
−1, Ṽ0] ⊂ Ṽ ′

−1 +A1, [V0, A0] ⊂ V0 +A1.

Every element ϕ ∈ G1 satisfies [[ϕ, v], v′] = [[ϕ, v′], v] for all v, v′ ∈ G−1. Thus ϕ
gives rise to a Cartan prolongation (again denoted by ϕ), and Proposition 4.6(1)
shows that

[G1, U ⊗A(1; 1)(1)] ⊂
(
sl(2)⊗A(1; 1)

)
⊕
(
F Id⊗W (1; 1)(0)

)
.

Consequently,

[A1, Ṽ−1] ⊂ Ṽ0 +A1.

Let v ∈ V0 be an inverse image of h⊗x ∈ sl(2)⊗A(1; 1). Since h⊗1 acts invertibly

on U⊗1 one has Ṽ ′−1 ⊂ [v, Ṽ−1]+A1. Considering the associated graded Lie algebra

G and the root space decomposition of A, one also concludes that [v, Ṽ ′
−1] ⊂ A1.

Then

[Ṽ ′
−1, Ṽ

′
−1] ⊂ [v, [Ṽ ′

−1, Ṽ−1 +A1]] + [[v, Ṽ ′
−1], Ṽ−1 +A1]

⊂ [v,A0] + [A1, Ṽ−1 +A1] ⊂ Ṽ0 +A1.
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Therefore A′0(T ) := Ṽ ′
−1 + Ṽ0 +A1 is a subalgebra of A. As

dimG0/
(
sl(2)⊗A(1; 1)

)
⊕
(
F Id⊗W (1; 1)(0)

)
= 1

and dimU = 2, we have dimA′0(T ) = 1 + dimA0(T ).

3) The assumption on T yields that H̃ ⊂ A′0(T ). Clearly, Rµ ⊂ (V−1 +V0+A1)∩
A0 ⊂ A′0 whenever µ 6∈ Fpα2. By definition, [Riα2 +A1/A1, Fh⊗A(1; 1)] ∩ H̃ acts

nilpotently on G. Then Riα2 +A1/A1 ⊂
(
sl(2)⊗A(1; 1)

)
⊕
(
F Id⊗W (1; 1)(0)

)
, so

Riα2 ⊂ A′0. This proves the lemma.

The following corollary is immediate.

Corollary 4.9. Suppose A0(T ) is a distinguished subalgebra of maximal dimen-
sion.

1) G0 cannot be one the algebras listed in Theorem 4.1.1(b) of [3].
2) G0 cannot be as in case 3) of Proposition 4.3.

The proofs of Lemmas 8.11.1 and 8.11.2 are valid in the present case without
changes. This observation proves

Lemma 4.10. Case 2) of Proposition 4.3 is impossible. 2

The final result of this and the previous section is the following.

Theorem 4.11. Let L be a simple Lie algebra satisfying (A; 3), and let Lp be
a semisimple p-envelope of L. Suppose that every maximal 2-dimensional torus
U ⊂ Lp has the property that CL(U) is a CSA of L and U is contained in the

p-envelope C̃L(U) of CL(U) in Lp.

Then L is of Cartan type S(3;n; Ψ)(1) or H(4;n; Ψ)(2).

Proof. Let T denote a maximal 2-dimensional torus having maximal number of
proper roots, and let H := CL(T ). Put A := L+ H̃ and let A0 denote a subalgebra
of AT of maximal dimension which contains R(A). Theorem 3.8 shows that radA0

acts nilpotently. Thus we are in the case of this section 4. As a result of the
preceding deliberations G1 6= (0) and G̃0 = G0 is classical simple, or else

G̃0 = G0
∼= sl(2)⊕ sl(2), A = A−1, N(G) = (0), G0 acts faithfully on G1.

In the latter case the recognition theorem for graded algebras implies that G is
either classical or of Cartan type. But there is no G of classical or Cartan type
satisfying G0

∼= sl(2)⊕ sl(2) (cf. [3, p.228]).
Thus G0 is classical simple and G1 6= (0). The arguments presented in [3, p.228]

yield that for some choice of n, S(3;n)(1) ⊂ G′/N(G) ⊂ S(3;n) or H(4;n)(2) ⊂
G′/N(G) ⊂ H(4;n). By definition G′ is generated by

∑
i≤1Gi, which means that

n = 1. Then [3, p.229] shows that N(G) = (0) and S(3; 1)(1) ⊂ G′ ⊂ S(3; 1) or
H(4; 1)(2) ⊂ G′ ⊂ H(4; 1). If the grading of G′ is the reverse to the canonical
grading, then dim

∑
i<0Gi > 7(p2 − p+ 6), which is impossible. Thus the grading

is the canonical one. Then G−2 = G′−2 = (0). Thus the recognition theorem for
filtered Lie algebras applies and gives the result.
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5. The classification, part I

The results of Theorems 2.4 and 4.11 yield that if L is simple and satisfies (A; 3)
then L is one of the following:

(H2) H(2;n; Ψ)(2),
(S3) S(3;n; Ψ)(1),
(H4) H(4;n; Ψ)(2).
We are now going to figure out which of these algebras do have the property

(A; 3).

Lemma 5.1. Let Lp be the p-envelope of L in DerL, and let T ⊂ Lp be a torus of
dimension 3. Then T ∩ L = (0). Consequently,

dim (DerL)/L ≥ dim Lp/L ≥ 3 = TR(L).

Proof. Theorem 1.5 shows that CL(T ) acts nilpotently on L. Thus T ∩ L acts
trivially on L, whence T ∩ L ⊂ C(L) = (0).

(H2): It has been mentioned in [3, §2] that there are 3 types of Hamiltonian
algebras in 2 “generators”, namely H(2;n)(2), H(2;n; Φ(τ))(1) and H(2;n; ∆).

(a) H(2;n)(2): According to [3, (2.2.3)] one has

TR(H(2;n)(2)) ≥ n1 + n2 − 1.

Note that (cf. [3, (2.1.8)])

H(2;n)(2)p = H(2;n)(2) +

n1−1∑
i=1

FDpi

1 +

n2−1∑
i=1

FDpi

2 .

According to Lemma 5.1 these algebras do not occur.
(b) H(2;n; Φ(τ))(1): According to [3, (2.2.3)] the algebra H(2;n; Φ(τ))(1) has

toral rank

TR(H(2;n; Φ(τ))(1)) ≥ n1 + n2.

Thus in the present case n1 + n2 ≤ 3. As TR(H(2; 1; Φ(τ))(1)) = 2 and as
we may assume by symmetry n1 ≥ n2, the only candidate to satisfy (A; 3)
is H(2; (2, 1); Φ(τ))(1). We will see below that this algebra in fact has this
property.

(c) H(2;n; ∆): According to [3, (2.2.3), (2.1.7)] we have

TR(H(2;n; ∆)) ≥ n1 + n2,

dim
(

DerH(2;n; ∆)/H(2;n; ∆)
)

= (n1 − 1) + (n2 − 1) + 1.

Thus these algebras do not satisfy (A; 3).

(S3): The isomorphism types of the special algebras have been determined in
[26]. There are 3 types of special algebras in 3 “generators”, namely S(3;n)(1),
S(3;n; Φ(i))(1) and S(3;n; Φ(τ))(1).

(a) S(3;n)(1): Let i, j, k be pairwise different indices. Set

Wi :=

pni−1∑
r=0

F (x
(r)
i Di − x

(r−1)
i xkDk) ⊂ S(3;n)(1).

Then Wi
∼= W (1;ni) and

[Wi,Wj ] = (0), Wi ∩Wj = (0).
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It is shown in [14, section V] that there are tori Ti, Tj in (Wi)p and (Wj)p of

dimension ni and nj , respectively, and that Ti ∩Wi 6= (0). If S(3;n)(1) were
to satisfy (A; 3) then, due to Lemma 5.1, dim (Ti ⊕ Tj) = ni + nj ≤ 2. This

shows n = 1. But S(3; 1)(1) has toral rank 2. As a consequence, no algebra
of this type satisfies (A; 3).

(b) S(3;n; Φ(i))(1): This algebra is defined (cf. [26]) by

S(3;n; Φ(i)) := {E ∈W (3;n) | E
( ∞∑
r=0

(x
(pni )
i )(r)dx1 ∧ dx2 ∧ dx3

)
= 0}.

By symmetry we may set i = 1. Then S(3;n; Φ(1)) contains the elements

D2, x1x2D1 − x
(2)
2 D2, x

(2)
2 D2 − x2x3D3, x2D1 − x

(pn1−1)
1 x

(2)
2 D2.

Define elements h1, h2, D̃ ∈ S(3;n; Φ(1))(1) by

h1 := [D2, x1x2D1 − x
(2)
2 D2] = x1D1 − x2D2,

h2 := [D2, x
(2)
2 D2 − x2x3D3] = x2D2 − x3D3,

D̃ := [D2, x2D1 − x
(pn1−1)
1 x

(2)
2 D2] = D1 − x

(pn1−1)
1 x2D2.

Note that h1, h2 are toral elements, and

[h1, h2] = 0, [D̃p, hi] ∈ F (ad D̃)p−1([D̃, hi]) = 0.

It is easy to check that

D̃pn1
(x2) = −x2, D̃pn1

(x1) = D̃pn1
(x3) = 0.

Thus the p-subalgebra generated by D̃p contains a toral element t satisfying
t(x1) = t(x3) = 0. Then

T := F (x1D1 − x2D2)⊕ F (x2D2 − x3D3)⊕ Ft

is a 3-dimensional torus for which T ∩ S(3;n; Φ(i))(1) 6= (0). Therefore these
algebras do not satisfy (A; 3).

(c) S(3;n; Φ(τ))(1): This algebra is defined (cf. [26]) by

S(3;n; Φ(τ))

:= {E ∈W (3;n) | E
(
(1 + x

(pn1−1)
1 x

(pn2−1)
2 x

(pn3−1)
3 )dx1 ∧ dx2 ∧ dx3

)
= 0}.

Then S(3;n; Φ(τ)) contains the elements

(1− x
(pn1−1)
1 x

(pn2−1)
2 x

(pn3−1)
3 )Di, i = 1, 2, 3,

x
(r)
i Di − x

(r−1)
i xjDj , i 6= j, 0 < r < pni .

If n > 1 then by symmetry we may assume n1 > 1. The algebra

W1 :=

pn1−1∑
r=1

F (x
(r)
1 D1 − x

(r−1)
1 x2D2)

+F (1− x
(pn1−1)
1 x

(pn2−1)
2 x

(pn3−1)
3 )D1

∼= W (1;n1)

has toral rank n1. Since x2D2 − x3D3 ∈ S(3;n; Φ(τ))(1) and

[W1, x2D2 − x3D3] = (0)
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the p-envelope of S(3;n; Φ(τ))(1) contains a torus T of dimension n1 + 1 ≥ 3,
which intersects S(3;n; Φ(τ))(1) nontrivially. Lemma 5.1 shows that this is im-
possible. Consequently, ni = 1 for all i. We will see below that S(3; 1; Φ(τ))(1)

in fact satisfies (A; 3).

(H 4): Let Lp be the p-envelope of L in DerL, and let T ⊂ Lp be a torus of
dimension 3. Let (L(i))i≥−1 denote the canonical filtration of L as a Cartan type
Lie algebra. Set

N := {x ∈ Lp | [x, L(0)] ⊂ L(0)} = NorLpL(0).

Lemma 5.2. If t ∈ N satisfies [t, L(0)] ⊂ L(1) then t is ad-nilpotent.

Proof. Suppose that t is not ad-nilpotent. By decomposing t into the [p]-nilpotent
and [p]-semisimple part we may assume that t is semisimple.

Consider the associated graded algebra gr L =
∑

i≥−1 gri L. Since t ∈ N, it

stabilizes the filtration and hence acts on gr L. By assumption, [t, gr0 L] = (0). As
gr−1 L is an irreducible gr0 L-module, this implies

adgr−1 L t = α Idgr−1 L for some α ∈ F.
Suppose α 6= 0. Then

CL(t) ⊂ L(0) ⊂ CL(t) + L(1).

Consequently,

CL(t)/ radCL(t) ∼= gr0 L
∼= sp(4).

Since sp(4) has toral rank 2, N ⊂ Lp has a 3-dimensional torus containing t, and
CL(t) is a 2-section with respect to this torus. According to Theorem 1.5 no 2-
section has classical semisimple quotient.

Thus α = 0. Then [t, L] ⊂ L(0). The semisimplicity of ad t implies that L
decomposes as

L = [t, L] + CL(t).

Therefore [t, L] + [[t, L], [t, L]] is an ideal of L, which according to the above result
is contained in L(0). Hence [t, L] = (0), whence t = 0.

We consider the associated graded algebra gr L, which satisfies the compatibility
condition

H(4;n)(2) ⊂ gr L ⊂ H(4;n).

Thus gr0 L
∼= sp(4) has a 2-dimensional torus

R = F (x1D1 − x3D3)⊕ F (x2D2 − x4D4).

With respect to this torus gr L has 1-sections satisfying(
(gr L)(αi)/ rad (gr L)(αi)

)(2) ∼= H(2; (n1+i, n3+i))
(2), i = 1, 2.

Lift this information to L. The p-envelope M of L(0) in Lp ⊂ DerH(4;n; Ψ)(2)

contains a 2-dimensional torus

R̃ = F (x1D1 − x3D3 + E1)⊕ F (x2D2 − x4D4 + E2)
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with E1, E2 ∈ W (4;n)(1). The corresponding 1-sections of L have the property
radL(αi) ⊂ W (4;n)(0), and the associated graded algebras gr (L(αi)) of these 1-
sections L(αi) are of the same types as (gr L)(αi). Then L itself has 1-sections

with respect to R̃ for which(
L(αi)/ rad L(αi)

)(2) ∼= H(2; (n1+i, n3+i); Ψi)
(2), i = 1, 2,

with suitable automorphisms Ψ1, Ψ2. If R̃ is a maximal torus then Theorem 2.2

applies and yields n1 = . . . = n4 = 1. If R̃ is not a maximal torus then Theorem 1.5
yields the same result. Thus we have L = H(2), where

H := {D ∈W (4; 1) | D(ω) = 0}
for some differential form

ω =
∑

1≤i,j≤4

ωijdxi ∧ dxj .

According to [7] the following are true:

ωij = −ωji, Di(ωjk) +Dj(ωki) +Dk(ωij) = 0, det(ωij) is invertible.

Set

(ϕij) := (ωij)
−1

and

D(f) :=
∑
i,j

ϕijDj(f)Di.

Then (cf. [7])

D(f) ∈ H for all f ∈ A(4; 1)

and

[D(f),D(g)] = D
(∑

r,s

ϕsrDr(f)Ds(g)
)
.

(a) If not all of the coefficients of ω are in A(4; 1), we may assume by [4, Theorem
1] (where we may set s = 1 by symmetry) that

(ωij) ≡ (1 + x
(p)
1 )


0 0 1 0
0 0 0 1

−1 0 0 0
0 −1 0 0



+
1

2


0 −x(p−1)

1 x4 0 x
(p−1)
1 x2

x
(p−1)
1 x4 0 0 0

0 0 0 0

−x(p−1)
1 x2 0 0 0


modulo terms of degree ≥ 2p− 2. It follows that

(ϕij) ≡


0 0 −1 + x

(p)
1 0

0 0 1
2x

(p−1)
1 x2 −1 + x

(p)
1

1− x
(p)
1 − 1

2x
(p−1)
1 x2 0 − 1

2x
(p−1)
1 x4

0 1− x
(p)
1

1
2x

(p−1)
1 x4 0


modulo terms of degree ≥ 2p− 2.



CLASSIFICATION OF SIMPLE MODULAR LIE ALGEBRAS: VI. 2603

Then

D(x1) = (1− x
(p)
1 )D3 + terms of degree ≥ 2p− 3,

D(x
(2)
3 ) = x3

(
(−1 + x

(p)
1 )D1 +

1

2
x

(p−1)
1 x2D2 +

1

2
x

(p−1)
1 x4D4

)
+ terms of degree ≥ 2p− 2,

D(x1x3) = (1− x
(p)
1 )x3D3 + (−1 + x

(p)
1 )x1D1

+ terms of degree ≥ 2p− 2.

Now

[D(x1x3),D(x1)] ≡ (1 − x
(p)
1 )2[x3D3 − x1D1, D3]

≡ −(1− 2x
(p)
1 )D3

modulo terms of degree ≥ 2p− 3,

[D(x1x3),D(x
(2)
3 )] ≡ −2(1− 2x

(p)
1 )x3D1 − 2x

(p−1)
1 x

(2)
3 D3

+x
(p−1)
1 x2x3D2 + x

(p−1)
1 x3x4D4

modulo terms of degree ≥ 2p− 2, and

E := [[D(x1x3),D(x1)], [D(x1x3),D(x
(2)
3 )]]

≡ [(1 − 2x
(p)
1 )D3, 2(1− 2x

(p)
1 )x3D1]

− [D3,−2x
(p−1)
1 x

(2)
3 D3 + x

(p−1)
1 x2x3D2 + x

(p−1)
1 x3x4D4]

≡ 2(1− 4x
(p)
1 )D1 + 6x

(p−1)
1 x3D3 − x

(p−1)
1 x2D2

−x(p−1)
1 x4D4

modulo terms of degree ≥ 2p− 3.
Note that E ∈ H(2) = L ⊂ W (4; 1), and the latter is a restricted Lie

algebra. Since

Ep(x1) ≡ −8x1, E
p(x2) ≡ −x2, E

p(x3) ≡ 6x3, E
p(x4) ≡ −x4

modulo terms of degree > 1, we obtain

Ep = −8x1D1 − x2D2 + 6x3D3 − x4D4 + E1,

where E1 has degree > 0.
A similar computation shows that L contains

[[D(x1),D(x1x3)], [D(x1x3),D(x1x
(2)
3 )]] ≡ [D3, x

(2)
3 D3 − x1x3D1]

≡ x3D3 − x1D1

modulo terms of degree > 0. Thus x3D3−x1D1 +E2 ∈ L, where degE2 > 0.

Therefore N contains

t = Ep − 7(x3D3 − x1D1 + E2) = −
4∑
i=1

xiDi + E1 − 7E2.

Then t is a nonnilpotent element which maps L(0) into L(1). Lemma 5.2 shows
that this case is impossible.
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(b) Thus we may assume that the coefficients of ω are contained in A(4; 1). We
also may assume that Lp ⊂ DerL ⊂ W (4; 1) is the restricted subalgebra
generated by L. In particular,

D(ω) = 0 ∀ D ∈ Lp.
Let T ⊂ Lp denote a 3-dimensional torus and

TN := T ∩N.

Since TR(gr0 L) = TR(sp(4)) = 2, the assumption “T ⊂ N” would imply
that T contains an element t 6= 0 satisfying [t, L(0)] ⊂ L(1). As this contradicts
Lemma 5.2, we have dim TN ≤ 2.

Suppose that dim TN = 2. Again Lemma 5.2 shows that TN is a CSA
of gr0 L. However, W (4; 1)/W (4; 1)(0) considered as a gr0 L-module has no
zero weight with respect to any of its maximal tori. This implies that T ⊂
W (4; 1)(0), whence T = TN, a contradiction. Consequently,

dim TN ≤ 1.

Choose toral elements t1, t2, t3 ∈ T , linearly independent over F , such that
t1, t2 are linearly independent mod TN. Since T acts on the truncated poly-
nomial ring F [x1, . . . , x4] as derivations, there are generators y1, . . . , y4 such
that

ti(yj) = αij(yj + δj),

where αij ∈ GF (p), δj ∈ {0, 1}. By reindexing the yj we obtain α11 6= 0 and
δ1 = 1. Adjusting t1, we may assume α11 = 1. Set

y′j := (y1 + 1)−α1j (yj + δj)− δj , j = 2, 3, 4.

Then t1(y
′
j) = 0 for j 6= 1.

Next set t′2 = t2 − α21t1 to obtain t′2(y1) = 0, and then proceed similarly
with t′2. Thus we may assume that

t1 = (y1 + 1)∂1, t2 = (y2 + 1)∂2, t3 = γ(y3 + δ3)∂3 + δ(y4 + δ4)∂4.

Set
zi := (yi + 1), i = 1, 2.

In terms of these generators ω has the following form (as it is annihilated by
T ):

ω = zp−1
1 zp−1

2 ω̃12dy1 ∧ dy2 +

4∑
i=3

zp−1
1 ω̃1idy1 ∧ dyi

+

4∑
i=3

zp−1
2 ω̃2idy2 ∧ dyi + ω̃34dy3 ∧ dy4,

where ω̃ij depends only on y3, y4. Then

(ωij) =


0 zp−1

1 zp−1
2 ω̃12 zp−1

1 ω̃13 zp−1
1 ω̃14

−zp−1
1 zp−1

2 ω̃12 0 zp−1
2 ω̃23 zp−1

2 ω̃24

−zp−1
1 ω̃13 −zp−1

2 ω̃23 0 ω̃34

−zp−1
1 ω̃14 −zp−1

2 ω̃24 −ω̃34 0


and

det (ωij) = (zp−1
1 zp−1

2 )2f(y3, y4),
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with some invertible polynomial depending on y3, y4 only. In order to compute
(ωij)

−1 = (ϕij) we apply the well known formula for inverses: Let Aij denote
the 3× 3 submatrix of (ωk`) where the i-th row and j-th column are deleted,
set bij := (−1)i+j detAji, and observe that

ϕij =
(
det (ωk`)

)−1
bij .

A straightforward calculation show that

(ϕij) =


0 z1z2ϕ

′
12 z1ϕ

′
13 z1ϕ

′
14

−z1z2ϕ′12 0 z2ϕ
′
23 z2ϕ

′
24

−z1ϕ′13 −z2ϕ′23 0 ϕ′34
−z1ϕ′14 −z2ϕ′24 −ϕ′34 0


where ϕ′ij depends only on y3, y4. From this we immediately conclude that

[ti,D(f)] = D(ti(f)), i = 1, 2.

Thus the 1-section determined by the zero weight space of ad t1, ad t2 contains

span {D(yi3y
j
4) | 0 ≤ i, j ≤ p− 1} ∩ L.

Now suppose that TN 6= (0). Then t3 acts on W (4; 1)/W (4; 1)(0) ∼=
∑4

i=1 F∂i.
Lemma 5.2 shows that Ft3 maps nontrivially into L(0)/L(1)

∼= sp(4). There-
fore trace (adgr−1 L t3) = 0, whence γ + δ = 0. Thus we may assume

t3 = y3∂3 − y4∂4.

Considering eigenvalues with respect to t3, we see that all ω̃1i, ω̃2i (i = 3, 4)
have constant term 0. As (ωij) is invertible, ω̃34 has to have nonzero constant
term. Thus

(ωij) ≡


0 α 0 0
−α 0 0 0
0 0 0 β
0 0 −β 0

 , αβ 6= 0,

modulo terms of degree > 0. Then

(ϕij) ≡


0 −α−1 0 0
α−1 0 0 0
0 0 0 −β−1

0 0 β−1 0


modulo terms of degree > 0, whence ϕ′34 is invertible. It is now not hard to
prove that the algebra generated by

D(y2
3), D(y3y4), D(y2

4)

is modulo its radical isomorphic to sl(2). Thus the above mentioned 1-section
is not solvable, a contradiction.

Finally, suppose that TN = (0). Then, similarly to the above, we may
assume that

t3 = z3∂3, z3 = y3 + 1.

Since (ωij) is invertible, there is an index i 6= 4 such that ω̃i4 has nonzero
constant term. By symmetry we may assume that i = 3. As in the former
case, this leads to the existence of a nonsolvable 1-section. This contradiction
shows that no algebra H(4; 1; Ψ)(2) satisfies (A; 3).

We summarize:
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Theorem 5.3. Let L be simple satisfying (A; 3). Then L is isomorphic to one of
the algebras H(2; (2, 1); Φ(τ))(1) or S(3; 1; Φ(τ))(1). 2

We are now going to normalize all 3-dimensional tori in these algebras. It will also
follow from these deliberations that the above mentioned algebras indeed satisfy
(A; 3).

Proposition 5.4. Suppose L ∼= H(2; (2, 1); Φ(τ))(1) and T is a 3-dimensional
torus in the p-envelope Lp ⊂ DerL. Then Γ ∪ {0} is an elementary p-group of
order p3. There is a biadditive form

f : (Γ ∪ {0})× (Γ ∪ {0}) → F

and an eigenvector basis (eµ | µ ∈ Γ) of L with respect to T such that

[eλ, eµ] = f(λ, µ)eλ+µ.

Proof. Set τ = (p2 − 1, p− 1). According to [3] we have the following description
of subalgebras in W (2; (2, 1)):

H(2; (2, 1); Φ(τ)) =
∑

|a|≥2, 0<a≤τ
F (x(a−ε2)D1 − x(a−ε1)D2)

+ F (1− x(τ))D1 + F (1− x(τ))D2 + Fx
(p2−1)
1 D2 + Fx

(p−1)
2 D1,

H(2; (2, 1); Φ(τ))(1) =
∑

|a|≥2, 0<a≤τ
F (x(a−ε2)D1 − x(a−ε1)D2)

+ F (1− x(τ))D1 + F (1− x(τ))D2,

DerH(2; (2, 1); Φ(τ))(1) = H(2; (2, 1); Φ(τ)) + F
(
(1− x(τ))D1

)p
.

Note that

E :=
(
(1− x(τ))D1

)p
= Dp

1 − x
(p2−p)
1 x

(p−1)
2 D1.

Considering Lp as a subalgebra of W (2; (2, 1))p, we immediately see that

Lp ∩W (2; (2, 1))(0)/Lp ∩W (2; (2, 1))(1) = L(0)/L(1)
∼= sl(2).

Therefore
dim T ∩W (2; (2, 1))(0) ≤ 1.

Suppose that T ∩W (2; (2, 1))(0) 6= (0). Then T ∩W (2; (2, 1))(0) constitutes a CSA
in Lp ∩W (2; (2, 1))(0)/Lp ∩W (2; (2, 1))(1) ∼= sl(2), and the 2-dimensional module
W (2; (2, 1))/W (2; (2, 1))(0) for this sl(2) is irreducible. Thus 0 is not a weight. This
means that

T ∩W (2; (2, 1)) ⊂ T ∩W (2; (2, 1))(0).

Since dim Lp/Lp ∩W (2; (2, 1)) = 1, we obtain

dim T ≤ dim Lp/Lp ∩W (2; (2, 1)) + dim T ∩W (2; (2, 1))(0) = 2,

a contradiction. Hence
T ∩W (2; (2, 1))(0) = (0).

As a consequence, there are E0, E1, E2 ∈W (2; (2, 1))(0) such that

T = F (Dp
1 + E0)⊕ F (D1 + E1)⊕ F (D2 + E2).

We are now going to realize H(2; (2, 1); Φ(τ))(1) as a Poisson Lie algebra. Impose
on the divided power algebra A(2; (2, 1)) a Poisson bracket

{x(a), x(b)} := (x(a−ε1)x(b−ε2) − x(a−ε2)x(b−ε1))(1 − x(τ)).
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It is easily checked that (
A(2; (2, 1)), { , }

)(1)

∩ F1 = (0).

Define a linear mapping D : A(2; (2, 1)) → H(2; (2, 1); Φ(τ)) by

D(x(a)) = x(a−ε1)D2 − x(a−ε2)D1 if |a| ≥ 2,

D(x1) = (1 − x(τ))D2, D(x2) = −(1− x(τ))D1,

D(1) = 0.

This definition is analoguous to that mentioned in the case (H4) above, where we
now have ω = (1 + x(τ))dx1 ∧ dx2 and ϕ12 = −ω12

−1 = 1− x(τ). Note that

[D(f),D(g)] = D(D(f)(g)) = D({f, g}) ∀ f, g ∈ A(2; (2, 1)).(1)

Thus D is a homomorphism of algebras with ker (D) = F1, and hence D establishes
an isomorphism of Lie algebras

A(2; (2, 1))(1)
∼−→ H(2; (2, 1); Φ(τ))(1).

Next we tie back the action of the torus T . Since Lp ⊂W (2; (2, 1))p, (1) implies that

the action of Lp on A(2; (2, 1))(1) is given by the description of Lp as a subalgebra
in W (2; (2, 1))p:

D(D(f)p
j

(g)) = (adD(f))p
j

(D(g)) = [D(f)p
j

,D(g)],

whence

D(x(g)) = [x,D(g)] ∀ x ∈ Lp ⊂W (2; (2, 1))p, ∀ g ∈ A(2; (2, 1)).

In particular,

t({f, g}) = {t(f), g}+ {f, t(g)} ∀ t ∈ T, ∀ f, g ∈ A(2; (2, 1))(1).

Next we observe that there is a natural isomorphism A(2; (2, 1))
∼−→ A(3; 1) of

commutative algebras via

x(ε1) 7→ y1, x(pε1) 7→ y2, x(ε2) 7→ y3.

Thus A(3; 1) carries a related Poisson bracket (its form will be determined below).
Moreover, T is mapped into W (3; 1), it acts on (A(3; 1), { })(1) by derivations,
and the above described form of T ensures that

T = F (∂1 + e1)⊕ F (∂2 + e2)⊕ F (∂3 + e3), e1, e2, e3 ∈W (3; 1)(0).

Similarly to what we have done in the previous case, there are generators y1, y2, y3
of the truncated polynomial ring A(3; 1) and toral elements t1, t2, t3 ∈ T , such that

ti(yj) = δij(yj + 1).

Set zj := yj +1. Then with ∂i = ∂/∂yi we have ti = zi∂i. Considering eigenvalues,
we obtain

{zi, zj} = αijzizj , αij ∈ F.
Then the Poisson bracket is given by

{za, zb} =

3∑
i,j=1

aibjz
a+b−εi−εj{zi, zj} =

3∑
i,j=1

aibjαijz
a+b.
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We now set

G :=

3∑
i=1

GF (p)εi, Γ = G \ {0},

ea := za, f(a, b) =

3∑
i,j=1

aibjαij .

This proves the proposition.

From this realization of H(2; (2, 1); Φ(τ))(1) and T one deduces immediately that
CH(2;(2,1);Φ(τ))(1)(T ) = (0). Thus this algebra satisfies (A; 3).

Proposition 5.5. Suppose L ∼= S(3; 1; Φ(τ))(1) and T is a 3-dimensional torus in
the p-envelope Lp ⊂ DerL. Then there are generators y1, y2, y3 of A(3; 1) such that

L ⊂ {D ∈W (3; 1) | D
( 3∏
i=1

(yi + 1)p−1dy1 ∧ dy2 ∧ dy3
)

= 0},

T =

3⊕
i=1

F (yi + 1)∂i.

Proof. Recall that (we will use here the notion of regular powers and not of divided
powers)

ω = (1− xp−1
1 xp−1

2 xp−1
3 )dx1 ∧ dx2 ∧ dx3,

S(3; 1; Φ(τ)) = {E ∈W (3; 1) | E(ω) = 0}

=

3∑
i=1

F (1 + xp−1
1 xp−1

2 xp−1
3 )Di

+
∑

1≤i<j≤3

∑
0≤a`≤p−1,|a|≥2

F (aix
a−εiDj − ajx

a−εjDi)

+

3∑
i=1

F
(∏
k 6=i

xp−1
k

)
Di.

We may realize Lp as a subalgebra of W (3; 1), and hence may assume that

T (ω) = 0.

It is easily seen that

Lp ⊂ L+W (3; 1)(1).

Thus we have a natural embedding

T ∩W (3; 1)(0) ↪→ L(0)/L(1)
∼= sl(3).

Consequently, dim T ∩W (3; 1)(0) ≤ 2.
Suppose dim T ∩ W (3; 1)(0) = 2. Then T ∩ W (3; 1)(0) constitutes a CSA of

sl(3) ∼= L(0)/L(1). Since L/L(0) is the natural 3-dimensional sl(3)-module, 0 is
not a weight. This implies that T ⊂ W (3; 1)(0), i.e., dim T ∩ W (3; 1)(0) = 3, a
contradiction.

Suppose dim T ∩ W (3; 1)(0) = 1, and set T ∩ W (3; 1)(0) =: Ft. Then t acts
trivially on T/T ∩ W (3; 1)(0). Since t 6∈ W (3; 1)(1), it does not act trivially on
W (3; 1)/W (3; 1)(0). Thus adW (3;1)/W (3;1)(0) t has eigenvalue 0 with multiplicity 2,
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and exactly 1 nonzero eigenvalue (with multiplicity 1). As trace(adW (3;1)/W (3;1)(0) t)
= 0, this is impossible. Consequently,

T ∩W (3; 1)(0) = (0).

As in the previous cases we choose generators y1, y2, y3 of the truncated polynomial
ring A(3; 1) and toral elements t1, t2, t3 ∈ T such that

ti(yj) = δij(yi + 1), 1 ≤ i, j ≤ 3.

We now express ω in terms of these generators. Clearly, as ω is a volume form it
can be written as ω = g(y1, y2, y3)dy1 ∧ dy2 ∧ dy3. Since T annihilates ω, we obtain

ω = α

3∏
i=1

(yi + 1)p−1dy1 ∧ dy2 ∧ dy3, α 6= 0.

We are now able to derive necessary information on sections. Write, as above,

zi = yi + 1, i = 1, 2, 3, and observe that zpi = 1,

ω =
∏3
i=1 z

p−1
i dy1 ∧ dy2 ∧ dy3,

T =
∑
Fzi∂i with ∂i = ∂/∂yi,

S(3; 1; Φ(τ)) = {D ∈ W (3; 1) | D(ω) = 0}.
Every element of W (3; 1) has the form

∑
fizi∂i (as z−1

i = zp−1
i ), and clearly∑

fizi∂i ∈ S(3; 1; Φ(τ)) ⇐⇒
∑

zi∂i(fi) = 0.

Thus if α =
∑
aiεi 6= 0, then the corresponding root space

S(3; 1; Φ(τ))α = {
3∑
i=1

λiz
azi∂i |

3∑
i=1

λiai = 0}

is 2-dimensional, while
S(3; 1; Φ(τ))0 = T

is 3-dimensional. Note that

[
∑

λjz
azj∂j ,

∑
µiz

bzi∂i} =
∑
i,j

(λjbjµi − µjajλi)z
a+bzi∂i.(2)

Thus if

E1 =
∑

λiz
azi∂i ∈ S(3; 1; Φ(τ))α, E2 =

∑
µiz

bzi∂i ∈ S(3; 1; Φ(τ))kα

for k 6= 0, then, setting α =
∑

aiεi, kα =
∑

biεi, one has

bi = kai,
∑

λjbj = k
∑

λjaj = 0,
∑

µjaj = k−1
∑

µjbj = 0.

Consequently, (2) shows that [E1, E2] = (0). Thus every 1-section is abelian. In
particular,

T ∩ S(3; 1; Φ(τ))(1) = (0).

This observation shows that S(3; 1; Φ(τ))(1) in fact satisfies (A; 3).

Theorem 5.6. Suppose that L satisfies (A; 3) and T is a 3-dimensional torus in a
semisimple p-envelope of L. Then:

1) No root vector acts nilpotently on L.
2) Every solvable 2-section of L is abelian.
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3) Γ ∪ {0} is an elementary p-group of order p3.
4) For x ∈ Lα, y ∈ Lβ one has

([x, y])[p] = −α(y[p])x[p] + β(x[p])y[p].

Proof. (a) Suppose L ∼= H(2; (2, 1); Φ(τ))(1). With the notations of Proposition 5.4
we have f(λ, µ+ kλ) = f(λ, µ) for k ∈ GF (p), and hence

(ad eλ)
p(eµ) = f(λ, µ)peµ.(3)

Since L is centerless, for every given λ there is µ with f(λ, µ) 6= 0. Thus ad eλ is
not nilpotent.

Next let L(λ, µ) be a 2-section. If f(λ, µ) = 0 then L(λ, µ) is abelian, while in
case f(λ, µ) 6= 0 we conclude from (3) that

eµ = f(λ, µ)−p(ad eλ)
p(eµ), eλ = −f(λ, µ)−p(ad eµ)

p(eλ).

Then L(λ, µ) is nonsolvable.
3) is stated in Proposition 5.4.
Finally, for x = eα, y = eβ one has

(ad [eα, eβ])
p(eµ) = f(α, β)p(ad eα+β)p(eµ)

= f(α, β)pf(α+ β, µ)peµ

= f(α, β)pf(α, µ)peµ + f(α, β)pf(β, µ)peµ.

As

β(e
[p]
α )eβ = (ad eα)p(eβ) = f(α, β)peβ ,

α(e
[p]
β )eα = (ad eβ)

p(eα) = f(β, α)peα = −f(α, β)peα,

we obtain that

([eα, eβ ])[p] + α(e
[p]
β )e[p]α − β(e[p]α )e

[p]
β

centralizes L, and therefore vanishes. This proves 3).
(b) Suppose L ∼= S(3; 1; Φ(τ))(1). With the notations of Proposition 5.5 we have,

for every root vector Ea,λ :=
∑

λiz
azi∂i and k ∈ GF (p) (as

∑
λiai = 0),

Ea,λ(z
b+ka) =

∑
λi(bi + kai)z

b+(k+1)a =
(∑

λibi

)
zb+(k+1)a.

Thus Ea,λ
[p](zb) = (

∑
λibi)

pzb =
∑

λpi biz
b, i.e.,

Ea,λ
[p] =

∑
λpi zi∂i.(4)

This proves 1).
2) For any root α =

∑
aiεi 6= 0 the root space is 2-dimensional:

Lα = FEa,λ ⊕ FEa,µ, where
∑

λiai =
∑

µiai = 0,

and hence dim Lα
[p] = 2. Thus Lα

[p] = T∩ker α. Therefore no 2-section is solvable.
3) is obvious.
4) Set α =

∑
aiεi, β =

∑
biεi and x = Ea,λ, y = Eb,µ. Then, according to (2),

[x, y] =
∑
i,j

(λjbjµi − µjajλi) z
a+bzi∂i
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and hence, according to (4)

x[p] =
∑

λpjzj∂j , β(x[p]) =
∑

λpj bj ,

y[p] =
∑

µpjzj∂j , α(y[p]) =
∑

µpjaj,

[x, y][p] =
∑
i

(∑
j

λjbjµi − µjajλi

)p
zi∂i

= −
∑
i

(
∑
j

µpjaj)λ
p
i zi∂i +

∑
i

(
∑
j

λpj bj)µ
p
i zi∂i.

This proves 4).

6. Solvable sections

We now turn to the general case that L is a simple Lie algebra over an alge-
braically closed field F of characteristic p > 7 satisfying (A;m) for some m. Let T
be a torus of a p-envelope Lp of L of maximal absolute toral rank. We recall from
§1 that CL(T ) acts nilpotently on L and every 1-section is nilpotent.

We quote (with minor changes)

Theorem 6.1 ([17, (2.7)]). Let L be simple satisfying (A;TR(L)) and let Lp be a
semisimple p-envelope of L. Let T denote a torus of dimension dim T = TR(L).
Let I(α, β, γ) be the maximal solvable ideal of L(α, β, γ)+T and σ : L(α, β, γ)+T →
L(α, β, γ) + T/I(α, β, γ). Put R = σ(T ) and K = σ(L(α, β, γ)). Then K is one of
the following:

1) K = (0);
2) S ⊂ K + R ⊂ DerS, S ∼= H(2; 1; Φ(τ)(1), and there exist δi (i = 1, 2) such

that K = σ(L(δ1, δ2));

3) H(2; 1; Φ(τ))(1) ⊗A(1; 1) ⊂ K +R ⊂ Der
(
H(2; 1; Φ(τ))(1) ⊗A(1; 1)

)
;

4) S ⊂ K +R ⊂ DerS, where S is a simple Lie algebra satisfying (A; 3). 2

We are going to derive some detailed information on these cases.

Lemma 6.2. Suppose that L(α, β, γ) satisfies case 2) of Theorem 6.1. Then the
following hold.

1) K = S.
2) dim R = 2.
3) Every root space of K for a nonzero root is 1-dimensional, and CK(R) = (0).

Every root vector acts nonnilpotently on K.
4) K +R = DerS.

Proof. Since K is the image of a 2-section, we may apply [14, (VII.4)] to obtain
K ∼= H(2; 1; Φ(τ)(1). Thus K = S. In addition, as it cannot be an image of a
(solvable!) 1-section, we have 1 < dim R ≤ 2. 3) is an immediate consequence of
[14, (VII. 3)]. As a consequence of 3) we obtain dim (K +R) = dim K + dim R =
p2 + 1 = dim DerH(2; 1; Φ(τ))(1).

Lemma 6.3. Suppose that L(α, β, γ) is as in case 3) of Theorem 6.1. Set S :=
H(2; 1; Φ(τ))(1) ⊗A(1; 1). Then the following hold.

1) K/S is solvable.
2) dim R = 3, i.e., there are 3 F -independent roots on S.
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3) ker σ acts nilpotently on L(α, β, γ).
4) There is κ ∈ 〈α, β, γ〉, κ 6= 0, satisfying κ(Kµ) = 0 for all µ ∈ 〈α, β, γ〉.

Proof. 1) Note that

TR(S) = TR
(
H(2; 1; Φ(τ))(1) ⊗A(1; 1) /H(2; 1; Φ(τ))(1) ⊗A(1; 1)(1)

)
= TR

(
H(2; 1; Φ(τ))(1)

)
= 2.

Therefore R intersects the p-envelope Sp in DerS in a 2-dimensional torus R0 ([17,
(1.5)]). Thus there is a root λ satisfying

K = S +K(λ), λ(R0) = 0.

Consequently,
⋂
n>0 K

(n) = S. This proves 1).

2) We assume dim R ≤ 2. Then we have R = R0, K(λ) = CK(R) = σ
(
CL(T )

)
.

Let J denote the unique maximal ideal of S. Observe that J is nilpotent. Now
J + [CK(R), J ] is an ideal of S. If this is contained in J , then J is a solvable ideal
of K + R. By construction of K this has to be (0), which is not true. Thus we
have S = J + [CK(R), J ]. Due to our assumption, J decomposes with respect to
R0 = R. Then for every root µ

Sµ = Jµ + [CK(R), Jµ] ⊂ Jµ +
(
K(µ))(1) ∩ S.

As L(µ) is a nilpotent and hence triangulable [11, Theorem 3.5]) section, therefore
every root space Sµ acts nilpotently on S (by Jacobson’s theorem on nil Lie sets).
This would imply the nilpotency of S, a contradiction. Since R acts faithfully on
S, there are 3 F -independent roots on S.

3) Let x ∈ ker σ be any root rector. We may assume that α, β, γ are independent
roots on S. According to Proposition 1.1, α(x) = β(x) = γ(x) = 0. Then µ(x) = 0
holds for all µ ∈ 〈α, β, γ〉, whence x acts nilpotently on L(α, β, γ). Thus kerσ acts
nilpotently as well.

4) As in 2), let R0 denote the 2-dimensional torus R0 = R ∩ Sp. There is
κ ∈ 〈α, β, γ〉 satisfying κ(R0) = 0, κ 6= 0. Choose roots δ1, δ2 F -independent on
R0. We observe that S/ radS ∼= H(2; 1; Φ(τ))(1), and hence σ

(
L(δ1, δ2)

)
is of type

H(2; 1; Φ(τ))(1) as well. Consequently, δ1(Lδ2) 6= 0, δ2(Lδ1) 6= 0 ([14, (VII.3)]).
Now κ satisfies

κ(
⋃
µ

Sµ) = κ(R0) = 0.

As in 1), decompose

K = S +K(λ), λ(R0) = 0,

and observe that, due to the preceding result, it remains to prove that κ(Kiλ) = 0
for all i ∈ GF (p). If λ = 0, i.e., K = S + σ

(
CL(T )

)
, then κ(Kiλ) = 0, since every

root vanishes on CL(T ). Otherwise we have κ = sλ for some s ∈ F , and hence
κ(Kiλ) = 0 as well.

Lemma 6.4. Suppose that L(α, β, γ) satisfies case 4) of Theorem 6.1. Then

1) dim R = 3,
2) K = S + CK(R).

Proof. As TR(S) = 3, R intersects the p-envelope Sp in DerS in a 3-dimensional
torus [17, (1.5)], i.e., dimR = 3 and R ⊂ Sp. The latter impliesK = S+CK(R).
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With γ = α Theorem 6.1 also covers the case of 2-sections. According to Lem-
mas 6.3 and 6.4, only cases 1) and 2) are possible then. Lemmas 6.2 and 6.4 in
combination with Theorem 5.6 and the results of [14, VII] enable us to deal with
cases 2) and 4) of Theorem 6.1. The following lemma will help us to overcome the
difficulties arising from cases 1) and 3).

Lemma 6.5. Let α, β ∈ Γ, γ, δ ∈ 〈α, β〉, and V ⊂ Lγ−δ a subspace such that

a) β(Lα) 6= 0,
b) Ω := {µ ∈ Γ | µ([V, Lδ]) 6= 0} 6= ∅.

Then there is a root κ ∈ Γ such that

κ
(
[V, Lδ]

) 6= 0, (α − κ)
(
[V, Lδ]

) 6= 0, β
(
[Lα−κ, Lκ]

) 6= 0.

Let σ : L(α, β, κ) + T → K + R and S be as in Theorem 6.1. The following are
true.

1) Lκ, Lα−κ, [V, Lδ] and Lµ (if µ ∈ 〈α, β, κ〉 and µ
(
[Lα−κ, Lκ]

) 6= 0) are con-

tained in
⋂
n>0 L(α, β, κ)(n).

2) Kκ, Kα−κ, σ
(
[V, Lδ]

)
are nonzero subspaces contained in S.

3) L(α, β, κ) does not satisfy case 1) of Theorem 6.1. It satisfies case 2) of
Theorem 6.1 if and only if κ ∈ 〈α, β〉.

4) S =
⋂
n>0 K

(n).

Proof. The simplicity of L implies (by Schue’s Lemma)

Lα =
∑

α−µ,µ∈Ω

[Lα−µ, Lµ].

Since L(α) acts triangulably, every root is linear on Lα. Thus there is κ ∈ Γ such
that

κ
(
[V, Lδ]

) 6= 0, (α − κ)
(
[V, Lδ]

) 6= 0, β
(
[Lα−κ, Lκ]

) 6= 0.

1) Suppose inductively (for µ ∈ 〈α, β, κ〉 and µ
(
[Lα−κ, Lκ]

) 6= 0) that

Lκ, Lα−κ, [V, Lδ], Lµ ⊂ L(α, β, κ)(n).

Note that γ − δ, δ have to be independent, since by assumption L(γ − δ, δ)(1) acts
non-nilpotently. Thus γ − δ or δ is of the form iα+ jβ with j 6= 0. Consequently

(γ − δ)
(
[Lα−κ, Lκ]

) 6= 0 or δ
(
[Lα−κ, Lκ]

) 6= 0.

By Proposition 1.2 we see that Lγ−δ ⊂ L(α, β, κ)(n+1) or Lδ ⊂ L(α, β, κ)(n+1).

Thus [V, Lδ] ⊂ L(α, β, κ)(n+1) in either case. The same reasoning then yields

Lκ, Lα−κ ⊂ L(α, β, κ)(n+1) and Lµ ⊂ L(α, β, κ)(n+1).

In particular, L(α, β, κ) is nonsolvable.
2) If [V, Lδ] is contained in kerσ, then we may conclude as above that [V, Lσ] ⊂⋂
n>0(kerσ)(n) = (0), a contradiction. Similarly, we obtain σ(Lκ) 6= 0, σ(Lα−κ) 6=

0.
3) We have already mentioned that L(α, β, κ) is nonsolvable. Suppose L(α, β, κ)

satisfies case 2) of Theorem 6.1. Then K = S ∼= H(2; 1; Φ(τ))(1) and dim R = 2
(Lemma 6.2). Since 0 6= σ

(
[V, Lδ]

) ⊂ [Kγ−δ, Kδ], then γ and δ are independent
roots on K, and hence span the roots lattice. As κ is a root on K, we obtain
κ ∈ 〈γ, δ〉 = 〈α, β〉.
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If κ ∈ 〈α, β〉, then L(α, β, κ) is a 2-section. Hence R is 2-dimensional and
TR(L(α, β, κ)) ≤ 2. According to Lemma 6.6, L(α, β, κ) cannot be as in case
3) of Theorem 6.1. It cannot be as in case 4) of Theorem 6.1, since otherwise
TR(L(α, β, κ)) = 3.

4) If we are in case 2) of Theorem 6.1, apply Theorem 6.2(1). Suppose that
L(α, β, κ) satisfies case 3) or case 4). In both cases we have S =

⋂
n>0K

(n), as
K/S is solvable (Lemmas 6.3 and 6.4).

We are now going to determine solvable sections of L.

Proposition 6.6. Every solvable section L(α1, . . . , αt) acts triangulably on L.

Proof. Since

L(α1, . . . , αt)
(1) =

∑
γ,δ∈〈α1,... ,αt〉

[Lγ , Lδ]

and
⋃
γ,δ∈〈α1,... ,αt〉[Lγ , Lδ] is a Lie set, it is sufficient to prove that every 2-section

L(α, β) acts triangulably on L.
If γ(Lδ) = 0 for all γ, δ ∈ 〈α, β〉, then every Lδ acts nilpotently on L(α, β) and

hence L(α, β) is a nilpotent section. Consequently it acts triangulably on L.
Otherwise we may assume β(Lα) 6= 0. If L(α, β)(1) does not act nilpotently on

L, then there are γ, δ ∈ 〈α, β〉 such that [Lγ−δ, Lδ] acts non-nilpotently on L. Note
that γ and δ are independent, in particular 6= 0. Put

Ω := {µ ∈ Γ | µ([Lγ−δ, Lδ]) 6= 0}.
The present assumption yields Ω 6= ∅. Choose a root κ according to Lemma 6.5.
This lemma yields the following results.

a) L(α, β, κ) is not solvable.
b) If this section satisfies case 2) of Theorem 6.1 then we have κ ∈ 〈α, β〉 and

σ (L(α, β, κ)) = σ (L(α, β)) is solvable, a contradiction.
c) Suppose L(α, β, κ) satisfies case 3) of Theorem 6.1. Note that according to

Lemma 6.5, (iα + jβ) ([Lα−κ, Lκ]) = jβ ([Lα−κ, Lκ]) 6= 0 if j 6= 0. Therefore
Liα+jβ ⊂

⋂
n>0 L(α, β, κ)(n), and hence

Kiα+jβ = σ(Liα+jβ) ⊂ S ∀ j 6= 0.

If γ ∈ GF (p)α then, as γ, δ are independent, δ 6∈ GF (p)α, and the above shows
that Kγ−δ, Kδ ⊂ S.

If γ 6∈ GF (p)α then γ = iα+jβ for some j 6= 0, and the above shows thatKγ ⊂ S.
Since according to Lemma 6.5(2) Kκ, Kα−κ, [Kγ−δ, Kδ] ⊂ S and γ([Kκ, Kα−κ]) 6=
0, Lemma 1.2 yields

[Kγ−δ, Kδ] =
(

ad([Kκ, Kα−κ])
)p

([Kγ−δ, Kδ]) ⊂ S(α, β)(1).

In either case we obtain [Kγ−δ, Kδ] ⊂ S(α, β)(1).

Recall that S = H(2; 1; Φ(τ))(1) ⊗ A(1; 1). As TR(S) = 2, R intersects the
p-envelope Sp in DerS in a 2-dimensional torus R0. Let

π : S +R0 → DerH(2; 1; Φ(τ))(1)

denote the canonical homomorphism. π(R0) acts on π(S) faithfully as a 2-dimen-
sional torus, and π (S(α, β)) is solvable due to the general assumption. Then
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π (S(α, β)) can only be a 1-section with respect to π(R0), and as all 1-sections
in H(2; 1; Φ(τ))(1) are abelian ([14, (VII.3)]), we obtain

S(α, β)(1) ⊂ kerπ = H(2; 1; Φ(τ))(1) ⊗A(1; 1)(1).

Then S(α, β)(1) acts nilpotently on K. Since κ is a root on K, this yields the
contradiction κ ([Lγ−δ, Lδ]) = 0.

d) We end up with case 4) of Theorem 6.1. Then Lemma 6.4 yields K =
S + CK(R), and we obtain that

K(α, β)(1) ⊂ S(α, β)(1) +
∑

µ∈〈α,β〉
K(µ)(1).

Recall that S satisfies (A; 3). Then Theorem 5.6 shows that, as S(α, β) is a solvable
section, S(α, β) is abelian. Therefore K(α, β)(1) acts nilpotently on K. Since in the
present case there are 3 independent roots on S, we obtain µ

(
K(α, β)(1) ∩Kλ

)
= 0

for all µ ∈ 〈α, β, κ〉, λ ∈ 〈α, β〉. This again contradicts the choice of κ.

It has turned out during the classification work that, whenever a Lie-type the-
orem like the preceding proposition is proved, we are able to classify a further big
family of simple Lie algebras. Accordingly, Proposition 6.6 is a key result.

Proposition 6.7. Every root vector of L with respect to T acts non-nilpotently on
L. In particular, CL(T ) = (0).

Proof. Put Nµ := {x ∈ Lµ | κ(x) = 0 ∀ κ ∈ Γ} for all µ ∈ Γ. We shall prove that
N :=

∑
Nµ is an ideal of L.

Clearly L(µ)(1) ⊂ N holds for all µ ∈ Γ.
If L(α, β) is a solvable 2-section, then Proposition 6.6 yields

[Nα, Lβ] ⊂ L(α, β)(1) ⊂ N.

Next suppose that α, β are independent roots and that L(α, β) is a nonsolvable
2-section. Suppose that [Nα, Lβ] 6⊂ N . Note that 2-sections are described by case

2) of Theorem 6.1. Thus we have σ (L(α, β)) ∼= H(2; 1; Φ(τ))(1). No root vector in
this algebra acts nilpotently ([14, VII.3]). Therefore

β(Lα) 6= 0, α(Lβ) 6= 0.

The assumption [Nα, Lβ] 6⊂ N means Ω := {µ ∈ Γ | µ ([Nα, Lβ]) 6= 0} is nonvoid.
Thus Lemma 6.5 applies. There is a root κ such that

κ ([Nα, Lβ]) 6= 0, (α− κ) ([Nα, Lβ]) 6= 0, β ([Lα−κ, Lκ]) 6= 0.

Lemma 6.5 yields the following:
a) L(α, β, κ) is not solvable.
b) Suppose that L(α, β, κ) satisfies case 2) of Theorem 6.1. Then κ ∈ 〈α, β〉.

Since in H(2; 1; Φ(τ)(1) no root vector acts nilpotently, we conclude that σ(Nα) =
(0) and σ ([Nα, Lβ ]) = (0), contradicting Lemma 6.5(2).

c) Suppose that L(α, β, κ) satisfies case 3) of Theorem 6.1. Lemma 6.5 implies
that σ(Lβ) ⊂ ⋂n>0K

(n) = S. Recalling that α(Lβ) 6= 0, we see that σ(Nα) ⊂ S
as well.

Consider the homomorphism

π : S → S/ radS ∼= H(2; 1; Φ(τ))(1).
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As in the proof of Proposition 6.6, let R0 ⊂ R denote the 2-dimensional torus in
the p-envelope of S. R0 acts on π(S) faithfully. πσ(Nα) is contained in a root space
with respect to R0. Recall that no root vector of H(2; 1; Φ(τ))(1) acts nilpotently.
Thus πσ(Nα) = (0). We conclude that

σ(Nα) ⊂ radS, σ ([Nα, Lβ ]) = [σ(Nα), σ(Lβ)] ⊂ radS.

Hence σ ([Nα, Lβ]) acts nilpotently on S. Since Sκ 6= 0 (Lemma 6.5(2)), this yields
the contradiction κ ([Nα, Lβ]) = 0.

d) Suppose that L(α, β, κ) satisfies case 4) of Theorem 6.1. According to Lemma
6.4 we have K = S + CK(R), whence σ(Nα), σ(Lβ) ⊂ S. Now S satisfies (A; 3).
Then Theorem 5.6 shows that σ(Nα) vanishes. Consequently, [Nα, Lβ] ⊂ kerσ. As
κ is a root on K (Lemma 6.5(2)), this yields κ ([Nα, Lβ ]) = 0, contradicting the
choice of κ.

As a consequence, N is an ideal of L. Hence N = (0), and therefore for any root
vector u ∈ Lα there exists β ∈ Γ such that β(u) 6= 0. Thus u acts non-nilpotently
on L. In particular CL(T ) ⊂ N = (0) (cf. Theorem 1.5).

Corollary 6.8. Every solvable section is abelian, and every nonsolvable 2-section
has core H(2; 1; Φ(τ))(1).

Proof. This corollary is a direct consequence of Propositions 6.6 and 6.7, and The-
orem 1.5.

Corollary 6.9. 1) 0 6∈ Γ.
2) Γ ∪ {0} is an elementary p-group of rank TR(L).
3) There exists k > 0 such that

dimLµ = k ∀ µ ∈ Γ.

Proof. 1) 0 6∈ Γ (Proposition 6.7).
2) Let α, β ∈ Γ, α+β 6= 0. In order to prove that α+β ∈ Γ we make the following

introductory remark. If L(κ, λ) is solvable then it is abelian (Corollary 6.8). Hence
we have κ(Lλ) = 0. Otherwise the remark following Lemma 6.4 shows σ (L(κ, λ)) =
H(2; 1; Φ(τ))(1). Then all iκ+jλ 6= 0 are roots and µ(Lλ) 6= 0 for all µ ∈ 〈κ, λ〉\(0).
Thus the following implications are true:

κ(Lλ) 6= 0 ⇐⇒ λ(Lκ) 6= 0 =⇒ 〈κ, λ〉 ⊂ Γ ∪ {0}.
If β(Lα) 6= 0 the preceding remark shows that α + β ∈ Γ. Thus suppose β(Lα) =
0, α(Lβ) = 0. This implies that L(α, β) is abelian.

Suppose α, β are dependent. Since Lα does not annihilate L, there is a non-
abelian 2-section L(α, γ). The introductory remark yields that GF (p)∗α ⊂ Γ. In
particular, α+ β ∈ Γ.

Suppose that α, β are independent. The subalgebra
∑

µ∈Γ

∑
i≥0 Lµ

[p]i of the

p-envelope Lp of L is closed under [p]-th powers and hence coincides with Lp. In
particular, this subalgebra contains the torus T of maximal toral rank. Since α+β

is a nonzero linear form on T , there is γ ∈ Γ such that (α + β)(L
[p]i

γ ) 6= 0 for

some i ≥ 0. By symmetry we may assume α(Lγ
[p]i) 6= 0, which by definition

means α(Lγ) 6= 0. Consider the section L(α, β, γ). γ is independent of α, β, since
otherwise L(α, β, γ) = L(α, β) would be abelian, contrary to the choice of γ. Hence
we have the following setting:

α, β, γ are independent,
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L(α, β) is abelian,
L(α, β, γ) is nonabelian and hence nonsolvable,
α(Lγ) 6= 0, γ(Lα) 6= 0, (α+ β)(Lγ) 6= 0.

a) Suppose L(α, β, γ) satisfies case 2) of Theorem 6.1. Since L(α, γ) is nonabelian
it is nonsolvable, and hence

σ (L(α, β, γ)) = σ (L(α, γ)) .

Assume that for some j 6= 0 and some i the linear combination µ := iα + jβ is a
root. In the present case σ(Lµ) = 0 holds, and hence σ (L(µ, γ)) cannot be of Block
type. Thus L(µ, γ) is solvable, whence it is abelian.

In particular, setting j = 1, i = 0, we observe that β(Lγ) = 0.
Next suppose that some µ = iα+ jβ (i, j 6= 0) is a root. Then (iα+ jβ)(Lγ) =

iα(Lγ) 6= 0, whence L(µ, γ) is nonabelian. This contradicts the preceding remark
and hence shows that no linear form iα+ jβ (i, j 6= 0) is a root.

As Lα does not centralize L, the set Ω := {λ ∈ Γ | λ(Lα) 6= 0} is nonvoid. The
simplicity of L ensures the existence of δ ∈ Ω such that [Lδ, Lβ−δ] 6= (0). Then
L(δ, β) is nonabelian, proving β(Lδ) 6= 0. The introductory remark yields β −
δ, 2(β − δ) ∈ Γ.

Since β(Lα) = 0 we have (β−δ)(Lα) = δ(Lα) 6= 0, showing that α+(β−δ), α+
2(β − δ) ∈ Γ.

If (α+ β − δ)(Lδ) 6= 0, then we obtain α+ β = (α+ β − δ) + δ ∈ Γ, contrary to
the above.

If (α + β − δ)(Lδ) = 0, then (β − δ)(Lδ) = −α(Lδ) 6= 0. As above, we obtain
the contradiction α+ 2β = (α+ 2(β − δ)) + 2δ ∈ Γ. Thus L(α, β, γ) cannot satisfy
case 2) of Theorem 6.1.

b) Suppose L(α, β, γ) satisfies case 3) of Theorem 6.1. With the notations of
Lemma 6.3 let κ ∈ 〈α, β, γ〉 denote the linear form which vanishes on

⋃
µKµ.

First we consider the case that κ is a root. By asssumption no 2-section K(κ, µ)
is of Block type, since otherwise κ(Kµ) 6= 0. Hence K(κ, µ) is solvable. Then
L(κ, µ) is solvable as well. Thus it is abelian. We obtain that Kκ centralizes K,
contradicting the fact that K +R is semisimple.

Thus κ is not a root. Since there are 3 independent roots on K, some

µ = kκ+ iα+ jγ, k 6= 0, (i, j) 6= (0, 0)

is a root. We observe that µ(Lγ) = iα(Lγ), µ(Lα) = jγ(Lα). As α(Lγ) 6= 0 and
γ(Lα) 6= 0, the introductory remark (applied several times) shows that

{rκ+ sα+ tγ | r, s, t ∈ GF (p), (s, t) 6= (0, 0)}
is contained in Γ.

Since α+β does not vanish on Lγ , α+β is contained in this set. Thus α+β ∈ Γ.
c) Suppose L(α, β, γ) satisfies case 4) of Theorem 6.1. Then the socle S of

σ (L(α, β, γ)) satisfies (A; 3). Now Theorem 5.6 shows that α+ β is a root.
3) Put Ω := {µ ∈ Γ | dimLµ is minimal }, and I :=

∑
µ∈Ω Lµ. We prove that

I is an ideal of L. Take any µ ∈ Ω and α ∈ Γ. If µ(Lα) 6= 0, then there is x ∈ Lα
with µ(x) 6= 0, and this element acts invertibly on

∑
i∈GF (p) Lµ+iα. Consequently,

dimLµ+α = dimLµ, and µ+ α ∈ Ω.
If µ(Lα) = 0 then L(α, µ) is abelian, whence [Lµ, Lα] = (0).
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7. The Classification

As a result of the above deliberations we may embed the Lie algebras under
consideration into more convenient algebras. To that end we consider a finite
dimensional vector space M and a finite subgroup G in M∗, the dual space of M .
Put Mα := kerα = {m ∈ M | α(m) = 0} for all α ∈ G and let V (M,G) be the
graded space

V (M,G) :=
⊕
µ∈G

Mµ.

For the sake of clarity we write the µ-part of V (M,G) as {(m,µ) | m ∈ Mµ} =
(Mµ, µ). Together with the product

[(m,α), (m′, β)] := (α(m′)m− β(m)m′, α+ β),

V (M,G) becomes a Lie algebra.
For any root vector x ∈ Lµ let xs ∈ T denote the semisimple part of x in Lp.

Theorem 7.1. Let L be a simple Lie algebra satisfying (A;TR(L)) and let Lp be
a semisimple p-envelope of L. Let T denote a torus of Lp of dimension TR(L), Γ
the set of roots of T on L and G = Γ ∪ {0} the GF (p)-vector space spanned by Γ.
The mapping

Ψ : L −→ V (T,G),

x 7−→ (−xs, α) ∀ x ∈ Lα,
constitutes an injective Lie algebra homomorphism.

Proof. 1) Every root space Lµ is abelian (Corollary 6.8). We therefore have for
arbitrary x, y ∈ Lµ,

(x+ y)s = xs + ys

[21, (2.3)]. Thus Ψ is linear on every root space and hence extends to a linear
mapping on L.

2) In order to prove that Ψ is a Lie homomorphism we take x ∈ Lα, y ∈ Lβ and
show that

γ([x, y]) = −α(y)γ(x) + β(x)γ(y)(5)

for all roots γ, which satisfy γ(x) 6= 0. Once (5) is established, the definition of an
extended root (namely γ(x) = γ(xs)) yields that the element

z := [x, y]s + α(y)xs − β(x)ys ∈ T
is annihilated by all γ ∈ Γ with γ(x) 6= 0. As Ω := {µ ∈ Γ | µ(x) 6= 0} is
nonvoid (Proposition 6.7), the simplicity of L implies that all roots vanish on z.
Consequently, z centralizes L and hence Lp. As Lp was chosen semisimple, this
gives the desired result.

We will now prove (5). Take γ ∈ Γ, γ(x) 6= 0. The condition on γ means that
L(α, γ) is nonsolvable (Corollary 6.8).

(a) If L(α, β) is solvable, then according to Corollary 6.8

[x, y] = 0, α(y) = 0, β(x) = 0.

Thus (5) is trivially satisfied in this case.
(b) From now on we assume that L(α, β) is nonsolvable. Suppose that L(α, β, γ)

satisfies case 2) of Theorem 6.1. The 2-sections L(α, β) and L(α, γ) are not solvable.
In the present case there is only one nonsolvable 2-section. Hence γ is dependent
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on α, β. As ker σ acts nilpotently on L(α, β), it is sufficient to prove (5) in K =
σ(L(α, β)) ∼= H(2; 1,Φ(τ))(1). We have shown in [14, (VII.3)] that there is a basis
of root vectors uµ ∈ Kµ and a biadditive skewsymmetric form f such that

[uλ, uµ] = f(λ, µ)uλ+µ, ∀ λ, µ ∈ Γ.

Consequently,

(ad[uα, uβ])
p(uγ) = (ad f(α, β)uα+β)p(uγ)

= f(α, β)pf(α+ β, γ)puγ

= (f(α, β)f(α, γ) + f(α, β)f(β, γ))puγ ,

(aduα)p(uγ) = f(α, γ)puγ ,

(aduβ)
p(uγ) = f(β, γ)puγ ,

(aduα)p(uβ) = f(α, β)puβ,

(aduβ)p(uα) = f(β, α)puα.

The result on extended roots (Proposition 1.1) shows that

γ([uα, uβ]) = f(α, β)f(α, γ) + f(α, β)f(β, γ),

γ(uα) = f(α, γ),

γ(uβ) = f(β, γ),

β(uα) = f(α, β) = −f(β, α) = −α(uβ).

This is the result.
(c) Suppose that L(α, β, γ) satisfies case 3) of Theorem 6.1. As ker σ is nilpotent,

it is sufficient to prove (5) in K. According to Lemma 6.3, there is κ ∈ T ∗ which
vanishes on

⋃
µKµ. Each root of K is contained in 〈α, β, κ〉. Put γ = iα+ jβ+kκ.

As (5) is linear in γ and κ vanishes everywhere, it is enough to prove (5) for iα+ jβ
instead of γ. This has been done in the former case.

(d) Suppose that L(α, β, γ) satisfies case 4) of Theorem 6.1. As in the former case
it is sufficient to check (5) in K (which according to Lemma 6.4 and Proposition 6.7
coincides with S). Theorem 5.6 applies and yields the result.

3) To prove injectivity of Ψ, take
∑

µ∈Γ xµ ∈ ker Ψ. By definition of Ψ we have

xµ ∈ ker Ψ for all µ. Therefore xµ is [p]-nilpotent and consequently acts nilpotently
on L. Proposition 6.7 yields xµ = 0 for all µ, and therefore x = 0.

We now consider L =
⊕

µ∈Γ(Mµ, µ) as a homogeneous subalgebra of V (T,G).
Put

M :=
∑

Mµ, m := dimM, and L0 := {
∑

(uµ, µ) |
∑

uµ = 0}.
Corollary 6.9 in combination with Theorem 7.1 yields that dim Mµ = k is indepen-
dent of µ.

Lemma 7.2. 1) L0 is a subalgebra of L.
2) L/L0

∼= M via ϕ(
∑

(uµ, µ)) =
∑

uµ.
3) L0 acts on M via

(
∑
λ

(uλ, λ)) · v :=
∑
λ

λ(v)uλ.
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Proof. 1) Suppose
∑
uµ =

∑
vµ = 0. Then

[
∑
λ

(uλ, λ),
∑
µ

(vµ, µ)] =
∑
λ,µ

(
λ(vµ)uλ − µ(uλ)vµ, λ+ µ

)
.

The result follows from the observation that∑
λ,µ

(
λ(vµ)uλ − µ(uλ)vµ

)
=
∑
λ

λ(
∑
µ

vµ)uλ −
∑
µ

µ(
∑
λ

uλ)vµ = 0.

2) is obvious.
3) For

∑
λ(uλ, λ) ∈ L0, (vµ, µ) ∈ L the multiplication in L yields

[
∑
λ

(uλ, λ), (vµ, µ)] =
∑
λ

(λ(vµ)uλ, λ+ µ)−
∑
λ

(µ(uλ)vµ, λ+ µ)

≡
∑
λ

(λ(vµ)uλ, λ+ µ) (modL0).

The definition of ϕ gives the result.

Lemma 7.3. For all κ, λ, µ ∈ Γ the following are true.

1) κ(Mκ) = 0.
2) Suppose λ(Mκ) 6= 0. Then

a) Mλ 6= Mκ;
b) κ(Mµ) 6= 0 ∀ µ ∈ 〈κ, λ〉 \ 〈κ〉;
c) Mκ ∩ kerλ = Mκ ∩Mλ = Mλ ∩ kerκ;
d) Mµ ⊂Mκ +Mλ for all µ ∈ 〈κ, λ〉 ∩ Γ;
e) if κ, λ, µ are F -independent on Mκ +Mλ, then Mµ ⊂Mκ +Mλ.

Proof. 1) follows from the fact that κ(Lκ) = 0 ∀ κ ∈ Γ.
2) (a) follows as λ(Mλ) = 0, λ(Mκ) 6= 0.
(b) There is x ∈ Lκ satisfying λ(x) 6= 0. Then L(κ, λ) is nonabelian. Hence

there is y ∈ Lµ with κ(y) 6= 0. Thus κ(Mµ) 6= 0.
(c) According to (b) we have κ(Mλ−κ) 6= 0. Choose v ∈ Mλ−κ with κ(v) = 1.

Then, for every w ∈Mκ ∩ ker λ one has (as (λ− κ)(w) = 0)

(w, λ) = [(w, κ), (v, λ − κ)] ∈ (Mλ, λ).

Thus we have Mκ ∩ ker λ ⊂ Mκ ∩Mλ 6= Mκ. A dimension argument proves that
Mκ ∩ kerλ = Mκ ∩Mλ. Note that according to (b) κ(Mλ) 6= 0. Interchanging κ
and λ, we obtain the remaining assertion.

(d) Since L(κ, λ) is of Block type, it is generated as an algebra by Lκ + Lλ.
The definition of the multiplication in V (T,G) then means that Mµ is contained in
Mκ +Mλ.

(e) Suppose µ(Mκ ∩Mλ) = 0. According to (a) and (c) we have

Mκ = (Mκ ∩Mλ)⊕ Feκ, λ(eκ) = 1,

Mλ = (Mκ ∩Mλ)⊕ Feλ, κ(eλ) = 1.

As κ, λ, µ vanish on Mκ ∩Mλ, these linear forms are F -dependent on Mκ + Mλ.
This contradiction shows that µ(Mκ ∩Mλ) 6= 0.

Since µ(Mκ) 6= 0 and µ(Mλ) 6= 0, we may apply (c) for various cases to obtain

Mµ ∩ kerκ = Mκ ∩Mµ = Mκ ∩ kerµ,
Mµ ∩ kerλ = Mλ ∩Mµ = Mλ ∩ kerµ.
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Next suppose that Mµ ∩ kerκ = Mµ ∩ kerλ. This assumption yields

Mκ ∩Mµ = Mλ ∩Mµ ⊂ (kerκ) ∩ (kerλ) ∩ (kerµ).

As

dim (Mκ +Mλ)/Mκ ∩Mµ

≤ dim (Mκ/Mκ ∩Mµ) + dim (Mλ/Mλ ∩Mµ) ≤ 2,

the linear forms κ, λ, µ are F -linearly dependent on Mκ + Mλ, a contradiction.
Hence

Mµ ∩ kerκ 6= Mµ ∩ kerλ,

whence

Mµ ⊂Mµ ∩ kerκ+Mµ ∩ kerλ = Mκ ∩ kerµ+Mλ ∩ kerµ ⊂Mκ +Mλ.

Proposition 7.4. Assume dim Mµ > 1 for all µ ∈ Γ. Then

Mµ = M ∩ kerµ ∀ µ ∈ Γ.

Proof. Let α ∈ Γ be arbitrary. Then α 6= 0 (Corollary 6.9) and there is β ∈ Γ such
that L(α, β) has core H(2; 1; Φ(τ))(1) (Theorem 1.5). In this case

α(Mβ) 6= 0, β(Mα) 6= 0.

Set

Ω := {µ ∈ Γ | α, β, µ are F − independent on Mα +Mβ}.
(a) Suppose Ω = ∅. Then

(Mα +Mβ) ∩ (kerα) ∩ (kerβ) = (Mα +Mβ) ∩ (kerα) ∩ (kerβ) ∩ (kerµ)

for all µ ∈ Γ. Consequently,

Mα ∩ (kerβ) ⊂ (Mα +Mβ) ∩ (kerα) ∩ (ker β)

= (Mα +Mβ) ∩
⋂
µ∈Γ

(kerµ) ⊂ T ∩
⋂
µ∈Γ

(kerµ) = (0).

This implies dim Mα = 1, contradicting our assumption.
(b) Suppose Ω 6= ∅. If γ ∈ Ω then Lemma 7.3(e) givesMγ ⊂Mα+Mβ. Moreover,

the simplicity of L implies

L =
∑
µ∈Ω

Lµ +
∑
λ,µ∈Ω

[Lλ, Lµ].

Thus for γ 6∈ Ω we have Lγ =
∑

λ,γ−λ∈Ω[Lλ, Lγ−λ]. Then

Mγ ⊂
∑

λ,γ−λ∈Ω

(Mλ +Mγ−λ) ⊂Mα +Mβ

by Lemma 7.3(2.d,e).
(c) As a consequence of the above,

M =
∑
γ∈Γ

Mγ = Mα +Mβ.

Thus Lemma 7.3(2.c) yields

M ∩ kerα = (Mα +Mβ) ∩ kerα = Mα +Mβ ∩ kerα = Mα.
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We are now able to prove the classification results we are striving for. Let L
be a simple Lie algebra satisfying (A; k). The assumption k = 1 implies that L
as a 1-section is solvable, a contradiction. If k = 2 then L ∼= H(2; 1; Φ(τ))(1) is
of Hamiltonian type (Theorem 1.5(3)). We are now mainly interested in the case
k ≥ 3.

Theorem 7.5. Let L be a simple Lie algebra satisfying (A; k). Suppose that dim Lµ
≥ 2 for all µ ∈ Γ. Then L is of Cartan type. More precisely,

L ∼= S(m;n; Φ(τ))(1), 3 ≤ m ≤ k =

m∑
i=1

ni.

Proof. Let Lp denote a semisimple p-envelope of L and T ⊂ Lp a torus of maximal
dimension (= k). Note that dim Lµ = dim Mµ = (dimM)−1 (by Proposition 7.4).
Set m := dim M ≥ 3. By definition, M ⊂ T and hence m ≤ k. The semisimplicity
of Lp implies that there are roots α1, . . . , αm such that

M ∩
m⋂
i=1

kerαi = (0).

Choose a basis q1, . . . , qm ∈ M dual to α1, . . . , αm. The action of L0 on M has
been described in Lemma 7.2. With respect to the basis (q1, . . . , qm) the following
elements of L0 represent the respective matrices (for i 6= j):

(qi, 2αj)− (qi, αj) : Eij ,

(qi − qj , αi + αj)− (qi, αj) + (qi, αi) : Eii − Ejj .

Next we compute traces. For x =
∑

µ(uµ, µ) ∈ L0 we have
∑

µ uµ = 0. Express uµ
in terms of the αj , qj as

uµ =

m∑
j=1

αj(uµ)qj .

Then

0 = µ(uµ) =

m∑
j=1

αj(uµ)µ(qj).(6)

On the other hand,

x.qi =
∑
µ

µ(qi)uµ =
∑
µ,j

µ(qi)αj(uµ)qj ,

and hence (6) yields

trace adL/L0
x =

m∑
i=1

∑
µ∈Γ

µ(qi)αi(uµ) = 0.

Let (Li)i≥−1 denote the standard filtration defined by L0:

L−1 := L, Li+1 := {x ∈ Li | [L, x] ⊂ Li} (i ≥ 0).

Thus it is proved that L0/L1
∼= adL/L0

L0
∼= sl(m). We state as a consequence

that L/L0 is an irreducible L0-module.
Note that there are exactly pk − 1 roots each of dimension m− 1 (Corollary 6.9

and Proposition 7.4). Thus

dim L = (m− 1)(pk − 1).
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By definition L1/L2 embeds into Hom(L/L0, L0/L1), and hence

dim L2 = dim L− (dim L/L0 + dim L0/L1 + dim L1/L2)

≥ (m− 1)(pk − 1)− (m+ (m2 − 1) +m(m2 − 1)) > 0.

Therefore the recognition theorem applies and shows that L ∼= S(m;n; Ψ)(1) is of
Cartan type.

The associated graded algebra satisfies the compatibility condition

S(m;n)(1) ⊂ gr L ⊂ S(m;n).

Then (cf. [21, (4.3.7)])

(m− 1)(p
P

ni − 1) ≤ (m− 1)(pk − 1),

whence
∑
ni ≤ k. On the other hand, S(m;n; Ψ)(1) is a subalgebra of W (m;n),

and hence

k = TR(L) ≤ TR(W (m;n)) =
∑

ni.

According to [26] there are 3 isomorphism types of special algebras (see also §5).

(a) S(m;n)(1): The p-envelope is given by

S(m;n)(1) +

m∑
i=1

ni−1∑
ji=1

FDpji

i

(cf. [6]). If L ∼= S(m;n)(1) then

dim Lp/L =

m∑
i=1

(ni − 1) < k,

and hence T ∩ L 6= (0). This contradicts Proposition 6.7.
(b) S(m;n; Φ(`))(1). Following the computations in [26] one obtains that this

algebra is given by

S(m;n; Φ(`)) = {E ∈W (m;n) | E
( ∞∑
r=0

(x
(pn` )
` )(r)

m∧
j=1

dxj

)
= 0}.

Set Et := D` − x
(pn`−1)
` xtDt for t 6= `. It is easy to check that

Et ∈ S(m;n; Φ(`))(1) and Epn`
t = Dpn`

` − xtDt.

Also ∏
i6=t

x
(pni−1)
i Dt, xtDt − x`D` ∈ S(m;n; Φ(`)) ∀ t 6= `.

Note that Dpn`

` = 0 when considered as a derivation on A(m;n). We now con-

sider the p-envelope Lp of L = S(m;n; Φ(`))(1) in DerA(m;n), and conclude
from the above observation that

∑m
i=1 FxiDi ⊂ Lp. Then also∑

j 6=`
F
∏
i6=j

x
(pni−1)
i Dj ⊂ S(m;n; Φ(`))(1).

Consider the associated graded algebra gr L. The compatibility condition

S(m;n)(1) ⊂ gr L ⊂ S(m;n)
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gives

gr L ⊃ S(m;n)(1) +
∑
j 6=`

F
∏
i6=j

x
(pni−1)
i Dj .

From ([21, (4.3.7)]) we conclude that

dim L ≥ dim S(m;n)(1) + (m− 1) = (m− 1)p
P

ni .

As dim L = (m− 1)(p
P

ni − 1) we end up with a contradiction.

Thus the only possible case is the one claimed.

We now turn to the case that dim Lµ = 1 for all µ ∈ Γ.

Lemma 7.6. Let L(α, β, γ) be a 3-section as in case 3) or 4) of Theorem 6.1.
Then there is a basis (uµ)µ∈Γ of root vectors and a skewsymmetric biadditive form
f : (Γ ∪ {0})× (Γ ∪ {0}) → F such that

[uλ, uµ] = f(λ, µ)uλ+µ ∀α, µ ∈ Γ.

Proof. (a) Let L(α, β, γ) be as in case 3) of Theorem 6.1, and let S = H(2; 1; Φ(τ))(1)

⊗A(1; 1) be the socle of the T -semisimple quotient K. Lemma 6.3 states that there
is κ such that κ(Kµ) = 0 for all µ ∈ Γ. Then L(κ, µ) is not Hamiltonian and hence
abelian (Corollary 6.8). Thus

[Lλ, Lµ] = (0) if κ, λ, µ are GF (p)-dependent.

Suppose that κ, λ, µ are not GF (p)-dependent. The image R of T intersects the
p-envelope Sp in a 2-dimensional torus R0, and CK(R0) = K(κ). Then CK(R0) ⊂
C(K) = (0). Hence S, being a minimal ideal of K + R, is R-simple. Therefore
([14, (IV.3)]) shows that R is conjugate to R0 ⊗ F ⊕ F Id⊗(1 + x)∂, where R0 is
a maximal 2-dimensional torus in the p-envelope of H(2; 1; Φ(τ))(1). According to
[14, (VII.3)] S has an eigenvector basis (eλ⊗ (1+x)i), where (eλ) is an eigenvector
basis of H(2; 1; Φ(τ))(1) and the multiplication is given by a biadditive form g:

[eλ, eµ] = g(λ, µ)eλ+µ.

Now all root spaces are 1-dimensional. Therefore

rad(L(α, β, γ) + T ) ⊂
∑

i∈GF (p)

Liκ + T,

and L(λ, µ) is mapped isomorphically onto S(λ, µ). We may now assume that

Liλ+jµ+kκ = F eiλ+jµ ⊗ (1 + x)k

and multiplication is given by

[eiλ+jµ ⊗ (1 + x)k, ei′λ+j′µ ⊗ (1 + x)k
′
]

= (ij′ − i′j)g(λ, µ)e(i+i′)λ+(j+j′)µ ⊗ (1 + x)k+k
′
.

Set

f(κ, λ) := f(κ, µ) := 0, f(λ, µ) := g(λ, µ).

(b) Let L(α, β, γ) be as in case 4) of Theorem 6.1. Since CL(T ) = (0) and
dim Lµ = 1 ∀ µ, we have L(α, β, γ) = S ∼= H(2; (2, 1); Φ(τ))(1). Proposition 5.4
yields the result.
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Lemma 7.7. Let α, β, γ ∈ Γ, and let vµ ∈ Lµ (for µ = α, β, γ, β + γ) be root
vectors satisfying

α(vβ) = −β(vα) 6= 0,

α(vγ) = −γ(vα) 6= 0.

Then
γ(vβ) = −β(vγ).

If in addition α(vβ+γ) = −(β + γ)vα 6= 0, then

[vβ , vγ ] = γ(vβ)vβ+γ .

Proof. Suppose that α, β, γ are GF (p)-independent.
1) The 3-section L(α, β, γ) contains two different nonabelian 2-sections L(α, β),

L(α, γ). Then these 2-sections are nonsolvable. Hence the T -semisimple quotient
of L(α, β, γ) is as in cases 3) or 4) of Theorem 6.1. The preceding lemma shows
that there is a basis (uµ) of L(α, β, γ) and a form f such that

[uµ, uκ] = f(µ, κ)uµ+κ ∀ µ, κ ∈ 〈α, β, γ〉.
Find sµ ∈ F \ {0} with vµ = sµuµ (µ = α, β, γ, β + γ). Then

[vµ, uκ] = sµf(µ, κ)uκ+µ for κ ∈ 〈α, β, γ〉,
and the eigenvalue of (ad vµ)p occurring here is

κ(vµ)p = (sµf(µ, κ))p.

Due to our assumption, for µ = β, γ we obtain

sµf(µ, α) = α(vµ) = −µ(vα) = −sαf(α, µ) = sαf(µ, α) 6= 0.

Consequently sα = sβ = sγ =: s, and hence

γ(vβ) = sf(β, γ) = −sf(γ, β) = −β(vγ).

2) If α(vβ+γ) = −(β + γ)(vα) 6= 0, then the above computations show that
sβ+γ = sα = s and

[vβ , vγ ] = s2[uβ , uγ ] = s2f(β, γ)uβ+γ = γ(vβ)vβ+γ .

If α, β, γ are GF (p)-dependent, then the 2-section L(α, β, γ) is nonabelian. Then
L(α, β, γ) ∼= H(2; 1; Φ(τ))(1). Now proceed as in the former case.

We are now ready to prove the second (and final) classification theorem.

Theorem 7.8. Let L be a simple Lie algebra satisfying (A; k) for some k ≥ 2.
Suppose that dim Lµ = 1 for all µ ∈ Γ. Then there is a skewsymmetric biadditive
form f : (Γ ∪ {0}) × (Γ ∪ {0}) → F and an eigenvector basis (uµ)µ∈Γ satisfying
Lµ = Fuµ and

[uµ, uλ] = f(µ, λ)uµ+λ for all λ, µ ∈ Γ.

Thus L ∼= L(Γ ∪ {0}, 0, f)(1) is a Block algebra.

Proof. 1) Take α ∈ Γ arbitrary and set

Ω := {µ ∈ Γ | µ(Lα) 6= 0} 6= ∅.
Fix uα ∈ Lα\{0}. For µ ∈ Ω we choose uµ ∈ Lµ with

µ(uα) = −α(uµ).

Note that µ(uα) 6= 0.
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2) If κ ∈ Ω, then Lemma 7.7 yields

µ(uκ) = −κ(uµ).
Consider any κ 6∈ Ω. As L is simple and Ω 6= ∅, we have

Lκ =
∑

µ,κ−µ∈Ω

[Lµ, Lκ−µ].

Let µ, λ be roots such that µ, λ, κ− µ, κ− λ ∈ Ω and

[Lµ, Lκ−µ] = Lκ, [Lλ, Lκ−λ] = Lκ.

(Recall that since dim Lκ = 1 this just means [Lµ, Lκ−µ] 6= (0), [Lλ, Lκ−λ] 6= (0).)
Lemma 7.7 with β = µ, γ = λ yields

µ(uλ) = −λ(uµ).
Similarly, we obtain

λ(uκ−λ) = −(κ− λ)(uλ) = −κ(uλ),
µ(uκ−λ) = −(κ− λ)(uµ).

Next consider the 3-section L(κ, λ, µ). As L(κ, λ), L(κ, µ) are nonabelian, they are
of Hamiltonian type. Then there is uκ ∈ Lκ satisfying µ(uκ) = −κ(uµ) 6= 0. We
also obtain κ(uλ) 6= 0, λ(uκ) 6= 0. If µ(uλ) 6= 0, we obtain from Lemma 7.7 with
α = µ that

λ(uκ) = −κ(uλ).
If µ(uλ) = 0, then λ(uµ) = 0 and

κ(uµ) = (κ− λ)(uµ) = −µ(uκ−λ) 6= 0.

Again applying Lemma 7.7 (with α = µ, β = κ, γ = κ−λ) we get 0 6= (κ−λ)(uκ) =
−κ(uκ−λ), and (with α = κ− λ, β = λ, γ = κ)

λ(uκ) = −κ(uλ).
Thus uκ is defined independently of the choice of µ ∈ Ω by the condition

µ(uκ) = −κ(uµ)
for any arbitrary µ ∈ Ω, µ(Lκ) 6= 0. Thus we have defined nonzero eigenvectors uµ
for all µ ∈ Γ.

3) For λ, µ ∈ Γ set

f(λ, µ) := µ(uλ), f(0, µ) := f(λ, 0) := 0.

By definition f is additive in the second argument. We have to prove that

[uλ, uµ] = f(λ, µ)uλ+µ ∀ λ, µ ∈ Γ.

From this it will immediately follow that f is skewsymmetric.
Take λ, µ ∈ Γ arbitrary. If L(λ, µ) is abelian, then we are done. Otherwise

µ(uλ) 6= 0, µ(uλ+µ) 6= 0. There is ρ ∈ Ω with

ρ(uµ) 6= 0,

since otherwise γ(uµ) = 0 for all γ ∈ Γ, contradicting Proposition 6.7. As p ≥ 5,
the set ρ+GF (p)µ contains an element (which we again call ρ) satisfying

ρ ∈ Ω, ρ(uµ) 6= 0, ρ(uλ) 6= 0, ρ(uλ+µ) 6= 0.
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Thus we have

ρ(uλ) = −λ(uρ) 6= 0, ρ(uµ) = −µ(uρ) 6= 0, ρ(uλ+µ) = −(λ+ µ)uρ 6= 0.

The second part of Lemma 7.7 yields the desired result.
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